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PREFACE 


The present volume has arisen from lectures on the Theory of 
Functions of a Complex Variable which the author has been accus- 
tomed to give to juniors, seniors, and graduate students of Yale 
University during the last twenty years. 

As these students often do not intend to specialize in mathe- 
matics, many topics which might properly find a place in a first 
course in the function theory have not been treated ; for example, 
Riemann’s surfaces. On the other hand the author, having in mind 
the needs of students of applied mathematics, has dwelt at some 
length on the theory of linear differential equations, especially as 
regards the functions of Legendre, Laplace, Bessel, and Lame. As a 
splendid application of the principles of the function theory and 
also on account of their intrinsic value, three chapters have been 
devoted to the elliptic functions. 

The author wishes to acknowledge in a general way his in- 
debtedness to the works of C. Jordan, H. Weber, C. de la Vall6e- 
Poussin, W. Jacobsthal, and others, but to L. Schlesinger his debt 
is especially great for the treatment of linear differential equations 
here given. 

The author wishes also to express his deep appreciation of the 
assistance so cheerfully given by his colleagues, Professor W. A. 
Wilson of Yale University and Professor E. L. Dodd of the Univer- 
sity of Texas, and by his pupils P. R. Rider and G. H. Light. 

Last but not least the author fulfills a very pleasant duty in 
tendering his thanks to the house of Ginn and Company for the 
great care they have given to the make-up of the book and for 
the generous manner in winch they have met his every wish. 

JAMES PIERPONT 

New Haven 
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FUNCTIONS OF A COMPLEX 

VARIABLE 

CHAPTER I 

ARITHMETICAL OPERATIONS 

i. Historical Sketch. In elementary mathematics we use for the 
most part only real numbers. There is however a branch of ele- 
mentary mathematics, viz. algebra, where a wider class of numbers, 
the complex numbers, are employed almost from the start. The 

quadratic equation „ , A _ 

a?— 2 ax -\-o = Q (1 

has the two roots , 0 , 

a ± Va 2 — 5, (2 

provided a 2 > 5. If a 2 < 6, there is no real number which satisfies 
1). As long as we restrict ourselves to the system of real num- 
bers, the expression 2) is devoid of meaning. In fact the square 
root of a number <?, in symbols Vc, is a number d such that cP = c. 
But there is no real number d whose square is negative. Thus 
Va 2 — b does not exist in the real number system when a 2 < b. 
The older algebraists found it extremely convenient to enlarge 
their number system, in order that the equation 1) should have 
two roots even when a 2 < b. The new numbers are denoted by 

fl + iV-1, or setting i = V — 1, by a 4- bi. When 5=0, they 

reduce to the real numbers a. Thus the new class contains the 
class of real numbers as a subclass. With these new numbers it 
was found that not only the roots of the quadratic, but also of the 
cubic, the biquadratic, in short the roots of all algebraic equations 
could be expressed. By their introduction, the theory of algebraic 
equations attained a simplicity and comprehensiveness quite im- 
possible without them. Complex numbers are to-day indispensable 
in algebra. 


1 



2 


FUNCTIONS OF A COMPLEX VARIABLE 


In other branches of mathematics, the importance of comple: 

numbers was perceived much later. By means of a formula dig 

covered by Euler - , , . . , r 

J = cos <f> -M sin <f>, Q 

an intimate relation was established between exponentials an< 
analytic trigonometiy. Indeed, a good part of this subject ma; 
be developed from this formula. 

In the system of real numbers, the logarithm of a negativ 
number — a does not exist. In the system of complex number 
it does. We have, in fact, 

log (- a) = log a + (2 n + l)7ri, ( 

where n is any integer, including zero. It is thus infinite valuer 
like the inverse circular functions. 

A great discovery made nearly a century ago by Abel rendere< 
the complex numbers as necessary to analysis as they long ha< 
been in algebra. He found that the elliptic functions, whos 
properties had been carefully studied by Legendre, admit a secom 
period, when one passes from the real to the complex numb© 
system. Possessed of this fact, Abel and his contemporary Jacob 
were able to develop the theory of elliptic functions in a manne 
undreamed of before. 

About the same time the illustrious French mathematician 
Cauchy began to show what great advances could be made in tli 
theory of differential equations when the variables are allowe< 
to take on complex values instead of being restricted to rea 
values alone. By the year 1850 complex numbers had proved t< 
be of incalculable value in many and widely separated branches o 
mathematics, and before long the theory of functions of a comple: 
variable sprang into existence. 

To-day this theory has grown to gigantic size. It forms the four 
dation on which much of modern mathematics is built. Witliou 
a knowledge of its elements, a student of mathematics finds himsel 
somewhat in the position of a traveler in a strange land ; ever’ 
one is using a language which he does not comprehend. Even th 
physicist and astronomer find that the masters in these subject 
are using freely the function theory. It is thus becoming dail; 
more important for them to gain some familiarity with this theory 
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The present work is intended to give the general reader an 
Lccount of some of the elementary parts of the theory of functions 
>f a complex variable. For further study we add the following 
ist. The easier books are placed first. The last two are intended 
*or the specialist. 

E. B. Wilson, Advanced Calculus. 

Ginn and Company, Boston, 1912. 

G. Humbert, Cours d’ Analyse. 

2 vols., Paris, 1904. 

E. Goursat, Cours d’ Analyse Math&natique. 

3 vols., 2d edition, Paris, 1910. 

H. Burkhardt, Einfiihrung in die Theorie der Analytischen Funk- 

tionen. 

Leipzig, 1903. 

R. Fricke, Analytisch-Funktionen-theoretische Vorlesungen. 
Leipzig, 1900. 

Durege-Maurer, Theorie der Funktionen einer komplexen veriiii- 
derlichen Grosse. 

Leipzig, 1906. 

E. Picard, Traite d’Analyse. 

3 vols., 2d edition, Paris, 1905. 

E. Whittaker, A Course of Modern Analysis. 

Cambridge, 1902. 

A. Forsyth, Theory of Functions of a Complex Variable. 

2d edition, Cambridge, 1900. 

W. Osgood. Lehrbuch der Funktionentlieorie. 

2d edition, Leipzig, 1912. 

2. Arithmetical Operations. 1. As the reader has already studied 
the arithmetical operations on complex numbers, we treat this 
topic but briefly. The complex numbers are represented by the 
symbol a-ha'i, where a, a f are real numbers and i is a symbol to 
be defined later. The plus sign between its two parts has, of 
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course, no meaning as yet. It is convenient to denote a + a'i 
by a symbol as a. We have then 

a = a + di- (1 

With 1) we will associate a point A whose abscissa and ordinate 
are respectively a and a f as in Fig. 1. Conversely to a point 
whose abscissa is x and whose ordinate is 
y we will associate a complex number 
x + yi - 

From this correspondence we are led to 
call a the abscissa of the complex a, and a 1 
its ordinate. We write 

a = Abs a , a ! = Ord a. 

When a f = 0 in 1) we assign to a the value 
a, and denote a -^Oi more shortly by a. The associated points 
lie on the ir-axis which we call the real axis. When a= 0, we 
say a is purely imaginary; we denote 0 4* ali more shortly by 
a f i. The associated points lie on the ?/-axis, which we call the 
imaginary axis. 

2. Two complex numbers 

a = a -f* d f i , yS = 5 4- Vi 

are equal , when . , ,, 

3 a = b , a f = b, (2 

or in symbols 

Abs a = Abs £ , Ord a = Ord fi ; (3 


a A 


x 


Fig. l. 


that is, when the associated points are coincident. In particular 


a=a + a ! i = 0 


only when 
The sum of a and 

their difference is 


a = 0 , a r = 0. 

/ 3 is 

a + ft = (a> + 5 ) + (o! 4 - V'y i ; 
a — /3 = (a — Z>) + (a! — 5') i. 


(4 

(5 


Let us show how the points corresponding to 4) and 5) may be 
found. 
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Let A , B in Fig. 2 be the points associated with «, ft. Let us 
construct the parallelogram whose two sides are OA, OB. Then 

OA! = a AA' = a', C 

OB’ = b BB' = V. 

Obviously / / 

00' = OA' + A'0'=a+b, / a/ C " 

00' = O' 0" + 0" O-a' + b'. ^ I 

, o H' a' C 

Thus O has the coordinates a + o, 

a' + b 1 and hence is the point asso- i Fiq 2 

ciated with a + ft in 4). 

To find the point associated with « — ft in 5), let A, B in Fig. 8 
be the points associated with a, ft. We produce OB backward so 
that 00= OB. Obviously O has the 
coordinates — b, —b'. Thus if we set d. 

7 =-b — b'i, \ 

we see that „ \ \ 

a-ft=a + y, \ 

since both are \ 

(a - 5) + (a! - b')i. . ^ 

But we have seen how to plot the 0 

J T . . Fig. 3. 

point corresponding to a + 7. It is 

in fact the vertex D in the parallelogram two of whose sides are 
OA, 00. 

3. We note that in adding and subtracting «, ft in 4), 5) we 

have treated i as if it were a real number. We do the same in 

defining multiplication , except that we agree that 

P = -1 ( fi 

Thus aft = ah + ah'i + a'b i + a' b'i?, 

or using 6) a/3 = ( ah _ a 'b' ) + ( ah' + a'b)i. (T 

We take 7) as the definition of multiplication. 


From 6), 7) we have ^ _ 
and hence 


*-l; 


where m, n are positive integers or zero. 
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4. To define the quotient of two complex numbers we recall 

that in real numbers , 

bx — a 

has one and only one solution when l =£ 0, this we call the quotient 
of a by b and denote by Let us consider the analogous equation 

= « (10 

where a, /3 are complex numbers 

a = a + a'i , /3 = b -f Vi. 

We shall define the quotient of a by /3 to be the number or num- 
bers £ which satisfy this relation. 

Let us first suppose /3=£ 0. Then V V are not both = 0. Let 

% = x + x'i 

be a solution of 10). Putting this in 10) gives 

(bx — Vx f ')-\-i(bx f 4- Vx) = a + a r i (11 

This relation yields by virtue of 8) two equations to determine 
yiz. : bx-Vx f = a , bx' + Vx = a'. 

From these we get j + aV ( _ a , h _ aV 

X ?,2 + J /2 ’ X A 2 + ft /2 

Thus the solution of 10) is 

c._a _ab + a f b' a'h—aV . 

*~'P~ fi2 + & /2 + + 4 

when 0. 

Suppose y3 = 0. Then b — V — 0, and 12) requires that a=a' = 0, 
or a = 0. Putting these values in 12) we see that the equations 
are satisfied however x , d are chosen, that is, for every value of f . 
We have thus the following result : 

When y8 =£ 0, the equation 10) admits one and only one solution £ 
which is given by 18). When /3 = 0, the equation admits no solution 
unless «= 0. In this case it is satisfied for every value of £. 

For this reason division by 0 is excluded in modern mathe- 
matics. As some students have not been trained in accordance 
with this law, we wish to emphasize its inviolate character. 


(12 


(13 
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5. We prove now the important theorem : 

If a product aft = 0, then either a or ft must = 0. 

This theorem we know is true for real numbers. On effecting 
the multiplication of a by ft we get the relation 


Hence by 3), 


(ai — a'b') + {ah' + a!b)i = 0. 
ab — alb 1 = 0 , ah' 4- a'b = 0. 


(14 


We show that these equations cannot hold if both a and /3=£0. 
For since a^=0 either a or a 1 =£ 0; suppose a=£ 0. Also since 
/3 =£ 0, either b or b f =£ 0 ; suppose b =£ 0. From the first relation of 
14) we get h 


This put in the second equation of 14) gives 


or 

As a =£ 0, we must have 


afi' 2 -f a6 2 =0, 
a(b 2 + 6' 2 ) = 0. 
6 2 + J/2 = 0. 


This requires that both 6 and b r = 0, and this is contrary to 
hypothesis. In a precisely similar manner we may treat the 
other cases. In each case we are led to a contradiction. Thus 
the assumption that a ■ ft may = 0 without either a or ft being 
= 0 is untenable. 

In an elementary work like the present, it would be out of 
place to demonstrate that the formal laws governing the arith- 
metical operations on real numbers go over without change to 
complex numbers. Thus the reader knows that 

aft = /3«, 

<*(73 -f 7 ) = aft + «7, 

etc., just as if a, ft, y were real numbers. 


6. Two complex numbers 

a = a 4- ib , ft = a — ib 


as in the figure are called conjugate numbers. We note that 

a -\- ft = 2a 
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is real , and that 


a — /3 =2 ib 


is purely imaginary. 
Also the product 


= a? + 5 2 


is real and positive. 


a+ib 


a- il> 


3. Critical Remarks. 1. We have now defined the four rational 
operations on complex numbers, viz. the operations of addition, 
subtraction, multiplication, and division. At this point we may- 
return to the symbol . , • 

which we have employed to represent a complex number. We 
can show what its component parts mean. We begin by consider- 
ing the two numbers R f . 

ps — a , — %. 

The rule for multiplication, 2, 7) gives 

/3 . 7 = a'i. 

Thus the term a'i in 1) may be regarded as a' times the number i. 
The number i may be called the imaginary unit in contradistinc- 
tion to the real unit 1 . 

Again let £ = a , 7 = a'i. 

The rule for addition, 2, 4) gives 

/3 + 7 = a - 1 - a'i. 

Thus the complex number 1) may be regarded as the sum of a 
real units and a' imaginary units. We may call a the real part 
and a'i the imaginary part of 1). When we introduced the sym- 
bol 1) in 2, we did not say that it was the sum of these two parts 
for the reason that we had not defined addition and multiplication 
of these new numbers. Indeed we expressly stated that the sym- 
bols + and i had at that stage no meaning. They acquired mean- 
ing only after the arithmetical operations on the symbols 1) had 
been defined. 

2. Instead of denoting the new numbers by the symbol 1), let 
us denote them by some other symbol, say by 

O, a '). 


(2 
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We may proceed then as follows : Two numbers 

a = (a, a') , f} = (M') 

are equal when and only when 

a = S, a 1 = S'. 

The sum of a and y8 is defined to be the number 

(a + S, a' + ; (3 

their difference is defined as the number 

(a — S, a 1 — S'). 

Their product shall be 

(ab — a!V , aS' + a'S). (4 

When yS 0 the quotient of a by yS shall be the number 

fab+a'b' a f b — ab f \ 

U 2 + S' 2 ’ S 2 + S' 2 / 

The number (a, 0) shall be the real number a, and for brevity 
we will write 

(«, 0) = a. 

The number (0, 1) we will denote more briefly by i. Then 4) 
^ VeS (V, 0) • (0, 1)= (0, «') = a’i. (5 

Also 1) and 5) give 

(«, a f ) = (6/, 0) -f (0, a') = a -f oli- 

Thus another representation of the complex number (#, a') is 
a + a'i, and we have reached the standpoint taken in 2. 

In both cases we start with a symbol ; in one case with a-f a'i, 
in the other with (a, a'). These at the start are mere marks to 
indicate that the new numbers are a complex of two real numbers 
a, a'. These marks take on a meaning when we give them the 
above arithmetical properties. The complex then becomes a 
definite concept which we call a number. 
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3. We wish now to make another remark of a critical nature. 
The complex numbers are often called imaginary numbers , and we 
have in the present work followed usage as far as to call the num- 
bers a r i purely imaginary, the number i the imaginary unit, and 
the axis of ordinates the imaginary axis. For the beginner the 
term imaginary is most unfortunate ; and if it had not become so 
ingrained in elementary algebra, much would be gained if it could 
be dropped and forgotten. 

The use of the term imaginary in connection with the number 
concept is very old. At first only positive integers were regarded 
as true numbers. To the early Greek mathematician the ratio of 
two integers as was not a number. After rational numbers 
had been accepted, what are now called negative numbers forced 
themselves on the attention of mathematicians. As their useful- 
ness grew apparent they were called fictitious or imaginary num- 
bers. To many an algebraist of the early Renaissance it was a 
great mystery how the product of two such numbers as — a, — b 
could be the real number ab. 

Hardly had the negative numbers become a necessary element 
to the analyst when the complex numbers pressed for admittance 
into the number concept. These in turn were called imaginary, 
and history repeated itself. How many a boy to-day has been 
bothered to understand how the product of two imaginary num- 
bers ai and hi can be the real number — ab. As well ask why in 
chess the knight can spring over a piece and why the queen can- 
not. The pawns, the knights, the bishops, etc. are mere pieces of 
wood till the laws governing their moves are laid down. They 
then become chessmen. 

The symbols (#, a') or a + ali are mere marks until their laws of 
combination are defined, they then become as much a number as 
§ or — 5. The student must realize that all integers, fractions, 
and negative numbers are imaginary. They exist only in our im- 
agination. Five horses, three quarters of a dollar, may have an 
objective existence, but the numbers 5 and | are imaginary. 
Thus all numbers are equally real and equally imaginary. Histor- 
ically we can see how the term imaginary still clings to the com- 
plex numbers ; pedagogically we must deplore using a term which 
can only create confusion in the mind of the beginner. 
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4. The Polar Form. 1. Let A be the point associated with 

a = a + a!i (1 

Let OA = p and angle AOB — 0. We call p the modulus or 
absolute value of a. We have 

p = + 

the radical having the positive sign. The 
modulus of a is also denoted by 

a | 

It is the distance of A from the origin. 

The angle 0 is called the argument of a ; we have 

tan 6 = ~ , a =t= 0. 

a 

We often write n A 

0 = Arg a. 



Making use of p and 6 we have 


and 


a = p cos 0 , a 1 = p sin 0 

a = p( cos 0 + i sin 0). 


(2 


This is called the polar form of a. The form 1) may be called in 
contradistinction the rectangular form. 

2. The rule for multiplication and division of complex numbers 
is particularly elegant when the polar form is used. In fact let 

j3 = b + Vi = <?-(cos </> -h i sin </>). (3 

Then 

a/3 = pa f cos 0 cos <j> — sin 0 sin <f> -f- i(cos 0 si ncf> 4- sin 0 cos <£) j, 

a/3 = p<rfcos(0 4- <£) -h i sin (0 + </>)}. (4 

From this we have , a , , , , 

I a /3 | = per = | a | • I /3 I . (5 

Arg (a/3) = 0 + </> = Arg a 4- A rg /3. (f> 


"This may be expressed as follows : — 

The modulus of the product is the product of the moduli , and the 
argument of the product is the sum of the arguments. 
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The above enables us to plot the product 
a/3 very easily. Having plotted a and y8, 
we compute the product pa and describe a 
circle about the origin 0 with the radius. 
We then lay off on this circle the angle 
0 + The resulting point is that asso- 
ciated with the number ayS, as in the figure. 

3. Let us now turn to division . The 
quotient 



is defined by 2, 13). This expression is complicated and not easy 
to remember. If, however, we use the polar forms 2), 3) of a, y8, 
we can readily prove that 



or that 
and 


~ = (0 -<£) + * sin (0 — </>)} ; 

P or 

I a p _ l a 

1/8 ~*~\P 

Arg | = Arg a - Arg /3. 


a 

(8 

(9 


This may be expressed as follows : 

The modulus of the quotient is the quotient of the moduli, and the 
argument of the quotient is the difference of the arguments. 

The proof of 7) may be effected by replacing a, a' , h , V in 2, 13) 
by their values 

a = p cos 6, a 1 = p sin 6, h = a cos <f>, V = <r sin <f> , 

and performing the necessary reduction. A more instructive way 
is the following : Since yS =#= 0 by hypothesis, the equation 

/3£ = « (10 

admits one and only one solution. The relation 7 states that this 
solution is 

£ =s= £ { cos (0 — <£) -M sin (0 — <£) } 

(T 


(11 
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This is indeed so, for by the foregoing rule of multiplication 

\M\=*.£ = p=\a\ 

(T 

Arg (/9£) = <f>+(d-4>) = d= Arg a. 

Thus • £ having the same modulus and argument as a is in fact 
a. Thus 11) satisfies 10). 

The above enables us to plot the quotient a//3 very easily. 
Having plotted aand/3, we compute the quotient p/cr and describe 
a circle about the origin with this radius. We then lay off on 
this circle the angle 8 — <f>. The resulting point is that associated 
with a/ fi. 

4. We have seen that two complex numbers a, j3 are equal 
when and only when their associated points coincide. Let us 
suppose a, /3 are expressed in their polar forms 2), 3). Then 
from the relation 

a=/3 

we may conclude at once that 

R = <r- (12 

We cannot conclude, however, that 

8 = <f>. 


We can only conclude that 0 can differ from <f> by a multiple of 

2 t r, or that /% , q s-t q 

6 = </> + 2 mr (13 

where n is an integer or 0. 

In particular we have : 

For a to =0, it is necessary and sufficient that its modulus = 0. 


5. Some Inequalities. Geometrical Correspondence. 1. Let us 

plot the points Jl, j 5, C corresponding to 


as in Fig. 1. Then 


& a 4 - ft 

I«+£|= oa 


a very useful relation. Since from geometry we have 

00 < OA + AC 
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Fig. 1. 


we conclude a relation of utmost im- 
portance 

|a + /3|<|a| + |/3|. (1 

The < sign holds unless 0, A, B 
are collinear, and A, B are on the 
same side of 0 . 

From 1) we have 

|« + £ + y|^M + |/3| + |y|, (2 

and so on for an}' finite number of terms. 

To prove 2) we note that 

a + + 7 = OC +(/3 + 7 ). 

H€LCe |« + /^4“7| = |a+(^ + 7)| < | « | + 1 £ + 7 |* by 1) 

<|a| + |/3| + | 7 |, also by 1). 

2. Let us now consider | a — /3 |. 

Let A, B in Fig. 2 be the points associated with a, /3. Then, 
following the construction given in 2, the point D is associated 
with oc — /3. 

TllUS s\ t\ I O I 
OD = \ a — p\. 

But obviously AB = OD, hence 
| a - 0 | =* AB. 

This gives us a result we shall often use : 

If A, B are the points associated with «, /3, then the length of AB is 

I 0|- 

3. Let us also note the relation 

| a— /3 | < | a | + 1 /3 |. 
a — /3 =« + (— /3). 

I | = |/3[. 

| a — £| = | « + (—$) I < |«| +1 — ^| = | a |+|/3 |. 



For 

But 

Thus 


(3 
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4. Let a be a real positive number and ft any complex number. 
W e wish to find the points Z associated with the complex numbers 
f which are subjected to the relation 

ir- 0 i<*. (4 

If B in Fig. 8 is associated with /3, the condition 4) says that 
ZB must be < a. Thus Z is restricted to the interior of a circle 
whose center is B and whose radius is a. 

The condition 

ir-01-a 

states that Z must lie on the circumference 
of this circle. The condition 


requires that Z lie within or on the circumference of the circle. 

In the following pages we shall make great use of the geometri- 
cal interpretation of complex numbers by points in a plane. The 
point associated with a complex number a may be called its image. 
Moreover, instead of using another letter as A to denote this point, 
we shall usually denote it by the same letter a. This will not 
produce any ambiguity and is shorter. 

We shall introduce another change. Up to the present we 
have usually denoted real numbers, angles excepted, by Roman 
letters as a, 6, c and complex numbers by Greek letters a, yS, y 
-••in contradistinction. There is no further need of this ; any 
letter may denote a complex number. It may be well to recall 
that real numbers are merely a special case of complex numbers, 
just as integers are a special case of rational numbers. Thus when 
we say let a be a complex number we do not at all mean that it 
may not be real. 

As in algebra and the calculus, so in the theory of functions 
we deal with consta?its and variables . The former are usually 
denoted by the tirst letters of the alphabet, the latter by the 
last. 

Let us consider a few examples of a variable : 

Example 1. Let z= a + yi, where a is a real constant and y is 
real and ranges from — oo to + oo. Then the point associated with 
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z in Fig. 4 ranges over the right line AA! ; or more shortly m 
say z ranges over AA ! . 

Example 2. Let z = x + yi, where x , y are 
real numbers satisfying the inequality -z=a+iy 

a? b* S ’ a 

0 

a, b real. Then z ranges over the interior and 
the edge of the ellipse 

A ' 

cfi i 2 Fig. 4. 

Example 3. Let z — a = r( cos 0 -f i sin 0) where a is any con- 
stant, r > 0, and 0 < 6 < 2 tt. 

Then 2 ranges over a circle whose center is a and whose radius is r. 

Example 4 . Let z = x + s/i, 

where rc, y are real and satisfy the relation 

y =/<»• ( 6 

Then 2 ranges over the curve whose equation is 5). 

5. Let us note the following relations : 


Also if 


| a — 6 | = \l-a\ 
a — b\<e and \b—c\<7) 
\a — c\<e + r} 


To prove 7) we observe that 

a — e = (a — b ) 4- (b — c) 
Hence by 8) | cj < | a _ b | + | j _ c | 

<e + V 


6. Let us recall from algebra the notation 
2 a m = + a 3 4 H a„, 

W=.Z 


n a m = • «2 • rt 3 a n’ 

m=l 
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Thus the left side of 8) is read : the sum from \ to n ol a m 
is, etc. The left side of 9) is read : the product from w=sl to w 
of is, etc. 


6. Moivre’s Formula. In 4 we saw that any complex number a 

can be written , . . , „ 

<* = p(cos 0-bzsm0). (1 

Then by 4, 4) ^ = p2( - coa 2 Q + i s i n 2 0), 

and in geneial tt » _ pnQ oos n $ + { s i n ^,0). (2 


(3 


Let us take | a | = p = 1. Then 1), 2) give 

(cos 0 -f i sin O') 71 = cos n0 + i sin n0 
which is Moivre's Formula . 

Now, the Binomial Theorem for a positive integral exponent n is 

(a + £) n = a n H- (^ja^b -f- a n ~ 2 b 2 -f •*• + ^ 'jab *~ 1 + 5 W . (4 
Here 

__ w(w ~ l)(w — 2) 

1.2.3 

are the binomial coefficients . Let us make use of the relation 4) to 
develop the left side of 3). It becomes 

Oi 


(5 


fn\ n (ri\__n(n — 1 ) — 

\i / i 1 V2y “ " i -2 ’ W 


cos 71 0 -f i cos 71 - 1 0 sin 0 — ^ J cosW 2 ® sin2 ^ 


Thus 3) may be written 


— i[ )cos w “ 8 0 sin 3 0 + •• 


cos 


n0 + i sin nO = cos 71 0 — f ^ j cos * 2 0 sin 2 0 H 




cos" -1 0 sin 0 — oos"- 8 0 sin 8 0 H j 


Equating the real and imaginary parts of this relation by 2, 2) we get 

(6 


cos nd = cos’ 1 0 - (;) cos " -2 0 sin 2 0 + Qj cos" 4 0 sin 4 0 - 

sin n0 = ^ cos" -1 0 sin 0 — ^ cos" -8 0 sin 8 0 

+ cos" -6 0 sin 5 0 — • • 


(7 
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Giving n the values 2, 3, 4 -- in these equations, we find 
.cos 2 0 = cos 2 0 — sin 2 0 

cos 3 0 = cos 3 0 — 3 cos 0 sin 2 0 (8 

cos 4 0 = cos 4 0 — 6 cos 2 0 sin 2 0 + sin 4 0 


sin 2 0 = 2 cos 0 sin 0 

sin 3 0 = 3 cos 2 0 sin 0 — sin 3 0 (9 

sin 4 0 = 4 cos 3 0 sin 0 — 4 cos 0 sin 8 0 


In the relation 8) we notice that sin 0 occurs only in even powers. 
Since sin 2 0 = 1 — cos 2 0, we see that : 

cos n0 can he expressed as a rational integral function of cos 0 of 
degree n. 

Making this substitution, we get 

cos 2 0=2 cos 2 0—1 

cos 3 0 = 4 cos 3 0 — 3 cos 0 (10 

cos 4 0= 8 cos 4 0 — 8 cos 2 0 + 1 


In equations 9) we notice that cos 0 enters in even powers 
when n is odd, and in odd powers when n is even. Thus we see 
that: 

sin n 0 is an integral rational fun ction of sin 0 of degree n when n is 
odd. When n is even , it is the product of cos 0 and a rational integral 
function of sin 0 of degree n — 1. 

Making the substitution cos 2 0 = 1- sin 2 0 in 9) we get 
sin 2 0=2 cos 0 sin 0 

sin 3 0 = 3 sin 0 — 4 sin 3 0 (11 

sin 4 0 = cos 0(4 sin 0 — 8 sin 3 0) 


7. Extraction of Roots. 1. In the domain of real numbers 
x n = a , a > 0 

has one root if n is an odd positive integer, and two roots if n is 
even. The equation „ n __ „ „ . ft 
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has one root if n is odd, and no root if n is even. Let us now pass 
to the domain of complex numbers. We ask how many roots has 


z n = a (1 

where a is any complex number, and n is a positive integer. Let 
us write a and z in polar form 

a = a(cos 9 + i sin O') (2 

z = £(cos <f> + i sin <£). (3 

Then if 3) satisfies 1) we must have 

f n (cos n(f) + i sin nc/>) = cc(cos 0 + i sin 0) . (4 


and 


Then from 4), 12), 13) we have 

? n = cc 

n<f> = 6 + 2 krr , k an integer or 0. 
From 5) we have y- 

and from 6) we have n o 


(5 

(6 

a 

(8 


Thus the modulus £ and the argument </> of any numbers? which 
satisfies 1) must have the form 7), 8). On the other hand by 
actual multiplication we see at once that 


z k = V a\ cos (~ + A-—' \+ i sin (— + k~* (9 

[ \n n J \n n J] 

is a solution of 1). In fact z k n is a number whose modulus is the 

_ 0 2 7T 

nth power of y/ a and whose argument is n times - + k - — But 


this number has therefore the modulus a 
and the argument 0-1-2 kir, or neglecting 
multiples of 2 7 r, the argument 0. It is 
thus a . Hence the nth power of 9) is a. 

To plot the numbers 9) we describe about 
the origin as in the figure a circle whose 
radius is y/a. On this circle we lay off the 
0 

angle-- Let us call this point z 0 . Start- 



4 
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ing from z 0 we now divide the circle into n equal parts which give 
the points z v s 2 , ••• z n . _ x in the figure, corresponding to k= 1, 2, 
... w — 1 in 9). 

If now we give to k any other integral value, we will get one of 
the values 2 0 , z v ••• z n _ x already obtained. Thus 1) has just n 
roots whose values are obtained by giving h in 9) the values 
0, 1, 2, n — 1. 


Example 1 . 


2 3 = 1 . 


Here n= 3, a = 1, « = 1, <9 = 0,— = 120°. 

n 


Thus 9) gives 

z o = _ 

= cos 120° + i sin 120° = “ 1 + * ' , 


« 2 = cos 240° + i sin 240 = ^ ^ . 

2 

Example 2. ^3 __ g 

Here w = 3, # = — 8, a = 8, 6 = 7r, — = 60°. 

n 

Thus 9) gives 

z Q = 2{cos 60° 4- i sin 60°J = 1 + iV 3, 

z 1 = 2 {cos (60° + 120°) 4- % sin (60° 4- 120°) } = - 2, 

* 2 = 2 {cos (60° 4- 240°) 4- i sin (60° + 240 °) \ = 1 - i V3. 


Example 8. 


3 * = 1 . 


Here m = 4, a = 1, 0 = 0, — = 90°. 

w. 

Thus 9) gives 


3 0 = 1 < 


= cos 90° + i sin 90° = i, 


2 2 = cos 180° + i sin 180° = - 1, 
s 8 = cos 270° + i sin 270° = — i. 


2. The n roots of 


6 )"= 1 


(10 
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are called unit roots . They are of great importance in algebra, 
and occur in other branches of mathematics. Their values are 
given by 9) on setting a = 1, 6 = 0. We get 

(Oq = 1, 

2 7 T . • 2 nr 

ft ) 1 = cos f- % sin 


n n 

0 2 7T . . • o 2 7T 

q) 0 = cos 2 • 1- z sin 2 • — , 

A n n 


(ii 


» n _ 1 = cos (n — 1)— + i sin(?z — 1)— 


n 


n 


We notice that <o ^ has the property that 


- « 2 


«2 = w r ’ •> ^n- 1 — 65 1" 1 1 “o “‘"l ’ 

that is all the roots of 10) are merely powers of eo v Such a root 
is called a 'primitive unit root. It is easy to show that : 

If m is relatively prime to n, then &) = co m is a primitive root ; 


that is , that 


ft ), ft ) 2 , ft ) 3 , ft ) 4 


(12 


are a/Z roote of 10) and are all different. 


For 


Let now 




L 7 r . 

cos m h 

n 


. . 2 7rV 

z sin m — 

?z / 


= cos ms 
ms = In -b p . Then 


1- i sm ms 

n n 


7 r 


2 7T . • - - 

co 8 = cos p b sin p — = 

r n n 


Thus a>‘ is a root of 10). To show that the roots 12) are all dif- 
ferent let us suppose that _ m . 


Then their arguments rm-—., sm can differ only by a multiple 

n n 

of 2 IT. Hence, e denoting an integer, 


2 7T 2 

rm sm — 

n n 


— 2 7T 


or 


m(r — s) = en. 


(13 
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As m and n are relatively prime, they have no factor in common* 
e must be divisible by m as 13) shows. Thus if we set e = g m 
13) gives 

r — s = gn 

or r — s is a multiple of n. This is impossible, as r , s are both <%. 
Hence no two of the roots 12) are equal. 

3. Let us now return to 9). We set 


and notice that 


2 7T . • 2 7T 

) = cos b i sin — , 

n n 


where 


z 1 = 


z 2 = co\ 


&n- 1 = W 




z 0 = Vaf cos - + i sin-\ 
\ n nJ 


(14 

(15 


This may be easily generalized as follows : 

All the roots of 1) may be obtained from any root by multiplying 
this root by the n roots of unity. 

Hence in particular the two roots of z 2 = a = a (cos 6 + i sin O') 
are J 


z 0 = Va ^cos| + i sin|j , 

(16 

z i = -2 0 - 

(17 

The three roots of z s = a are 


z o = v'a ^cos | + i sin 0 

(18 

Z 1 = wz 0 i 

(19 

where a is the first imaginary cube root of unity, viz. : 


a)= -l + fV3 < 

2 

(20 


8. The Casus Irreducibilis. As an application of the foregoing 

let us consider the irreducible case of Cardan’s solution of the 
cubic 

ofi — px + q = 0, p, q real. 
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The roots of 1) have the well-known form 

x=$j- \ q + VR + ^J- \q — VE ^ 

where R = \q 2 — = — A. 

Now when the roots of 1) are all real, it is shown in algebra 
that A is positive, hence R is negative, and is purely imagi- 
nary. Thus 2) expresses the real roots x as the sum of imaginaries. 
To Cardan and his contemporaries, who had no idea how such 
cube roots could be found, this case was highly paradoxical. 
Since that time mathematicians have attempted to present these 
real roots as sums of real radicals. As their efforts were unsuc- 
cessful, this case, that is, the case when A > 0, was called the 
casus irreducibilis. It is only recently that a proof has been 
given that this case is indeed irreducible.* Let us see how the 
roots 2) may be computed, using our new complex numbers. 

We set 

q + iVA = r(cos <f> + ism <#>). 

Then 

VA = ^ { cos (J + k i sin 

W ? - TVS = {cos (f + * x)" s^d + * x) ' 


Thus the three roots of I) are 

x k = 2 </r cos (| + * • 120 °)> * = °. 2 - 


(4 


Example. Let us take the equation 

3*— 2* 2 — z + 2 = Cr— lX-s+lK*- 2 )^, ( 5 

whose roots are x=l, 2, — 1. 


To reduce this to the form 1) we set 

* = i+y- 

Then 5) goes over into 

y s - 1 y + If = 0, 

whose roots by 6) are ^ ^ ^ 

* Holder, Math. Annalen, vol 38 (181)1 ), p. 307. 


(6 

(7 
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Here 


Hence 

Also 


t-i • J-H . i=|f. 

-l ? + iVA 

2 a 27 27 * 

n 1 | * 1 g 343 

r* = i? 2 + A = -^ = _. 


r = 


tan (f> = — 


VB43 
27 

2 Va_ 
9 


V243 

10 


log 243 = 2.3856, 
log V243 = 1.1928, 
log ( — tan <£) = 0. 1928 
as <j> lies in the second quadrant by 8). 

Hence £ <£ = 40° 54', 


log 343 = 2.5353, 
log V343 = 1.2676, 
log 27 = 1.4314, 
logr = 9.8362, 
log y/r = 9.9454, 
log 2= 0.3010, 
log cos ^<^>= 9.8784, 
log y 0 = 0.1248 


d> = 122° 41', 


y 0 = 1.333 = f 


$<f> + 120° = 160° 54' , cos 160° 54' = - cos 19° 6', 

log cos 19° 6' = 9.9754, 
log 2 y/r = 0.2464, 

log(-y x )=0.2218 , jf t = - 1.666 = -§. 


%(f> + 240° = 280° 54' , cos 280° 54' = sin 10° 54', 
log sin 10° 54' = 9.2767, 
log 2y/r = 0.2464, 
log y 2 = 9.5231 , y 2 = .333 = 


(8 



CHAPTER II 
REAL TERM SERIES 

9. The reader is already familiar with infinite series. An im- 
portant chapter in the calculus treats of Taylor’s development 

/(« + *) = /(«) + 

By its means we find for example that 


1 -n + n-5T + “ 

(i 

+ ... 

1 ! 3 15! 7 ! + 

(2 

*»=1 +iL + £- + if- + ... 

1 ! 2 ! 3 ! 

(8 


Infinite series were first used to compute the values of a func- 
tion. Later it was found that they could be used to great ad- 
vantage to study the analytical nature of a function in the vicinity 
of a given point. They are still used for the purpose of com- 
putation especially in constructing tables ; but their chief value 
to-day in the theory of functions is the aid they afford us in 
establishing existence theorems, and in studying the properties 
of functions. 

We propose in this chapter to develop only as much of the 
theory of infinite series as is necessary for our immediate purpose. 
Later we will give further details. 

10. Definitions. 1. Let a v a 2 , a 3 ••• be an infinite sequence of 
real numbers. The symbol 

a 1 + «2 + a 3 + ••• C 1 

25 



26 


FUNCTIONS OF A COMPLEX VARIABLE 


is called an infinite series. We may also denote it by 


or by 
We call 


m=\ 

2a m , m = l,2,3.- 
A n =a 1 + a i + ••• a n 


n. 



m = 1 


the sum of the first n terms of 1). Suppose that as n increases in- 
definitely, A n converges to a definite value. Then we say 1 ) is con- 
vergent and assign this value to the series ; we call it the sum of 1 ). 

If A n does not converge to some definite value as n increases 
indefinitely, we say the series 1) is divergent. Whether 1 ) con- 
verges, or diverges, it is often convenient to denote it by a single 
letter, as A ; we may write 

A = a ^ -f- $2 + #3 H - * ^2 

When this series converges, it is customary to denote its sum 
by the same letter A. This notation may be slightly confusing at 
first, but the reader will soon recognize in which sense A is used 
in any given case. 

Associated with the series 2) is the series 

A n = i “f" #n +2 *'* (3 

It is called the deleted series, or the remainder after n terms . It 
will be convenient to denote the sum of the first s terms of the 
series 3) by A n>s \ thus 

S = # 71+1 + a n+ 2 "1 + a n+s' 4 ) 

Let us now recall a notation with which the reader is already 
familiar. 

When A n converges to A as n increases indefinitely, we write 

lim A n = A 

71=05 


and read it : 44 the limit of A n for n= oo is A.” The same fact 
may be expressed by the notation 

A n = A as ft = oo. 

The symbol = is read “converges to.” 
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2. Let us establish here the obvious theorem : 

Let A = a x + a 2 + •••. The series B = ka x + ka z + ••• where k=p 0, 
converges or diverges simultaneously with . A. When convergent, 
B = kA. 

F ° r B n = kA n . 

If now A or B is convergent, we have 
lim B n = k lim A n , 

or B = kA. 


11. The Geometric Series. This is 

& = 1 + 0 + 0 2 + 9 s + ••• (1 

Let g ^ 1. Then by elementary algebra 

r-^-=l + g + g 2 + ••• + g nl + -• (2 

1 - if 1 - 0 


This identity is often useful and the reader should memorize it. 
Then using the notation of 10 

= 1 + 9 + 9 2 + — + 9 n '~ 1 



_ 1 0” 

1-0 1-0 

(3 

by 2). Now when 

I g | < 1 , lim g n = 0. 


Hence in this case 

lim-/* - 0 . 
n=w 1 — g 


Thus 3) gives 

lim G n = — 1 — , | g | < 1 

1 -0 


The series 1) is 

therefore convergent when g 

< 1 and in this 


case -i 

a = l+g + g 2 + - • 

If 9 = li ^ = l + 

Hence (? n = n 

and lim Q- n = -hoc. 

n=» 

Thus & is divergent when g= 1. 
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When 

Hence 


<? = - 1, ff = 1 - l + l- 1 + 

Q- n = 0 when n is even, 

= 1 when n is odd. 


Thus # n does not converge at all as n =£= oo. 

Hence & is divergent in this case. 

When the series . , 

A = a x + a 2 4- a z + — 


is such that 


lim An = +oo, 

n= oo 


it is sometimes convenient to indicate this fact by the notation 

A= +oo. 

Similarly if li m ^=-oo, 

71=00 

we may write A = — on 


Returning to the geometric series, we see at once that when 
g > 1 , 6r n = + oo ; while when g < — 1 , Q- n oscillates between ever 
larger limits. We have thus the theorem : — 

The geometric series 1) is convergent when \g | < 1. It diverges 
when | g | > 1. When convergent , its sum is 


a = 


i 



12. The Harmonic Series. This is 

j?-=l+i + i+J + . 
We show that #=-{-00 

and is therefore divergent. 

In fact 1,1 1 

£ + 1 > i- 

i+6+*+i>£ 

£+ ur + •" + t6 >2 


(1 

(2 


etc. Thus -ff 3 > I-, > ^ + + \ + ^ 

and in general ^ > m . ^ 
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Thus, however large the positive number G is taken 

s n > a , 

if n is greater than some integer v. Thus 

limif n = 4 - 00 , 

which establishes 2). 

13. Fundamental Postulate. In order to go on with our work 

we need to use a fact which the reader will admit as soon as 
understood. , 

Suppose a variable v steadily increases o 
as in Fig. 1, and yet always remains less 
than a fixed number G. Then obviously 
v must tend to a limit V. This limit may 
be less than Gr but it certainly cannot be 
greater than G . We have then fig. i. 

V = lim v < G. (1 

Similarly suppose a variable w steadily decreases as in Fig. 2, 
and yet always remains greater than a fixed number G. Then 
manifestly w must tend to a limit W 

an< * W = lim w> G. (2 J y 

We take it that these two facts are self- 
evident and require no proof. 

2. By means of this postulate we can 
establish a theorem of great importance 
in the theory of series : 

Let A = a 1 + a 2 -h ••• be a positive term series . If A n < some fixed 
number G , however large n is taken , then A is convergent and A < G. 

For as A n < 6r, lim A n exists by the above postulate and this 
limit is < G. But then A is convergent and 

A = lim A n < G. 

14. The Hyperharmonic Series. This is 




w 

o 

Fig. ± 



(i 
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We establish now the following theorem : 

The series S is convergent if 8 > 1, and divergent if s <1. 

For when s = 1, S becomes the harmonic series H, which is di- 
vergent as we saw in 12. When 8 < 1, each term is greater than 

1 ri* 

the corresponding term - in H. 

Thus s n > s n . 

As H n = + oo, so does S n = + oo, and S is divergent in this case. 
Let now s > 1. Then 

1+I<i .12 1 

2* 3* 2* 


^’ sa y- 


As s > 1, g is < 1. Similarly 

4* 5* 6* 7* 4‘ 4* 4* 4* 4‘ 4<-i 

8* 9* + 15* 8 a 8-i ^ 

Thus however large m is taken there exists an integer n such that 
S m < 1 +g + g 2 + ••• +g n ~ l = Cr n . (2 

As here g < 1, the geometric series # is convergent and G n < G. 

S m <G 


Thus 2) gives 


for any ra. Thus by the theorem in 13, S is convergent, and 
moreover 


S< G. 

15. Alternating Series. 1. Let a 1 > > a z > ... = 0. 

Then the series a _ _ _ , _ „ , 

yi = — a 2 -f- -j- • • • 

is an alternating series. 

Examples. 

'-It+St — •<«<>• 

sp nr3 rp 6 

4/ *1/ , J/ A M 

3T + 5~! 0 < x < 1. 


(3 

(1 
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The last two series are the developments of cos a;, sin x as we 
observed in 9. 

We prove now the theorem : 

The alternating series 1) is convergent . Its sum A is > 0, and 
the remainder after n terms A n is numerically < a n+1 . 

1 01 A u+1 = («! - a 3 ) + («8 - a 4 ) + — + (.Chn-l - a 2») + «2»+l- 

Thus A 2n+ 1 > a x — a 2 > 0. We also have 

■^■2n+l = ^1 C^2 ^5^ " 

Thus A 2n + 1 is steadily decreasing and < — (<z 2 — a 3 )< a r 

Hence by the fundamental postulate 13, 

lim A. Jn+1 

n = oo 

exists and is < a l — a 2 and < a x — (a 2 — a 3 ). 

Next we note that A _ a \ 

■**-2n+l — ^2nT ^2n+-l* 


As lim a 2 n+i 
Hence 


= 0, by hypothesis we have 
lim A., n = lim A 2n+r 
lim A m exists. 


m=» 


Thus A is convergent and 

0 < A < a v 


Finally we note that the series 

P = # n +l ^n+2 #n+3 


(2 


is an alternating series ; it is therefore convergent and therefore 

analogous to 2), A ~ /o 

6 7 0 < P < a n+1 . (3 


But obviously the series P and the residual series A n differ at 

most by their sign ; hence j 

A n — ± _r . 


Thus using 3) 


| A- n | < O'n+y 
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2. The fact that the remainder after n terms in an alternating 
series is numerically less than the next term enables us to estimate 
the error in calculating such a series and stopping the summation 
at the »th term. 


Example. Let us compute sin 10°, using the development 


sin x = y^~ 


8 i 5 ! 


(4 


We first convert 10° into circular measure and find 
x=> .1745329. 
log a = 9.2418774. 

log a? = 7. 7256322 , a? = . 0053165. 
log sc 6 = 6.2093870 , ^=.0001619. 

jt=. 0008861. 

= .00000135. 

5 ! 

~< .00000001. 

Thus the first two terms in 4) give sin 10° correct to 5 decimals, 
and the first three terms to 7 decimals. We have in fact 

f- ^ = .1736468. 

1 3 I 

f-ivir-- 1 ™ 482 ' 


From the tables we find 

sin 10° =.1736482. 


16 . The € Notation. 1 . Sooner or later the student must learn to 
use the e notation. We propose to introduce it gradually, so that 
it will not seem difficult to him. The object of the notation is to 
enable one to think more easily and accurately when dealing with 
limits. 

Suppose we have a sequence of real numbers 


°v c v ^3 


RMMI REKMMH HUTITUTE 


MMOMCSe 

1 /- 


T) i I 




(1 


I 
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What do we mean when we say c„ = a 

or lim e n = c. (2 

n=oo 

Let us plot the numbers 1) and the limit c on an axis. Let e 
be a small positive number. The points f ( 

c — e, c + € determine an interval E of f "f \ 

length 2e as in the Figure. Then the c " € ® c+e 

limit 2) simply means that the c n eventually lie within E no 
matter how small € is taken. 

Put in more precise language, the limit 2) means that taking 
e > 0 small at pleasure and then fixing it, there exists an index m 
such that 

C m + li ^m+2’ ^wi+8 

all lie within E . The fact that these lie in E is expressed by the 

inequalities , . 

I o — c n I < € , n > m. (3 

For the relation 3) merely states that whenever the index n is 
> m, the distance of c n from c is < e. 

It will be convenient to adopt a standard notation. To express 
that c is the limit of the c n we shall write 

6 > 0, m, | c — c n | < e , n>m. (4 

This we will read as follows : 

For each positive e there exists an index m, such that | c — c n \ < e 
for all n> m. 

Conversely if 4) holds, we know that 2) does. 

This may sound elaborate and formidable to the beginner and 
quite unnecessary to express a very simple fact. This is indeed 
so if we never deal with but very simple limits ; or never employ 
but very simple reasoning on limits. Now the fact is that the 
function theory is founded on the notion of limits. We are con- 
stantly reasoning on limits. The same is true in the calculus. 
But in a first course in the calculus the student is too immature 
to pay much attention to a rigorous treatment of limits. His 
main object should be to seize the spirit of the methods of the cal- 
culus and to learn how to use them easily. Then as he becomes 
more mature he can pay more attention to the demonstrations on 
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which these methods are founded. In the present work we have 
no intention of insisting on rigor. Being a first course in the 
function theory, we shall endeavor to avoid all topics which 
require delicate handling. A demonstration of such matters is 
quite out of place in a first course. On the other hand, the stu- 
dent has advanced in maturity since his calculus days, and has 
reached the point when the subject of limits may be treated 
appropriately with more care. 

2. Let us note that if c n = 0, then 4) becomes 

€ > 0, m, | c n | < e, n > m. (5 

Conversely, if 5) holds, lim c n = 0. 

3. A simple reflection will show that if lim c n = c then not only 
does 4) hold, but we also may write 

e > 0, m, | e — c n | <8 , n>m , , (6 

where S may be any fixed positive number < €. 

For the relation 6) merely says that we have replaced the 
interval E above, of length 2 e by another smaller interval of 
length 2 S. 

We frequently have to deal with several inequalities of the 
type 6). In such cases we shall see that it is convenient to take 

g = i or etc. 

2 3 

17. Necessary Conditions for Convergence. 1. When dealing 
with infinite series our first care is to see if the series in hand is 
convergent. As we never deal with divergent series in the 
elements of the function theory, if a series is found to be divergent 
it must be discarded. The following theorem is often useful : 

For the series A — a x + a 2 4- ••• to converge it is necessary that 

For suppose A is convergent. Then by 16, 3 we have 
e > 0, m, | A - A n | < | , n>m. 

A-A n+1 1 <|. 


Also 



Hence by 5, 7) 

But 

Thus 
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|^ n+ l--4n|<* 

-^•n+1 A n = d n +y 
K + i|<€- 

Hence by 16, 5) lim a n+1 = 0, or what is the same, lim a n = 0. 

2. Although it is necessary for a n = 0 when A = a x 4- a 2 -h is 
convergent, this condition is not sufficient as the following ex- 
ample shows. 

The harmonic series 

is divergent as we saw in 12. Yet here 



n 


3. Let m be an arbitrary but fixed index . The two series A , A m 
converge or diverge simultaneously . When convergent 

A = A m + A m . 

For when A is convergent A = lim A n . Let n = m+ s. Then 
A n = A m *4" A m ^ s . 

When n= oo, so does s. As A m is a constant, we see that when 
lim A n exists, so does lim A myS , and conversely. 

n=oo *=oo 

4 , If A is convergent , lim A„ = 0. 

n=oo 

For any n we have A = A n 4- A n . 

As A is convergent, lim A n = A . Thus 
A n = A - A n = 0. 

18. Adjoint Series. 1. In studying the convergence of a series 

A = 4- 4- + • • • (1 

it is convenient to consider the series obtained by replacing each 
term a n by its numerical value a n = |a n |. The resulting series 

21 = 4 - 4 " 4 " ■ • • 


(2 
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is called the adjoint of A. We write 

21 = Adj A. 

In the function theory we often have to deal with the numerical 
or absolute values of numbers as a, b, c It will often be con- 
venient to denote them by the corresponding Greek letters a,#, 7 •••• 
Sometimes the Greek letter is so much like the Roman letter that 
the reader is apt to mistake it. We will replace it by the corre- 
sponding German letter. Thus Greek A, M look like Roman 
A, AT; we therefore replace them by 21, 2 fi. 

The following examples will illustrate the notion of a series and 
its adjoint. 


Example 1 . 

^ = W + + - 

Its adjoint is 

a-i + j + *+* + ... 

Example 2. 

2 ! 4 ! 6 ! 

Its adjoint is 

a« 1 + £ + £ + £ + ... 
^ 2 1 4 . 6 ! 


where according to our notation £ = \ x\. 

Should the terms of a series A be all positive, then A and 21 are 
identical. 


2. We prove now the fundamental theorem : 
If 21 converges, so does A. 


For let 


-B = t>! + ^2 + ^8 + •** 


be the series formed of the positive terms of 1) taken in order, and 

O = <?j + + <? s + • • • 

be the series formed of the negative terms of 1) taken, however, 
with positive signs. Then 

■B n <« i + « 2 + c{ 3 + •• ■ = 21 

since B n contains only a part of the terms of 21. Hence B is con- 
vergent by 13, 2. Similarly C n < 21 and hence 0 is convergent. 
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Suppose A n contains r positive terms and s negative terms. Then 
A n = B r — C a , r + s = n. 

Let n=s oo, then B r == J9, (7* = <7, and hence 

lim A„ = lim B r — lim <7 a , 

or A = i?-G Y . 

Hence -A is convergent. 

3. A series may converge, although its adjoint does not. 

Example. ial + + ... 

is convergent because it is an alternating series, by 15. Its adjoint 

*~i + J + i+i + - 

is divergent since it is the harmonic series, by 12. 

A series whose adjoint is convergent is called absolutely conver- 
gent. If A converges while 21 does not, we say A is simply con- 
vergent when we wisli to indicate that A does not converge abso- 
lutely. The greater part of the series employed in the elements 
of the function theory are absolutely convergent. We shall there- 
fore have little to do with simply convergent series. 

4. The following theorem is very useful in ascertaining if a 
given series is absolutely convergent : 

Let B= J 2 + ^3 + **' converge and have all its terms > 0. 
Then the series A = a 1 + a 2 + a 3 + ••• is absolutely convergent if 
a n < b n . Moreover | A | < B. 

For passing to the adjoint of A, we have 

2l n = + «2 + ••• + «n - ^1 + ^2 + “* + K< -B* 

Thus 21 is convergent by 13, '±. 

As M.|<a»<£ 

we have | A | < 5. 

19. The Remainder Series. 1. Suppose we wish to compute the 
value of the convergent series 

A = a ] + a 2 + a s + ■■■ 


(1 
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correct to a certain number of decimals, say to p decimals. We 

compute successively A __ 

^-1 “ a i 

-^2 — 4“ ^2 

A 3 = + a 2 + a z 

etc. In order to know if we may stop at A n we must know if the 
remainder A n affects the ^?th decimal in A n . We must know, 
therefore, if _ 

| A I 

In case that A is an alternate series the theorem of 15 shows that 
we may take n so that , , 

J I «. +1 | < 10 ~*. 

For we showed that \ T \ ^ „ 

I A n | < a n+v 

When the series 1) is not alternate, it is not so easy to estimate 
the magnitude of the remainder. The theorem of 18, 4 may some- 
times be applied with advantage to A n . In fact if a n <b n we have 

\A n \<B n <B. 


2. Example . Let us use the theorem of 18, 4 to show that 

exponential series « o 

E=*l + — + — - ( 2 

1 ! 2 ! 3 ! ^ 


is convergent for x > 0, and to estimate the magnitude of the 
remainder E n . 

Let us take x large at pleasure and then fix it. We next take 
m so large that m + 1 > x. Then 





POSITIVE TERM SERIES 


39 


after the first is less than the corresponding term of the con- 
vergent geometric series 

M+ Mg + Mg 2 + ... = M(l + g +^ 2 + ...) 

M 

Hence the remainder series E m is convergent. Thus JE is con- 
vergent and jut 

E m <. M (4 

1 — g 

where g is given by 3). 


Positive Term Series 

20. Theorems of Comparison. Series whose terms are all positive 
are of especial importance for deducing tests of convergence. 
To ascertain if a given positive term series A is convergent it is 
generally advantageous to compare it with some other positive 
term series B whose convergence or divergence is known. We 
begin therefore by establishing two theorems of comparison. 

2. Let A = a n + a 2 + ..., B = b x + b 2 + ... he positive term series . 
Let r, 8 be positive constants. 

If 1° r<^<s , »-l, 2,8... 

On 


lim y 5 exists and is =£ 0, 
o n 


then A and B converge or diverge simultaneously. 

For on the 1° hypothesis a n < sb n ; hence if B converges, 
A n < sB n < sB. Thus A converges by 13, 2. Also a n >rb n \ 
hence A n > rB n . Thus if B is divergent, so is A. 

On the 2° hypothesis , let 


& = l and l > 0. 

b n 


Then as n increases, ^ gets nearer and nearer l. Hence for a 
bn 

sufficiently large m, there exist two positive numbers r, s such 

that « 

r < ~ < s, n>m. 
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Thus the terms of the series 

Ai= a m+l + a m + 2 + ••• 

satisfy eonditiou 1° above. Thus this 2° case is reduced to the 
preceding. 

Example 1. A 1.1.1, 

^ = 1.2 + 2.8 + n + - 

H,re a ” = H» 1 +l) < S- 

Thus each term of A is less than the corresponding term of the 
convergent series 1 1 n 


1+I+I+ 
]2 ^ 2 2 3 2 


Hence A is convergent. 


Example 2. 


j ^ _ cos x _j_ cos 2x ^ 


x > 0. 


The adjoint series is 


§t= |c°sa:j + |cos2^_[ + _ 
e x e 2x 


As | cos u | < 1, each term of this series is < the corresponding 
term of the convergent geometric series 

i+4+4+~ 


Hence 31 is convergent, and thus A is absolutely convergent. 

Examples. A= 2aj>==21og ^ 1 + E + ^) , r > 1 

\ n n r J 

where p is a constant and 


6 n I < some Gr. 


By the calculus we have, setting r = 1 -H $, 

«» = -(/* + %)--£(/* + ^7) ’ 0 < <r„ < 1. 

n\ n*J n*\ n*J 


If fi = 0, we have 


= — ( 1— n " 
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which is comparable with the convergent series 

X~r ’ r>L 

Thus A is convergent in this case. 

If /x =#= 0, we see that na n = /i. Thus A is comparable with the 
divergent M rie S t + j + j + j + ... . 

When fi > 0, we see the terms of A finally become positive and 
A = 4- oo . When n < 0, the terms finally become negative and 
A s= — oo . 

C'.j{l-log(l+l)}_Sv 

This series is convergent. For if n > 1, by the law of the mean, 

logfl +r)=I + 2!f n . i , \M n \< some M. 

\ nj n w 2 


Thus 


< o' 


M 
n * 


The adjoint of O is thus comparable with the convergent series 

The series O is therefore absolutely convergent. Its sum is 
called the JEulerian constant . By calculation we find 

0 = .57721566. .. 


3. The second theorem of comparison is : 

Let A = 4- #2 ^3 * •> B ~ b^-\- b^-^ b^ 

be positive term series. If B is convergent and 

?*±1<$2±J . , w=l, 2, ... 


A is convergent . If B is divergent and 



A is divergent . 
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For on the 1° hypothesis. 


— <!=< - <r 1 = ?’ 


^n+1 h. 


Thus 


and we may apply 2. 

On the 2° hypothesis we have 


i ** 


and may again apply 2. 


6, 


•>2 


21. D’Alembert’s Test 1. As an application of the second theo- 
rem of comparison 20, 3, we will establish a test for convergence 
or divergence of a positive term series which is perhaps more 
often nsed than any other. It is called D'Alembert's test . 

The positive term series A = a x + a 2 4- converges if there exists 
a constant r < 1 for which 

< r, or lim^aii — T . 
ct n a n 


The series A diverges if 


0ft+i > or if ii m £5z»±i > i, 
(In ~ Un 


Let us suppose that 



We compare A with the convergent geometric series 
22 = 1 + ^ 4 - ••• 

and apply 20, 3. 

Let us next suppose that ^ m ^n+i __ r ^ 

a* 

Then we may choose e > 0 so small that s = r + e is also < 1. 
Then 1) states that there exists an m such that 


, n>m . 

Thus we are led back to the former case. In a similar manner 
we may treat the divergence part of the theorem. 
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Rnmpl* I 


4 S ^ + 8 *f ••• 


it cvmr*rg*mi (f 0 < *< 1 . For the ratio of two torms 


•*»»«," + 1. 


«*«<!. 


Knmftl* I. I^t u* show that the exponential aerie* 

MiwiyM for any r. To thin end we consider it* 

adjoint » B 

4 • i + 1 + r + , 

1 ! 4 ! 

Tb* raUo of tl»» » + 1* term to the »“ i* 

** < w ~ 1 )' w 

for any jfivrii Thtm in l km nu*’ r «• 0 in I>* Alumbort'a U**t. 
Ilrfinp (I cotnrurtfrm, and lliUJi A* colivrriJri almnlutely for mi) r . 

.f 1^1 tm loiinnlrr tho ninvor^Uiro of tlif* mmw 
wkitli Af« I l»r* i|rvf^«»|ittiriiU of tin* coal nr mid miu\ vi*. : 

<'* ! ** * f*. 

J' r 


.V - ' ' + 

r :t: .v 

TIip ad)ott»U «»( tkf^MP nrr 

o - 1 > r + r 4 


| In' i»f (liPM* >M'l H'tt f'lflll .4 J M t t id ill*' M'M*’H ^ < « illltldcrtMl 

Oi Kimui !«' - I 0 ^ 2 C 

4ti>l lii’iM*’ y» , 2 * "loprjft’ (i*r iii\ ( *m» *' Thu* ( 

S .blurry* |A* f * r ***y * 
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This result may also be obtained directly from D’Alembert’s 
test. For the ratio of two successive terms of £ is 


£2n 


-= 0 . 


(2 ri ) ! ' (2 n — 2) ! 2 n ( 2 n — 1) 

Hence £ converges for any £, and a similar result holds for ©. 
JExample 4. Let us show that the logarithmic series 


T x a? t? 

i= i _ 2 + r“ 


converges absolutely for any | x | < 1 and diverges for | x | > 1 . In 
fact the adjoint series is 


1 2 


The ratio of two successive terms is 

r 1 

w 4- 1 n n + 1 

Here the limit r in D’Alembert’s test is £. 


2. We must note that when in D'Alembert's test the limit 

lim 22+1 = 1, 

we can neither conclude that A converges or that it diverges , as the 
following example shows. 

ExampU. LetA = l + l + L + ... 

1*2*3* 

Here a n +i__ n* _ 1 

~(n + l)*“^ 1 + lj” 

Now when s > 1, A is convergent, while when * < 1, A is 
divergent. 

22. Cauchy’s Integral Test. 1. This is a test of great power ; 
it is expressed in the theorem : 

Let f(x) be a steadily decreasing positive function such that 

/O) > a». 
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Then the positive term series 

A = a 1 + 

is convergent if 


\ + a 2 + 


J= ( f(x)dx 

njm 


is convergent . 

For on the ordinates x = n, in Fig. 1, let us lay off the values 
of a n . Then A n = area of the shaded region from x = 0 to x = n. 
But the curve belonging to y=f(%) i 
lies above this shaded region. Thus 

n ”™ “h ^ m+2 “I” H" & m+n < ^ 


Hence A^ is convergent, and 
hence A is. 


2. Similarly we have a divergent 
test: 

Let f(x ) be a steadily decreasing 
positive function such that a n >f(n). 



Then the positive term series 


A = a x + a 2 + •• 
K— f f(x)dx 


is divergent if 
is divergent. 

For consulting Fig. 2 we see that 

n = H“ ^m+2 “h * * * a m 


>f 


m+n+1 

f(x)dx 

m+1 


— 1 

K 

/ 


Let now n = oo. The integral on the 
right = + oo by hypothesis ; hence A m is 
divergent, hence A is divergent. 

3. In the last section the student might 
be tempted to reason as follows. A m is 
the area of the rectangles from x = m to oo. 

This is greater than the area of the curve 
from x = m to oo. Thus one would have 

at once ~r rr 

A m >K. 

As the integral K= oo , so is A m , hence A = oo. 


0 ./, 




Fig. 2. 


(2 
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Against this form of reasoning one can urge the objection 
that one is dealing with oo as if it were an ordinary number. 
It is true that in a first course in the calculus the student 
often falls into this habit. At times this is quite convenient, 
at other times it can create great confusion. To avoid such 
loose reasoning mathematicians to-day do not operate on infinite 
quantities as if they were finite. For example in the present 
case we wish to show that is divergent. To this end we ] 
have compared two infinite areas in 2) and asserted that one is 1 
larger than the other. The modern mathematician avoids this; 
instead he would reason as in the foregoing section 2. The 
relation 1) compares finite areas. In this relation the variable n 
is allowed to increase indefinitely. Since A m , n increases indefi- 
nitely, the series is divergent by definition. Hence also A 
is divergent. 

The reader will perhaps think this a very small point. In the 
present case it is indeed trivial. We have chosen it however to 
illustrate a great principle : 

The student must avoid operating on infinite quantities as if they 
were finite. All operations must be performed on finite quantities , 
except in the single operation of passing to the limit. 

23. The Logarithmic Scale. 1. As we have already remarked, 
the convergence or divergence of a positive term series 

A = 4- a 2 a 3 "b '*• 


may often be determined readily by comparing A with some series 
whose convergence or divergence is known. Two such series we 
have already found. The geometric series 

0 = 1 +£+£ 2 + £ 3 +— (1 


and the hyperharmonic series 


S=1 






(2 


We propose now to use Cauchy’s integral test to show that the 
series 



POSITIVE TERM SERIES 


47 


X 

X 

X 


1 

nl-fn 

1 

nl^n l 2 ’n 

1 

ttZ 1 nZ 3 n2 8 *n 


(3 

(4 

(5 


all converge when s > 1 and diverge when 8 < 1 . 

For brevity we have set 

l^^logn , l 2 n = log(log n) , ••• 


We must note that in the domain of real numbers, log x does not 
exist for x < 0. Thus the summation in the series 3), 4) ••• 
must begin with a value of n for which l m n exists. 

Let us consider the series 3), or 

Z= 1 -f 1 + 1 + ... (6 

2 log- 2 3 log- 3^4 log- 4 v 

when s > 1. 

From the calculus we have 


d log 1 *x __ 1 — s 
dx x log- x 

Thus 


ft? dx _ 1 , 

f 1 

_ 1 1 

J a X log* X S — 1 

l log 5-1 a 

log* -1 ft J ’ 


0 < a < yS. 


Hence 



dx 

X log- X 


1 1 

8—1 log*' 1 a 


is convergent. Hence by Cauchy’s test 6) is convergent when 

s > 1 . 

Let U8 now take 8 = 1. From the calculus we have 


Hence 


= A. log(log x) = * - 

dx dx x log x 


H f X = log(Iog ft) - log(log a) 

Ja X lOg X 


0 < a < J3. 
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Thus 



dx 

x log x 


= + QO. 


Hence by Cauchy’s test 6) is divergent for 8 = 1. Hence d 
fortiori it diverges for 8 < 1. 

To treat the general case we would employ the function 


/O) = 


xt^xl^x • • • j xljffx 


2. The series 3), 4), 5), ••• form a scale . That is when * > 1 
each converges more slowly than the foregoing. When 8 = 1 
each diverges more slowly than the foregoing. To apply this 
scale to test the convergence or divergence of a given positive 
term series A we begin by comparing the terms of A with those 
of 3). If no test results, we next employ the series 4), and so on. 

24. Kummer’s Test. 1. This is embodied in the following 
theorem : 

Let A = a x -fia 2 -f ••• be a positive term series . Let k v k 2 ••• be 
a set of positive numbers chosen at pleasure. A is convergent if 
for some constant k > 0. 

K n = k n --^-k n+1 >k , *-1,2,... (1 

a n + 1 

A is divergent if n __ _1 , 3^ (9 

h k^ "■ ^ 

is divergent and K n < 0, n = 1, 2, ••• 


For on the first hypothesis 


^2 ~ ^ (^l a l ^2^2)* 
< - (& 2 ^2 — ^ 3 ^ 3 )* 


«n < £ - W* 
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Hence adding these 

0 ^ A n — a i d” £ C^l^l kn a n) < <^1^1- + ^ J * 

Thus A is convergent by 13, 2. 

On the Second Hypothesis 

a n _ ^ kn + 1 
a n+\ 

a n+l ^^n+I . 

Thus A is divergent by 20, 3. 

2. We shall call the divergent series 2) Hummer s series . 


25. Raabe’s and Cahen’s Tests. 1. From Rummer's test we may 
deduce a set of tests of great usefulness. Thus if we take 

^1 = ^ 2 = = 1 
we get D’Alembert’s test 21. 

If we take = 1, = 2, *, = 8 ... 

we get : 

Raahe's Test. The positive term series A = a x + a 2 -h 
vergent if 

\(n) = n(-^ 1 )> l , l > 1 . 

W m / 


A i* divergent if 
For here 


X 0 (n)< 1. 


K^—n- 


A 'n + 1 


■ + 1)> & > o 




(1 

(2 


if 1) holds. On the other hand 

K n <0 

if 2) holds. 

2. In the foregoing we have used the divergent series 


and 


— i + 2~ + 4- 
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to get D’Alembert’s and Raabe’s tests. If we use the scale of di- 
vergent logarithmic series considered in 



£ 


1 

nl x xl 2 x' 


we get a set of tests which may be stated as follows : 

Let A = a t + # 2 + ■ • • be a positive term series. Let 

\fn) = l x n\ n(-^ — 1^ — 1 1 = ^XqO)— 1J, (3 

i \0 n+1 J J 


= l 2 n 



Vil-i] 

W+i 

J J J 


= l 2 n\\ 1 (n')~l\. 


Then A converges if there exists an s such that 

X.(*)> 8>1 /or some n> m; 

A diverges if \(n)< 1 for n>m. 

Let us prove the first test 3) in this set. The others are proved 

similarly. We take here 7 . 

h n = n log n. 

Then A converges if 

K n = n log n — — (n + 1) log (n + 1) > k > 0. 

^ n + 1 == ^( :1 + 

K n = Xj(n) - log(l + log (l + 1), 

/ 1 \ n+1 

= \(n)-\og(l + ±j , 

= Aj(w) — (1 + a) , a > 0. 
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Thus A converges if 

8 > 1 for n > some m. 

In this way we see also that A diverges if 

^ 1 for n > some m. 

3. From 3) we deduce 

Oaken's Test If the positive term series A = 4- a 2 + •••is such 

that for every n 

C n = n j n (— — 1^— ll < some tr, 

I* V^n+i / J 

then A is divergent . 


For 


X 1 (w) < 


log n 


a . 


Here the right side = 0. Hence 1 for n > some m, and 

j! is divergent by 2. 


26. Gauss’ Test. Let A = a x 4- a 2 ■+• • •• be a positive term series 
mch that 

a n __ n 8 + <h n ‘~ 1 + 

«n+l W*+ iS ^- 1 + ••• + &’ 


(1 


wAere o &2 ft 2 -»- do not depend on n. Then A is con- 

vergent if 

«i - £i > 


and divergent if 


«i - ^i< 1. 


This may be deduced from 25 as follows. Here 


\ 0 o) I s ) = 


a l ~ ft l + — / <*2 ~~ + 


n+1 ' l+±\/3 t + 

n 


... s 


(2 


Thus lim \(ri) = a 1 — ft v 

Hence if a x — ft x > 1, certainly there exists some l > 1 such that 
n ( — — 1 )> l for all n > some m. 

\«n+l J 
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Thus Raabe’s test shows that A is convergent. If = 1, 

Raabe’s test does not always apply. To dispose of this case we 
may apply the \(n) test of 25, 2. Or, more simply, we may apply 
Cahen’s test. W e find at once 

lim O n = ag — /3 2 - fi v 
Thus Q n < some O- 

and A is divergent. 


27. A test similar to Gauss’ test in 26 is the following . 
Let A = a 1 + a 2 + •■•be a positive term series such that 

a n + + 

a n+ 1 n W 


where /x > 1, and {3 n < some Gr. Then A is convergent if a > 1, and 
divergent if a < 1. 


For here 




a. 


Thus A is convergent if a > 1, and divergent if a < 1. If a = 1, 

we have / ~ 

XiO) = IpiWCn) - 1 } =-^-j • /3 n =0, 

n 

and A is divergent. 


28. Binomial Series. This is 

b = i + ai*+ m r 1 a*+ ** ' i ' £ - ^ + - 

1 • 2 1 • 2 • o 

= 1 + + ( 2 )^ + a 

This series arises when we develop (l-H#)* 4 by Taylor’s theorem ; 
here we wish merely to consider the convergence of the series 
as an application of the foregoing tests. 

If is a positive integer, B is a polynomial of degree /x. If 
/x = 0, B = 1. We now exclude these exceptional values of /x. 
Applying D’Alembert’s test to the adjoint of 1), we find 

« 2±1= „- n + \ 

<*n n 

Thus B converges absolutely for | x | < 1, and diverges if | x | > 1. 
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Let x — 1. 


Then 


B = 1 + \x + 


1.2 


+• ••• 


Then 


^n±i = I/* — w + ll.^ 
« n ^ 


As D’Alembert’s test gives us no information in this case, we 
apply Raabe’s test. Here 




1 + M 
1 __ 1 + j* 

n 


for w sufficiently large. Thus 




Hence B converges absolutely if fx > 0, and its adjoint diverges 
if \x < 0. 

But in this case we note that the terms of B are alternately 
positive and negative. Also 

**n+l ^ 1 “h 

«n n 


so tfhat a n form a decreasing sequence from a certain term, provided 
fA> — 1, when a n = 0. Thus i? converges when /x> —1 and 
diverges when fx < — 1 . 

Letx~ — 1. Then 


B = 1 — fx -f~ 


/X. - /A — t 
1-2 


If /x>0, the terms of B finally have one sign and \ 0 (w)= 1 + fx. 
Hence B converges absolutely. 

If /x < 0, let /x = — A. Then B becomes 


Here 


i i-\ , A*A+l,A.A+l.A + 2 
1 + X+ Y7'2~ + 1-2.3 


\ 0 (w) = 


1-X 


1 + 


X- 1 


= l — x, 



n 

and B therefore diverges in this case. To sum up, we have the 
theorem : 
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The binomial series 1) converges absolutely for \ x | < 1 , and 
diverges for \x\>l. When z=l, it converges for fx> — 1 and 
diverges for /x < — 1 ; it converges absolutely only for /x > 0. When 
x = — 1 , it converges absolutely for /i> 0 and diverges for fx < 0 . 


29. The Hypergeometric Series. This is 

1-7 1 - 2 - 7-7 + 1 

a-« + l.« + 2-/9-/8 + l.yS + 2o 
1 . 2 • 3 • 7 • 7 + 1 - 7 + 2 X 


(1 


Let us find when this very important series converges, 
to the adjoint series, we find 


« a±2= (a + w)(/3+rc) 

“n+l (w+l)(7+») 


x . 


Passing 


(2 


Thus F converges absolutely for | x \ < 1 and diverges for | x | > 1. 
Let x=l. The terms of F finally have one sign and 

0 *+! _ n 2 + n( 1 + 7 ) + 7 _ 
a n+ 2 n 2 + nQa + 0) + a/3' 


Applying Gauss’ test, 26, we find F converges when and only 

when , a „ a 

« + p — 7 < 0 . 


Let x = — 1 . The terms finally alternate in sign. We may 
write F— a x — a 2 + a z . Let us find when a n = 0 . We have 


Now 


Thus 


II 

& 

. O + 1) 

-(« 

+ «)(£ + 

i) 

■•(/3 + n) 

7 

(l + l) 

-(1 

+ m)(7 + 

i) • 

• •(7 + w) 

a + m 

+ 
r— 1 

11 

-) 

, 0 + m, 

= m(l+Q \ 



mJ 



\ mJ 

1 + m 

= m ( 1 

~) 

, <y + m 

— m( 1 + A 


V 

mJ 



\ mJ 


II 

(l + 

•)(i + £ 

) 


a n+ 2 

V 

(>+ 

mj\ m, 

-Yi + 1 

mj\ m t 

) 
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But 


where 

Hence 



Hence 


-*t 


a+ P — y—1 y m 


Vvt\ 

mV 


Thus 


= Zl m = L n . 


i/ = lim log a n+i =ll m 

n=tx> 1 


Now for a n to = 0 it is necessary that L n = — oo. In 20 , Ex. 3 , 
we saw that this takes place only when a + /3 — 7 — 1<0. 

Let us now see if L is an alternating series. If so, we must 
also have a n > a n+1 < •••. From 2 ) we have 


^n±2 — + 7 — l + jjn. 

«n+ 1 n ^ 

Thus when a 4- y 8 — 7 — 1 <C 0 the L series is alternating. 

Summing up, we have the following theorem : 

The hyper geometric series F converges absolutely when |a;|< 1 , 
and diverges when \x\>\. When x = l, F converges only when 
a 4- yS — 7 < 0 , and then absolutely. When x == — 1 , F converges only 
when a + /3 — 7 — 1< 0, and absolutely if a + ft — 7 < 0. 
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SERIES WITH COMPLEX TERMS 


30 . 1. Having discussed series whose terms are real, we now con- 
sider those whose terms are complex numbers. As heretofore such 
series will be represented by 

A = a 1 + a 2 + a s + ••• (1 

the sum of the first n terms by A n , and the residual series by A n . 
If we replace each term of A by its numerical value « n = |«„|, the 
resulting series 

s 21 = + « 8 + ••• 
will be the adjoint series. 

Before defining the sum of 1) we must define what we mean by 
the phrase “ A n converges to a number L as n increases indefi- 
nitely,” or in symbols A„ = L as n = oo, or 

lim A n = L. (2 


7t=oo 


Suppose we plot the points associated with the complex numbers, 
A v A 3 ... and L. Then when we say A n = L, we mean that 
these points get nearer and nearer L . More precisely this idea may 
be expressed as follows : 

About L describe a circle of radius e as small as we choose. 
Then all the points 


Am 


+2’ -^m+3’ 


fall within this circle for some m, as in the figure. In other words, 
there exists an index m such that 

| L — AnKe for all n>m. (3 

If the reader will turn to 16, he will see that 
this is a natural extension of the term limit when 
the numbers considered were real. 
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3 are now ready to give a final definition. We say 2) holds 
for each positive e there exists an m such that 3) holds, 
is definition applies to the limit of any sequence of complex 
)ers as 

°l i c 2 •> °3 

cpress that c is the limit of c n we shall write 

c > 0 , m , | <? — | < e , n>m. (4 

we read as in 16, viz. : For each positive e there exists an 
: m, such that | c — c n | < € for all n > m. 

/ving now defined the term limit we may extend the terms 
rgent , divergent, sum , defined in 10, without further comment 
e series 1) whose terms are complex. Thus when lim A n 
3, we say A is convergent. The limit of A n is the sum of 1). 
li A n does not exist, A is divergent. 

number of results established in the last chapter hold for 
3 whose terms are complex. In fact the reader will see that 
lemonstration applies equally well to complex terms. For 
onvenience of the reader we state some of them here. 

Let A = a x + a 2 H — be a series with complex terms. Then 
d the residual series A m both converge or both diverge. If 
convergent, JL n = 0, also a„ = 0 as If A converges, 

ka x + ka 2 4- ••• converges and B = kA , k =£ 0. 

We have just noted that when A is convergent, a n must 
From this we draw the obvious yet important conclusion : 
A = a x + a 2 + ••• is convergent, then 

| 1 <_some Gr , n = 1, 2, 3, (5 

>r, describe a circle 0 about the origin. Then since a n = 0, all 
,erms a m+x , a m + 2 --- lie within 0 for some definite m. Let us 
describe another circle D about the origin so large that it 
xins the m points a x , a 2 --- a m and also (7. If Gr is the radius 
, the relation 5) holds obviously. 

The reader should note that although the terms a x , a 2 ••• of 
;eries 1) are complex, it does not follow that they may not be 
The class of complex numbers contains the class of real 
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numbers as a subclass. It follows therefore that any theorem 
established for series with complex terms must necessarily hold 
when the terms of the series are all real. 


31. Absolute Convergence. 1. The terms of the series 

A = 4 #2 4 a$ 4 *•* 

(i 

being complex, let us set 


a n = b n + ic n , 71 = 1,2,— 

(2 

jB = 4- 6 2 -f 6 3 + ••• 

(3 

(7= Cy + C 2 + C B + ••• 

(4 

Then A n = B n +iO n . 

(5 

We show now that : 


If B, C converge , so does A , and A = B + iC. 
converges, both B and 0 converge. 

Conversely , z/^ A 

For if B , C are convergent, we have from 5) 


lim A n = lira B n 4 i lim C n , 

7 A 

or A = B + iC. 


Conversely, let 1) be convergent. Let its 

0 1 

B n P 

sum be A = /3 4* iy- Then Fig. 1 shows that 
as A n = A , then B n = /3 and O n = 7 . 

Fig. 1. 

2. As already remarked the adjoint of 1) is 


8[ = CC 1 + « 2 +«3+ — 


where \a n \ = a n - From Fig. 2 we see that 

I 

$n ~ | b n | < cc n , 7 n = j O n | ^ 0C n . 


Similarly the adjoints of B and 0 are 

C'n 

0 / 

53 = ^1 4 /3 2 + ••• 


£ = 71 + 72+ - 

Fig. 2. 


We now prove the important theorem : 

If the adjoint of A converges , A is convergent. 



SERIES WITH COMPLEX TERMS 


59 


For obviously 33 n < 2l n < 21, hence S3 is convergent, and there- 
fore B converges absolutely. Similarly S n < 21 n < 21 and hence 
C converges absolutely. The theorem now follows from l. 

3. When the adjoint of A converges, we say A converges 
absolutely . 

The great importance of the last theorem is obvious. It en- 
ables us in nearly every case in practice to reduce the problem 
of determining whether the series A is convergent or not to the 
same problem relative to th© adjoint series 31. But the terms of 
21 are real positive numbers, and the convergence, of such series 
was treated in the last chapter. 

4. Having established the last theorem, the reader will note 
that the reasoning of 18, 4 holds for complex terms. Hence the 
theorem : 

If each term of A = a 1 + « 2 + is numerically < the corresponding 
term of the convergent positive term series B=b 1 + b 2 + •• then A is 
absolutely convergent and 

5. Returning to 2, let us note that the reasoning there shows 
that : 

For 1) to converge absolutely , it is necessary and sufficient that 
the two real series 3), 4) converge absolutely . 


\A\<B. 


32. Addition and Subtraction. From the two series 
A = -H 4- 

B = -f- by, 4- fig 

let us form the series 

0= ( a x H- b x ) + (a 2 + bf) -f- (tf 3 + ^ 3 ) 4 - ••• 


We now show that : 

IfAB are convergent , 0 is convergent and its sum is A-\- B. 

^ 01 ^n = + + (®n + ^n) 


Now 

Hence 


= A n + B n . 

lim A n = A , lim B n = B. 
C = lim O n — A + B. 
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Similarly we prove : 

These™ _ D=s(ai _j i) + (aa _ 62)+ ... 
converges if A, £ converge and D = A — B. 

33. Multiplication. 1. Suppose we have two polynomials 

m 

P = P\ + Pi + +Pm~ 

Q — $i + ?2 + •■• + ?» = ^ ?>• 

Then from algebra we know that 

PQ = q x p x + ?!#2 + ••• +9iP~ 

+ ftPl + Wi + + q% p™ 


+ <inPi + ?» Pi H h %Pm- 


The general term of the product is p^. We may thus write 


PQ = 2 m > 


i = 1, 2, ••• w 

y = i, 2, •••». 


(i 


Instead of two polynomials P, Q let ns take two infinite series 

A = 4* ^2 d* 1 P = d" "* (2 

and from them form the series 

0=20^ (3 

><j 

which contains all possible terms without repetition. Wo 
prove now the theorem : 

If the series A, B are absolutely convergent , so is (7 anci C=A - B. 
We begin by considering the adjoint series 
a = 2«i ® = 6 = 

Let us look at the product 21^58^ ; it contains all terms a i 8 j 
whose indices i, j are both < m. Let us now take n so large that 
the sum of the first n terms of 6, that is S n , contains all the terms 
of In general @ n contains other terms of the type oc r /3 a 
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where r, s are not both < m. On the other hand let no term a r /3 a 
have an index > v . Then 

(X>if3 m+ 1 + ^i^m+2 4" *** 4* Kiftv 
4" 4" ^2^m+2 4” ‘ * * 4" 

4- 

4" &v$m + 1 4“ &v$m + 2 4* *•’4" &v$v 
4- /3i«m+l 4“ fii<*m+2 4" ”• +■ fil a v 
+ 

4" &u<*m + 1 4- yS^w+2 4“ ••• 4" /?»/«*;• 

For every possible term a r l3 s which £ n — 2l w 33 m can contain is to be 
found among the terms on the right. Moreover all the terms 
involved are positive numbers. 

Now the first row on the right gives 

a l(An + l 4“ ftm + 2 4“ ••• 4" /3„) < ttjSnn 

and a similar relation holds for the other rows. Thus 

®n - %J8 m < «lSm4- — 4* 

4* ftx&m 4- ••• 4“ @ v %n 

< (<^4- • •• + «x,)S3 m 4- (^ 1 4-*-*4- /3„)2lm 

< m m + m m . 


Let now m = oo. Then 21* == 0, 93 m = 0 by 17, 4. Thus the left 
side = 0. But 

lim 2U8 m = lim 21* lim $8 m = 31 • 33. 

Hence © is convergent and 

6 = 21 • 33. 

This shows that the Q series is absolutely convergent. To 
show that (7= A* jB, let m, n have the same meaning as before 
only now referred to the A , i?, Q series. Then 
<7 n — A m B m is numerically < the sum of the corresponding terms 
in (En - 2I m 93 m . Hence 

I O n - A m B m I < e n - 21 m 35 w . 
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Now when m = oo, the right side = 0. Thus 
lim (<7 n - A m B m ) = 0. 

As lim A m B m = A5, this gives C = Ai?. 


2. In forming the product series 3) it is well to have a definite 
law in order that no term is omitted, and no term is repeated. 
Such a law is expressed as follows : 

(7= 4- OA + « 2 J i) + OA + + a A) 

4- (#A + ^2^3 A a B^2 "f" a i^l) A •“ ^ 

We notice that the sum of the indices i +j is 2 in the first term, 
it is 3 in the second term, 4 in the third term, etc. Also in each 
term the index % increases while j decreases. In this way it is 
possible to form all the terms a}) i in 3) without repetition or 
omission. Of course there are many other simple ways of doing 
this, but this is in general the most convenient. 


34. Cauchy’s Paradox. 1. At this point we are face to face 
with a paradox. One would expect that if the series A and B 
converge, the series C in 33, 4) would converge and have as sum 
A - B. In case that A , B converge absolutely, we have just seen 
that this is indeed true. We now exhibit an example due to 
Cauchy which shows that if A , B are convergent but not abso- 
lutely convergent, then the series C may not even converge. 

In fact, let 1111 


A = — = -4--—= -4 4- 

Vl V2 V3 V4 

B= — ~ + — + 

VT V2 V3 V4 


= A. 


The series A being an alternating series, is convergent by 15, 1. 
Its adjoint is divergent by 14 since here s = 

Let us now form the series C in 33, 4). 

We have 




i_ 
Vl VI 


( 1 

VVIV2 

1 1 


+ 


4 - 4 ) 

V2 Vl/ 


V2 Vl> 

1 AY 


41 + ^: + . 

Vl V3 V2V2 V3vV 
= c 2 + c s 4" c 4 4- 



SERIES WITH COMPLEX TERMS 


63 


Here 

I i = JL 1 . _L 1 . 1 

Kl VI V »- 1 V 2 Vw — 2 v»-i Vl“ 7 ” + 1 - 

Now from algebra we have 

Vm(w- m)<\n , n>m> 0. 

Hence 1 2 2(»— 1 ) b 

Vm(n — m) n n 

Thus (7 is divergent since <? n does not == 0, as it must if q Were 
convergent, by 17, 1. 

2. The foregoing paradox arises from the tacit assumption that 
the earlier mathematicians made and which students to-day are 
too prone to make ; viz. that infinite series have the Properties of 
finite sums. The sum of an infinite series is the limit of a SUm 
of a finite number of terms, in symbols 

A = lim A n . 

n=oo 

Now it does not follow that the properties which each A n may 
possess also hold in the limit. In other words we must l earn 
to discredit the dictum : what is true of the variable is true of 
the limit. In general this dictum is valid ; there are, however 
countless cases where it is not. In particular it is true that 
infinite series have many properties in common with finite sums 
but they do not have all their properties, witness the foregoing 
paradox. It is helpful indeed in our reasoning to remember that 
in general infinite series do behave as finite sums. It ig a ] go 
extremely helpful to remember that very often what is true of 
the variable is true of the limit. Such partial truths are of great 
value in exploring the way and in seeking for proofs that are 
really rigorous. Their value is heuvistic and every student 
should employ them freely. He must, however, learn to repl ace 
reasoning founded upon them by proofs of a more binding 
character. 

3. Let us note a few cases where the student is apt to go 
astray unless warned. 
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Example 1 . Let us plot a finite number of real positive num- 
bers, a v a 2 a m , no two of which are equal. Then there is 
always one point which is nearest the origin. This is true for 
any m. Is it true for an infinite sequence of such numbers 


Not always, as the sequence 


* 




shows. Obviously there is no = - which is nearest the origin. 

1 8 
For a s+1 = is nearer 0 than 
8 + 1 


Example 2. Similarly in any finite set of different numbers 
there is always one which is greatest. In an infinite set this 
is not always true. Thus the set 


has no greatest. 


i » U » H - 


Example S . In the interval (0, 1) formed of the point x such 
that 0 < x < 1 there is a first point x = 0 and a last point x = l. 
On the other hand, in the set of points x such that 


0 < x < 1 


there is no first point, and no last point. 


35. Associative and Commutative Properties. In any sum of a 
finite number of terms as 

S = a + ( l + c) + d + e, (1 


we may leave out parentheses or put them in wherever we choose. 

This is called the associative property of sums. Thus the sum 1) 

may be written , 7 , 

J S = (a + 6) + ( c +^) + e 

= <x + J + <? + (c? + e), 


etc. Also the value of 1) is not changed when its terms are 
rearranged in any way. Thus 

S=b+a+d+c+e 
= 5 + c + cZ+tx + J, 
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etc. This is called the commutative property. The student is so 
used to making these transformations that he does it almost with- 
out thought. It is natural for him to extend these properties to 
infinite series. Yet simple examples will show him that this is 
not always permissible. 


Example 1. Let 

A = 1 -h (1 — 1) + (1 “ 1) + (1 “ 1) + ••• 

= 0 1 + « 2 + a 3 + ^4+ 

A n = a 1 + ••• +a n 

= 1 4*(1 — 1)4- ••• +(1 — 1) , n terms 

= 1 . 

liin A n = 1. 


Here, 


Hence 


Thus 2) is convergent and its sum is 1. 

If we remove the parentheses from 2), we get the series 


Here, 


B= 1 + 1 -1 + 1 — 14-1 — 1 
= />i 4- + 63 + • • • 


B — 2 

^2 n 1 


^2n+l — 1* 


Hence lim B m does not exist and B is not convergent. 


(2 


Example 2. ( Dirichlet .) Let 


(8 


This we saw is convergent. We shall show directly that we 
may group the terms of A by twos or by fours without changing 
its value. Let us admit this fact for a moment. Then we have 


^=(W)+(*-i)+(W)+- ( 4 

= 0 — 2 + i — i) + (i — s + 7 — (5 


From 4) we have 

j4=(i-n+(i-n+ (iW 2 )+- 

Adding this to 5) gives 

| A = (1 + 5- — 2 ) + (£ + I ~ ?)+ •" C® 
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We shall show directly that it is permissible to remove the 
parentheses in 6) without changing the value of the series. Thus 

j-4.= l+ J— + | — J + ••• (7 

Let us now compare the two series 3) and 7). We notice that 
7) is obtained from 3) by taking two positive terms of 3) to one 
negative. Each term of 3) is to be found somewhere in 7) and 
no term is repeated. Thus the series 7) is merely a rearrange- 
ment of 3). If now all infinite series enjoyed the commutative 

property, the rearrangement of the terms of 3) would not affect 
its value. But the left side of 7) shows that the sum of 7) is | 
times greater than the sum of 3). Thus not all infinite series 
are commutative. 

36 . Since it is often convenient to put in or to leave out paren- 
theses in a series and also to rearrange its terms, it becomes neces- 
sary to ascertain when this is permissible. To this end we estab- 
lish the following theorems : 

1. Absolutely convergent series are commutative. For let 
A = a l + a 2 + a 3 + ••• 

be absolutely convergent. Let 

B = b x + b 2 + S 3 4 

be a series obtained from A by rearranging its terms. We wish 
to show that B is convergent and that its sum is A. 

Since the adjoint series 

21 = 4- a 2 “b a 3 + "* 


is convergent, we may take m so large that 


We may then take n so large thati? n contains all the terms of 
An, and v so large that A v contains all the terms of B n . 

Then A v - £ n (2 
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contains no term of index < m and the terms of the sum 2), each 
taken in absolute value, lie among the terms of the residual series 

8m- Hence _ , _ 

I A v B n | < 2I m , 


or, using 1), <€ 

Thus B is convergent and ^ ^ 


2. Let us now turn to the associative property. We begin by 
showing that we may insert parentheses at pleasure in any con- 
vergent series, a fact we embody in the following theorem : 

Let A = a x 4- a 2 4- a z 4- ••• be convergent . Let 

t>i = a 1 ••• + a mi , 6 2 — 4- ••• + a m 2 •> ••• 

Then the series 

B = -f ••• 4- a. m fi + (a mi+1 4- ••• 4- a m f) 4- ... 

= + ^>2 "h 


is convergent and A = B. Moreover the number of terms which b n 
embraces 'may increase indefinitely with n. 

Fot B, = A„. (3 

Since A is convergent, 


liin A mn = A. 

7l=oo 


Thus passing to the limit n = oo in 3) gives 

B = A. 


3. The next theorem relates to removing parentheses from a 
series. Thus if we remove the parentheses from the series 

= ( a i + a 2 + + a m^) + (tf'mi+1 + ••• +m 2 ) + **• . 

= 4- + *** 

we get the series A = a l + a z + a z + ... (5 

We show now that in the following three cases the parentheses 
may be removed from the series 4). 

1° If A is convergent, B converges and A = B. 

2° If A is a positive term series and B converges, then A is 
convergent and A — B. 
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3° If the number of terms in each parenthesis in 4) is < a fixed 
number p , and if a n = 0, then A converges if B does and 
A = B. 

For on the 1° hypothesis , we have only to apply 2 to show thab 
B converges and A = B. 

On the 2° hypothesis , we have 

e < 0 , m , B n < c, n > m. (6 


If now we take s > m n , B — A s will contain only terms in the 
residual series B n . As the terms a n are positive, we have from 6) 


Thus 


B — A s < e. 
A 8 = B or A — B. 


On the 3° hypothesis , we note that the terms of A n will embrace 
a certain number of terms of B, say B m , and in general a part of 
the next term of B. We may therefore write 

A n = B m + 5^+1, (1 

where b r m+l is a part of b m+v Since b m+l contains at most p terms 
a n and as by hypothesis a n = 0, we see that 

^= 0 . 


Passing to the limit in 7) we see that 

A n = B. 

4. Let us now return to verify the statements made in 35, Ex. 2. 
Since the series 3) in that article is convergent, we may indeed 
group its terms by twos or by fours without changing its value. 
In the series 6) we see that^> = 3 and that in 3) 

a n = (— l) n+1 '- = 0. 

71 

Hence this series falls under the 3° case of the theorem 3 above. 
Hence if we remove the parentheses from 6), the resulting series 
7) has the same value as 6). Thus the series 3) is not commuta- 
tive. It is also not absolutely convergent and the theorem 1 does 
not apply. 
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37. Riemann on Simply Convergent Series. 1. It will interest 
the reader to see that a simply convergent real term series may be 
rearranged so as to give a series whose sum is any desired real 
number. 

Let the given series be 

A = + #2 “b ^3 (1 

Let B = + £>2 ^3 (2 

be the series formed of the positive terms of 1 ), keeping their 
relative order in 1). Let 

C 1 + c 2 + °S + * * * (3 

be the negative terms of 1 ) with their signs all changed. We 
begin by establishing the following theorem : 

If A is a real term simply convergent series , both B and O are 
divergent^ i.e. 

* £ = + oo , 6 Y = + °o. 

For in the first place B and 0 must both have an infinite 
number of terms. Otherwise some residual series A m would have 
terms with only one sign. As A is convergent, A m would con- 
verge absolutely. Hence A would be absolutely convergent, 
which is contrary to hypothesis. 

Let us thus suppose that A n contains r terms of B and s terms 
of O, Then 

2l n = B r 4- C 9 , w = + 

If now B and C converge, we see that 21 also converges and thus 
A is absolutely convergent. On the other hand 

A n =B r - C, 

shows that if B or C were convergent, both would converge, since 
A n = A by hypothesis. 

2. We can now establish 

BiemamCs Theorem. If A is a simply convergent series tvith real 
terms , it is possible to rearrange the terms of A forming a series 8 
for which lim 8 n is any prescribed number l, or ± oo. 
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To fix the ideas let l be a positive number ; the demonstration 
of the other cases is similar. Since by 1, i? n = + Qo, there exists 
an m such that 

+ b mi > l. (4 

Let ?n 1 be the least index for which 4) holds. Since also 
C n = -f oo, there exists an index m such that 

(&! + ••■ 4- J Wl ) — ■(<?!+••• 4- ^ (J> 

Let m 2 be the least index for which 5) holds. Continuing, we 
take just enough terms, say m z terms, of B so that 

(A 4- ••• 4- &„ h ) — (<?i 4- 4- c mi ) 4- 4- ••• 4-frm 1 +m J )>J- 


In this way we may form the series 

2 7 = (A 4- ••• 4- i wil ) — (^i 4- ••• 4- <?m 2 )4-( )“( )4- ••• 

It is easy now to show that 

lim T n ~l. 

For since A is convergent, a n = 0. Moreover we choose our 
terms in jPso that T n differs from l by an amount < some a v of A. 


Let now S be the series T with the parentheses removed. Since 
the terms in the parenthesis are positive, the series S is con- 
vergent and has Tas sum. 

3. The foregoing theorem shows that Dirichlet’s example con- 
sidered in 35 does not illustrate an exceptional case, but the rule. 
This remarkable behavior of non-absolutely convergent series 
should make the reader more careful in dealing with infinite 
series. On the other hand, it would be a great misfortune if he 
became afraid of them. Let him consider infinite series just as if 
they were finite sums when striving to prove a theorem or solve a 
problem. Only he must not neglect at the end to go back over 
his steps and justify them carefully. 
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4. Let us make an obvious extension of the foregoing result to 
series whose terms are complex. If 


where 

we saw in 31, l that 


A = -f - 4* ^3 • • • 

«n = K + ic M 
A = B + iC 


when A is convergent ; while we saw in 31, 5 that if A does not 
converge absolutely, at least one of the series B, (7 is not abso- 
lutely convergent. 

Suppose the series B is simply convergent, then B is not com- 
mutative. Hence A cannot be commutative. Thus we have the 
theorem : 

No simply convergent series of complex terms can enjoy the com- 
mutative property. 


38. The series 


Power Series 

A = a 0 + a x z + a 2 z 2 + a 2 z 3 -f 


(i 


is a power series . Here the coefficients a Q , a v a 2 ••• and z may be 
complex numbers. Such series are of utmost importance in the 
function theory. Indeed one is tempted to say they form the 
most important class of series. Special cases of such series 
are the series afforded by Taylor’s development in the calculus. 
In fact Taylor’s series 

/( 0 ) + ... 


is only a power series as is seen by setting 


«0 = /(°) 


J w ( 0) 

n ! 


Thus the developments of sin x , cos x , e*, etc., given in 9 are power 
series. The variable x is there real, of course. 

A slightly more general form of 1) is 

a o + a i( z — «) + ci 2 (z — a) 2 + a z {z — a) 3 + ••• (2 

Since the series 2) goes over into 1) on replacing z — a by z we 
may reason on 1) without loss of generality. 
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39. Circle of Convergence. 1. A fundamental theorem in the 
theory of power series is the following : 


Let the series 


A = a 0 + a^z + a 2 z 2 + ••• 


a 


converge for z = b. Then it converges absolutely for any c within the 
circle K through b ivith the origin as center. Tf A diverges for z = b , 
it diverges for any point d without K 

For the adjoint series corresponding to z = c is 

8 = «b ■+ - «i7 4- + •• • (2 


where a n = | a n | , 7 = | c |. To show that 
this converges we observe that by hypothesis 

+ (3 

converges. Thus by 30, 3 , 

<*o 1 KiP •> , ••• 

are all < some g . We now write 21 thus : 

31 = « 0 + “f-p) + + • " c 4 



Comparing this with the convergent geometric series 

*-' + '© + '@F + "’ h 1 (5 

we see each term of 4) is < the corresponding term of 5). Thus 
2) is convergent and A converges absolutely for z = c. 

Suppose now A diverges for z = 5. Then it diverges at any 
point d without K ’. For if it converges at it must converge, 
as we have just seen, at all points within a circle $ passing 
through d and having 0 as center. Thus A would converge at 
z = 5, which is contrary to hypothesis. 

2. If the circle 0 whose center is 2 = 0 and whose radius is R is 
such that 1) converges for every point within 0 and diverges for 
every point without (7, this circle is called the circle of convergence 
of the power series 1). 

Nothing is said about the convergence of 1) at points on C. It 
may or may not converge at a given point on C . 
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3. Let us note before passing on that the series 4), 5) enable 
us to give a rough estimate of the numerical value of the series 1) 
at a point z = c. For let A c denote the sum of 1) for the point 
2 = Then \A C \<% 

by 31, 4 . But we saw that 21, or what is the same the sum of 4), 
is less than the sum of 5). But the sum of this series is 


'-i 

Thus \ A \ <■ 9 

1 1 _y’ (« 

p 

which is the relation we had in view. 

4. Let us find the circle of convergence of certain series which 
we shall employ later. The value of the radius R is placed at 
the right. 

i) ^ = 1 + f: + il + il + ‘‘’ = x 


C0S2=1 — - + ... 


R = x 


. a a 

smJ(= ___ + __ 


R = oo 


4) ( i+, /= i + ^ + ^- 1 2^^^-];p-^+... R = 1 


yit yO y'i 

log(l +z) = z - ~ + —— J+ ••• 


R= 1 


sink z = z + 4- -Z-. 4- 

6 : 5 ! 

cosh z = 1 4- —7 4- 4- 

21 4 ! 


9K»C*)=on„, 


R = x 




1 - * + - 

2(2 n + 2) 2 • 4(2 n + 2)(2 n + 4) 
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For convenience of reference we have added on the left side 
their values as functions of the complex variable 2. For the 
present the reader should consider the series on the right merely 
as series whose circles of convergence are to be found. Since these 
circles all have 2 = 0 as center, it is the radius R which we seek. 

Suppose now that the adjoint of one of these series, call it A , con- 
verges for | z | = 7. Then R is certainly as great as 7. If, on the 
other hand, A diverges for | z | = 7, R is certainly no greater 
than 7. Finally, if A converges for | x | < 7 while it diverges 
for | x | > 7, then the radius of convergence R is =7. 

Now the series 1), 2), 3), 4), 5), 8) we have already considered 
for real values of 2. In 21, Ex. 2, we saw that 1) converges for 
any real x. Thus for this series R = 00. 

Similarly 21, Ex. 3, shows that R = co for the series 2), 3). 

In 28 we saw that 4) converges for real x such that | x | < 1 and 
diverges when | x | > 1. Thus R = 1 for this series. 

Similarly 21, Ex. 4, shows that R = 1 for the series 5). 

Finally in 29 we saw that 8) converges for real x such that 
| x | < 1 and diverges for | x | > 1. Thus R = 1 for this series. 

Thus there remain only the series 6), 7), 9). The first two are 
at once disposed of. For the terms of their adjoint series form 
a part of the adjoint series of 1). Thus R = 00 for both 6) and 7). 

As to 9), the ratio of two successive terms of its adjoint is 

«n+1 _ f 2 ± Q 

<*„ 2 2 (8 + 1)(w+s + 1) 

for any given Thus R = 00 for this series. 


5. The following development we shall use later 


1 

u — z 


1 

u — a 


1 + 


z ~ a +( z — a Y 

u — a \u— a) 


+ 


valid for | z — a \ < | u — a | . 

To prove it we note that 

u — z = (u — a) — (2 — a) 


= (u-a)( l- z ~ a 
i u — a 

= (u— a)(l — v). 


(10 
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Now 

1 

= 1 + V -j- V 2 + . 


1 — 

V 

Thus 

1 

1 1 


M — 

2 u — a 1 — v 


gives 10) on using 11). 


(11 


40 . Two-way Series. 1 . In the series considered up to the 

present « 

a x -f a 2 + a 3 +■ ••• = %a n 

1 


the index takes on only positive values. It is sometimes conven- 
ient to consider series in which n takes on both positive and 
negative values. This leads to the symbol 


4- tf-3 -I - &_2 “b a -i "b "k a \ “h a 2 d" (1 

or I a n . 

We call 1 ) a two-way series . 


Example 1 . We shall see that in certain cases a function of 
z can be developed in the form 

«0 + a \ z + v 2 + ••• 




If we set b n = a _ n , this can be written 

i 


(2 


Example ' 1 . In the elliptic functions we consider series of the 
^ P e 1 4. qe^ i! + q* e 2 il,iz + <fe 3 ' 2 ™ + 

t . £. 


H--2L.+ * + — 2 — + 

^27T« g2'2irt* gi 2tnz 


which may be represented by 


2 q n, e 2n,n ‘. 

—oo 


2 . With the series 1 ) we associate the two series 

B = ia n , C=fa_ n . 
o l 


(3 


(4 



76 FUNCTIONS OF A COMPLEX VARIABLE 


If these two series converge, we say A is convergent and its sum, 
is A = B+C. 

If either or both the series 4) are divergent, we say A is 
divergent . 

Thus the theory of the two-way series is made to depend on 
the two one-way series 4). 

Instead of the series 4) we could use any two other series ob- 
tained from 1) by breaking it at any other index m. Obviously 
the same results would be obtained with these as with the series 4). 

If the adjoint series 

31 = f «„ * *» = | «n | 

— 00 

converges, we say that A converges absolutely . Thus if B and 0 
converge absolutely, A is also absolutely convergent. 

3. Another definition of convergence and sum of the series 1) 
is the following. Let 

Aw,n = a -m + rt-m+1 + ••• + 0>-\ + % 4“ + ••• + (5 


Suppose that as m, m == oo independently of each other, A my n 
converges to some fixed number which we denote by 

lim A niin (6 

W, W=oo 

or more briefly by l ; that is, suppose that for each e > 0 there 
exists an r such that A 1ihn differs from l by an amount < e for all 
m and n > r. In this case we say that A is convergent and its 
sum is the limit 6). This definition leads to that given in 2, but 
we do not wish to urge this point. 


4. As an example let us show that 3) converges absolute^ for 
any given z = x + iy when r = | q | < 1. For, assuming for the 
moment that 


we have 


g2irinz __ p2irinx t ^-2nny 


Hence 


p'iirinz I __ Q-2-rrny * 


The adjoints of the B and 0 series defined in 4) are here 

f r n ‘e ~ 2irny , g = f r* V"**. 
o 1 
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r di+n > 

' . e~ 2lTy = ^ n ^e" 2ny === 0 

yOl 2 

as w=oo. Thus B converges absolutely; similarly 0 also. 


5. Two-way Power Series . Let us consider the series 


£l _|_ 2s -j. 


If we set 
it becomes 


1 

25 =-, 

U 

a x u + a 2 u 2 4- a, 3 v? 4- ... 


a 


If this series converges for u = c, it converges absolutely for all 
\u \ < | o |. Hence if 7) converges for z = 6, it converges abso- 
lutely for all | « | > | 5 | . 

Let 0 be a circle about the origin such that 7) converges for 
every z without O and diverges for every z within O. Then 0 is 
called the circle of convergence of 7). 

Let us now consider the two-way series 

a 0 + a x z + a 2 z 2 4- ••• 


+ $i + *i +1 


= P 4- Q , 


(8 


where P is the series in the first line. If C is the circle of con- 
vergence of j P, and D that of Q , the ring R= 0 — D lying between 
these two circles is called the ring of convergence of 8. 

The radius of 0 may be infinite. 

41. Double Series. 1. A point whose coordinates x , y are in- 
tegers or zero is called a lattice point. Any set of such points is a 
lattice set. Let a m<n be given numbers, the indices m,n corre- 
sponding to points of some lattice set. The symbol 

A = (1 


is called a double series. With 1) we may associate a series 
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where b r is some term a m , n of 1) and where each term a Pi q of 1) 
is some b g of 2). If 2) converges absolutely, all these B 
series, being merely rearrangements of one of them, have the 
same sum. In this case we say 1) is convergent and its sum is 
that of 2). As heretofore it is often convenient to denote the 
sum of the series A when convergent by the same letter. When 
the series 2) does not converge absolutely, we shall say 1) is 
divergent. 


The series 


^ n i n — | n 


is called the adjoint of 1). From our definition of convergence 
it follows that SI converges when A does, and conversely. 

2. Let us note that the multiplication of two simple series 

A = , B = £5 n 

i i 


leads to double series. In fact let us set 

( 'm, n = tt m b n . 

Then C= 2c m , n (3 

is a double series, and when A and B are absolutely convergent, 
we saw that C is convergent and A • B = <7. In the series 8) the 
indices m, n range over the lattice points in the first quadrant, 
excluding those on the x or y axes as for these m or n would have 
the value 0. 

3. We have seen that 

1 =1 + a + a 2 + — , |a|<l, 

1 — a 


= 1 + 6 + 62+... , 161 <1. 


,1 _s r1 n= 2 a”6“=2c m ,„ 

(^1 — ^vC.1 — & ) m,n = 0 


where m, n range over all lattice points in the first quadrant, 
including those which lie on the x and y axes. 
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4. In studying the double series 1) it is often convenient to 
suppose the terras a mn placed at the lattice points n. From this 
point of view any simple series 

i 

may be converted into a double series as follows. Choose an 
infinite lattice set 8 at pleasure, e.g. the points in the first 
quadrant. Put each term a m at some lattice point r, $, so that 
each point of 8 bears one term of A . If a m lies at the point r, «, 
we may denote it by b r% „ so that b TtS is only another symbol for a m . 
In this way we get a double series 

J?= 28 r fi . 

5. Example . Let a, b be any two complex numbers, such that 
the three points 0, a, b are not collinear. If ra, n range over all 
lattice points, the origin excluded, 

ma + nb 


will be the vertices of a set of congruent parallelograms, as in the 
figure, which completely cover the plane. 

The series ^ 

^ ^ ( ma + nb) v ^ 


is important in the elliptic functions and will be employed later. 
We now establish the theorem : 


The series 5) converges 
when p > 2 and diverges 
when p < 2. 

For brevity let us set 
co mn = ma + nb . 

The adjoint of 5) is thus 



Then by definition 5) and 
6) converge simultaneously. 
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We replace 6) by the simple eerie* 

where >9, denote* the sum of Ute terms of 6 ) whnee imhcw m, , 

correspond to point* on Ute flmt parallelogram /', wbter renter i 

the origin 0\ i* the aunt of tin? terms of tl) whose imlum In 

on the second parallelogram /*, about 0, etc. 

Let d end D be the Issst end greatest distance* of the stdes 

P x from 0. Then each of the 8 number* *s» , whtrh lie on P 

satisfy the relation 

7 4 < l *„ ! < />. 


Similarly each of the 3 • 8 iiumltem «s ^ which It# un /’, sattsfi 
the relation 

2rf< «u < 2 J>. ete. 


Thu* 


Thus 


S ^ a < * 

2-« <<L < 2 8 

i, - n' -- »• -* **®* 


<* />)» 


(td)’ 


or 


As 


2(7yr. <M - < I,wV 

8 y I < fk < * v' I 

sJ. 


converge* when p > 2 *ml diverge* when p < 2. the theorem u 
proved. 

4i. iUw isd Mil. 1. I**t Hi mruudcr (hr «l<mbjr 

aerie* 

A m a |g + rfj, 4- ttyi + 

+■ *1$ + *1* ♦ 

+ (I 

* , Wr H« I, 1 . 


Tin* m' k mw of X jji % i*» <i 


% 
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and from these we can form a series 


R = r i + »2+ - = 2 r m 

m=l 


ao 

= 2 

m=l 


oo 

2 a 

n=l 


w»,n, 


(3 


putting in the value of as given by 2). We say the series R is 
obtained by summing V) by rows . 

Similarly the n th column of A gives a series 

oo 

*» = 2 a m , „ = a lB + a 2n ... (4 

W=1 


and from these we can form a series 
0 = c x ■+■ c 2 + • • • 


= 2 2 a, 


71=1 Wl=l 


'm,n* 



We say the series (7 is obtained by summing 1) Jy columns . 


(5 


2. To sum a double series A which is known to be convergent, 
we may often use the following theorem with advantage : 

If A is convergent , each series 6* n is absolutely convergent . The 
series R and 0 both converge absolutely and 


For let 


A=R=:C. 

R — b-^ + b 2 4" •• • = 2 b B 


(6 

a 


be one of the simple series associated with the double series A. 
Since A is convergent, B converges absolutely by definition, and 
A = B. Let | a mn \ = *« mn . The adjoint of A is 


Let us denote the series formed from SI analogous to 
^*771 7 , R , O , 

by p m , 7m , 91 , 6 , 

To show that r m is absolutely convergent we observe that we 
can take 8 so large that each term of 

Pm^ p ^771, 1 "t 2 * " * “I” ^//7, p 
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lies in 93 ,. Hence 
Thus 


< : 


p m = limp mtP < S8. 

37=oo 


Hence the series p m is convergent and r m is therefore absolutely 
convergent. The same holds for c n . 

To show that R is absolutely convergent let us consider 


9 ? =Pi + P2 + = lim 9 ^ 

n=oo 

= + *•* + Pm)- 

But 

Pm — a ml + «m2 + ' * ’ 

Inn p m t n lim 4- Mm2 4 " * 4 “ ®mn)' 

n —00 n=x 

If therefore we set 

2t m, n = a H + «12 4“ ** ' 4- «j n 


we get 
and lienee 


+ <*2! 4- «22 “h • ‘ * 4- « 2 n 

4- 

+ M ml + a m2 4 cc mM 

lim ?I mn = 9t m , 

»= 00 

SR = lim lim ?l rn , n . 


Now let us take s so large that each term of 21 mi rt lies in 93 ,. Then 

2 U< 93 ,< 93 . 


Passing to the limit n = o 0 gives 

9 L<». 

Passing to the limit m = 00 shows that 9i < 58 . Hence 9t is con- 
vergent. As each . . . 

8 K\<pm, 

we see that R is absolutely convergent. 

To show that R = A we begin by taking s so large that 

»,<e. 
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Next we take p , q so large that every term of 21 not in 2l p , q lies 


in 23*. Then 




contains only terms of 23* when m > p, n> q. Thus 

23-2U< e. 


Now the numerical value of B — A mn is < the sum of the nu- 
merical values of the terms of this series. Thus 

\B-A mn \<^-^ n <e. 

Letting now w = oo, we get 

\B-R m \<€. 

Letting m = oo, we get i jj _ i < e 


As e > 0 is small at pleasure, this gives 

B = R. A = R. q.e.ix 

Similarly we show that O is absolutely convergent ancl A = 0. 


3. Let us now show conversely : 

If the 0? or the E series converges, A is convergent . 

Let us suppose that SR is convergent. Taking s at pleasure, we 
may take m , n so large that the terms of 23* lie in 2I mn . Hence 

». < SL. < «. < «■ 

Thus 23 is convergent by 13, 2. Hence A is convergent by definition. 


4. The following example will show that double series cannot 
be treated as if they were finite sums. They are the limits of 
such sums and often illustrate the fact that what is true of the 
variable is not necessarily true of the limit. Consider the series 

n 3 




+1 -2a + 



(2 a) 3 
3! 




o ? 


+ 


where a > 0. 
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The m th row has here the sum 

r = er™ 

Thus summing A by rows we get 

R = r x 4- r 2 H 

== e~ a + e - 20 4- tr 8 ® + ... 

This is a geometric series and converges absolutely since a > 0. 
We cannot infer, however, that A is convergent or that if it were 
its sum = R. In fact A is divergent. For if it were convergent 
each c n series must be convergent by 2. This is not so, for 

. Cj = 1 + 1 +1 -f ••• 

is divergent. 

43. Application to Power Series. We wish to apply the fore- 
going theorem to obtain a result which we shall use later. Let 
the power series 

P(z) = a 0 4- a x z + a 2 z 2 + ••• (1 

have 6 as a circle of convergence. About any point z within S 
let us describe a circle c of radius p which also 
lies within S. The point z + h will lie in c if 
| h | < p- Hence the series 1) converges abso- 
lutely when we replace z by z 4- h ; that is 

P(z + i)=sa 0 + a x (z + h) 4- a^(z 4- A) 2 + ... (2 

is an absolutely convergent series. Let us expand 
the terms of 2) and write the result as a double series. We get 

A = a 0 + 0 + 0 + 0 + ... 

4~ -f- CL-Ji 4* 0 -f- 0 4- ••• 

1 1 (8 

4- a 2 z 2 4- 2 a 2 zh 4- a 2 h 2 + 0 + ... 

4- a z z B 4- 3 a s z 2 h 4- 3 a Q zfi 2 4- h z 4- ... 

4- 

If we sum 3) by rows, we get the absolutely convergent series 2). 
From this we cannot infer that 3) is convergent as we saw 
in 42, 4 
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The series A is, however, convergent, as we may easily see as 
follows. Let us set | z | = r. Then 1) converges absolutely for 
z = r + p since this point lies withiri (£. Thus 

«o + «i (r + p) + <tz(r + p)* + ... 

( 4 ) 

= a () 4- u x r + u x p + « 2 r 2 + - o^rp 4- a 2 /3 2 4- ••• 


is convergent. Thus the simple series 

B = a 0 4- a x z H- a x h 4- a x z 2 + 2 a 2 zh 4- a 2 h? 4- ••• 

is absolutely convergent since each of its terms is numerically J> 
the corresponding term of 4). Thus A is convergent and we can 
sum it by rows or by columns. Summing by rows gives 

A = P(z + A). 


Summing by columns we get, since the result is the same as before, 

P(x + /<) = P(Z) + hl\(z) + ^A 2 P 2 (z) + ^,// 8 P s (z) + ( 5 

where n , •> , 0 

= a x 4- - a 2 Z + d a z z 4- ••• 

P 2 = 2 a % + 2 . « g 2 4- • 4 a 4< s 2 4- ••• 



CHAPTER IV 


THE ELEMENTARY FUNCTIONS 


44. 1. The functions employed in elementary mathematics are 
the following : 

Integral rational functions. Exponential functions. 

Rational functions. Hyperbolic functions. 

Algebraic functions. Inverse circular functions. 

Circular functions. Logarithmic functions. 

Except in case of the algebraic functions the independent vari- 
able x is usually real. 

We propose in this chapter to define these functions for complex 
values of the variable, and to study a few of their simplest and 
most useful properties. 

2. The reader is perfectly familiar with all these functions, the 
variable being real, except possibly the hyperbolic functions. For 
such as have not used these functions in the calculus we add the 
following. They are defined by 


cosh x = 


e x + e~ x 
o 


sinh x= e e 

2 


(1 


The left sides are read “ hyperbolic cosine of x ” and “ hyperbolic 
sine of x .” We see that they are merely linear combinations of 
e x and e~ x . 

These functions have been computed and tabulated, so that one 
is as free to use them as sin #, cos x. The reader is referred for 
example to 

B. 0. Peirce, A Short Table of Integrals. 

Ginn and Company, Boston, 1899. 

Jahnke and Emde. Funktionentafeln. 

Teubner, Leipzig, 1909. 
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By means of these tables we may draw the graph of these func- 
tions which we herewith give. The graph of cosh x is the familiar 
catenary , that is, the form 
of a chain supported at 
two points on the same 
level. It is important to 
note that : 

cosh x never vanishes , 
while sinh x vanishes just 
once , viz : for x = 0. 

W e note also that cosh x 
is symmetric with respect 

to the y-axis, and sinh x with respect to the origin. 

If we express e®, e~ x as series we find 




y—&m h x 


cosh x = l + — + + ■ 


(2 


. i x . x? . aP . 

smhz=- + - + - + 


(3 


From 1) we find at once that 

cosh 2 x — sinl l 2 x = 1 . (4 

45. The Integral Rational Function. These functions have the 

form . 

a 0 + a x z + a 2 z 2 4 h a m z m , (1 

where the coefficients a Q , a v ••• a m are any given complex num- 
bers and the independent variable z is free to take on all complex 
values, or as we say is free to range over the whole 2 -plane. 
The exponent m is an integer > 0, and is called the degree of 1). 
Such functions are called polynomials in algebra. Since 1) 
involves only the operations of addition and multiplication of 
complex numbers, its value can be calculated for any given 
value of z. 

In algebra we learn that 1) vanishes for just m values of 2 , say 

, Z 2 ••• (2 
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some of which however may be equal. We call 2) the roots or 
zeros of 1). Knowing the roots 2) and denoting the expression 
1) by w , it is shown in algebra that 

w = a m (z - z^Cz - Z 2 ) ... (z - z m ). (3 


The theorem which states that : 

Every polynomial of degree m has m roots 

is called the fundamental theorem of algebra. As often given 
in algebras, its demonstration is long and difficult. Few students 
really comprehend it. It is a luxury which most students are 
willing to dispense with. And quite rightly, for it is far beyond 
their powers at that time. Later we shall give two proofs of this 
important theorem which the student will comprehend ; one is so 
simple that he will not need to set pen to paper to follow it. 


46. Rational Functions. The quotient of two integral rational 
functions of z is a rational function. Such functions have the 
form 

a Q -j- a x z + ••• + 


fy) + + • • ■ + ^n2 n ’ 


(1 


where the coefficients a 0 , a x • •• 6 0 , b x ... are constants and 


771 , 


n are integers >_ 0. The expression 1) involves division by 
0 for those values of z for which the denominator vanishes. Let 
these be 




*2 


(2 


For any value of the complex variable z not included in 2) the 
value of the expression 1) may be computed by rational opera- 
tions. These values of z form the domain of definition of the 
expression 1). We may thus state: 

The domain of definition of a rational function of z is the whole 
z-plane excepting the zeros of the denominator . 

The degree of 1) is the greater of the two exponents m , n, sup- 
posing of course that a m , b n are =£ 0. 

When 1) is of the first degree, it is said to be linear . The type 
of a linear rational function of z is therefore 


a + bz 
c-\- dz 


(3 
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The rational functions include the integral rational functions as 
a subclass. In fact let the numerator of 1) be exactly divisible 
by the denominator ; then 1) reduces to a polynomial. This 
takes place in particular when the denominator reduces to a con- 
stant, that is when n = 0. 


47. Algebraic Functions. 1. We say w is an algebraic function 
of z when it satisfies an equation of the type 

W n R x (z)w n - 1 4 ' + — + R n (z) =0, (1 


where the coefficients R v R 2 ••• are given rational functions of 
3 , and n is a positive integer. The degree of w is n. 

Let us give to z a definite value, real or complex, say z = a. If 
a is a zero for one of the denominators of the coefficients, we 
shall say that the point corresponding to this value of a is an 
exceptional point. Obviously 1) has no meaning at such a point. 
Suppose now that a is not such a point. Then all the coefficients 
in 1) can be calculated, and 1) reduces to an equation with constant 
coefficients. But such an equation admits n roots, which in general 


are unequal, 


w i 


w 0 


w n 


(2 


Thus the equation 1) defines an ^-valued function w of z for all 
values of z not included among the exceptional points of the coeffi- 
cients. These values of z , or, using our geometric language, the 
points in the 3-plane corresponding to these noil-exceptional points, 
constitute the domain of definition of the algebraic function w. 

The number of exceptional points is finite. For the highest de- 
gree of any coefficient R v R 2 ••• being say h, no coefficient has 
more than h exceptional points. As there are only n coefficients, 
there are at most hn exceptional points. Hence : 

The domain of definition of an algebraic function of z embraces 
the whole z-plane , excepting possibly a finite number of points. 


2. Let us note in passing that the class o L algebraic functions 
embraces the rational functions as a subclass. 

For let = 1 in 1) ; it reduces to 

w 4- R x (z) = C-, 

w = — Rfzf a rational function 


or 
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3. We have said that the roots 2) are in general unequal. Let 

us denote the equation 1) by F(w , 2 )= 0. If we eliminate w 

from the two relations . ^ 

F=0 , ^- = 0 
aw 


we will get an algebraic equation in 2 , say 

a(z) = 0 , (3 

of degree let us say. It is shown now in algebra that the 
roots 2) are all distinct at a point 2 == c when c is not a root of 
3). We may call the roots of 3) critical points; they are finite 
in number. The exceptional and critical points together may 
be called singular points . All the other points may be called 
ordinary. 


48. Explicit Algebraic Functions. 1. The two roots of the alge- 


braic equation 


w 2 + R x (z)w -f- i2 2 ( 2 ) = 0* 


(i 


where B v R 2 are rational functions of 2 , are 

w = — \ R 1 ± ^ Vi^ 2 “ 4 R 2 . (2 

Since 2) satisfies 1), it is an algebraic function of z. To calculate 
this function we have to perform, besides the rational operations, 
the operation of extracting a square root of a known quantity. 

2. The three roots of the algebraic equation 

w 3 4- R x (z)w 4- -B 2 ( s ) = (3 


where R v R 2 are rational functions of 2 , are given by 

« = “V- l R* + V -l + sV -fill 8 + yl- - kR» - Vi R? + 2 \ . (4 

Since 4) satisfies 3) it is an algebraic function of 2 . The right 
side of 4) exhibits this function by means of roots of quantities 
which can be successively calculated by rational operations. We 
say 2) and 4) are explicit algebraic functions of 2 . 

In general we say w is an explicit algebraic function of 2) 
when its expression involves the extraction of roots of rational 
functions of 2 , or the extraction of roots of such roots, or the 
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rational operations on such roots, each operation performed only a 
finite number of times. This definition is clumsy, but its idea is 
very simple. The expressions 2) and 4) will serve as illustra- 
tions. 

3. It is shown in algebra that every explicit algebraic function 
of z is a root of an equation of the type 47, 1). The demonstration 
is simple but will not be given here. 

On the other hand it is not true that every algebraic function 
of z is an explicit algebraic function. The demonstration of this 
fact is anything but simple. The solution of the cubic and bi- 
quadratic equations was effected by the Italian algebraists in the 
first half of the sixteenth century. The algebraic solution of the 
quintic was then sought. This became one of the celebrated 
problems of the seventeenth and eighteenth centuries. The great- 
est mathematicians of their time sought its solution, but in vain. 
At last Abel in 182b demonstrated that the roots of tlie general 
equation of the fifth and higher degrees cannot be expressed as 
explicit algebraic functions of their coefficients, in other words 
that these equations do not admit an algebraic solution. 

If then the roots of the general equation of fifth degree cannot 
be expressed in terms of radicals, in terms of what functions can 
they be expressed? In 1858 the illustrious French mathemati- 
cian Hermite showed that these roots may be expressed in terms 
of the elliptic modular functions. This will be referred to again 
when we take up the study of elliptic functions. 


49. Study of Vz. 1. Let z = r (cos <f> 4- i sin <£), then as we saw 
in 7, 3 the two values of Vss are 



ct> . . <f> 
cos^-H - 1 sin-^ 


w 2 = — w x 


(1 


If we let z describe a curve in the z-plane, the two roots w v w 2 
will describe curves in the w-plane. 

For example, let z describe a circle E of radius r as in Fig. 1. 
When z is at A, <j> = 0, hence w x = Vr, w 2 = — Vr. Thus w x is at 
a and w 2 is at 8. Let z describe the quadrant AB. Then $ 
increases from 0° to 90° while r remains constant. From 1) we 
see that the argument \ <f> of w x increases only half as fast while 
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its modulus VV remains constant. Thus when z describes the 
quadrant AB , w x describes the octant a/3. Since w 2 = — w v we 
see that at the same time w 2 describes the octant 8e. Let now z 
describe the second quadrant BO. At <7, <£ = 180°, hence £ <£ = 90°. 



Thus when z has reached (7, w x has arrived at 7, while w 2 has got 
to Continuing, we see that when z has gone all around the 
circle, 0= 360°, hence ^ 0=180°, and hence w x is at S. Meantime 
w 2 has moved from f to a. Now when we began, w x was at a, 
and w 2 at 8. After the circuit, w x is at 8 and w 2 at a. The two 
roots have been interchanged. 

2. We will now let z describe any closed curve $ about the 
origin as in Fig. 2. 

To any point PonS whose polar coordinates are r, 0 will cor- 
respond a value of w x given by 1), and the point in the w-plane 
corresponding to this value w x has the polar coordinates Vr, £ 0. 



Fig. 2. Fig. 3. 


As z describes $ starting from A, 0 will increase steadily from 
0 = 0° to 0 = 860° when z will have returned to A. The 
modulus r varies continuously from its original value, say r = a, 
sometimes increasing, sometimes decreasing, but finally returning 
to its original value a . From this we see that the argument £ 0 
of n\ will increase steadily from 0° to 180° while the modulus Vr 
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will vary continuously. Thus w 1 will describe a continuous curve 
as in Fig. 3, whose end points A v B x lie on the real axis at the 
distance yfa from the origin in the w-plane. Moreover, as 
w 2 = — w x we see that w 2 will describe a symmetric curve on the 
other side of the origin. Hence when z has completed its circuit 
about the origin of the 25 -plane, w x and w 2 have interchanged posi- 
tions in the w-plane. 

Thus we see that this more general case behaves in an entirely 
analogous manner to the simple case considered in 1 . The main 
facts to remember are these : 

1° When 25 describes a circuit about the origin, w x and w 2 each 
describes a curve, but not a closed curve. 

2° At the end of the circuit, w x and w 2 have interchanged 


values. In other words, a circuit about the origin effects the 
substitution 


( w \ 

\w 2 wj 


For this reason the point 25 = 0 is called a branch point . 


3. Let now z describe a closed curve, 
as in Fig. 4, which does not enclose the 
origin 0. Let the polar coordinates of 


ABODE 

a, a; b, fi ; c, y ; d, S ; e, e. 



The value of w x at the point A is thus, by 1), 

w x = Va (cos \ a + i sin \ a). 


Fig. 4. 


The point A x in Fig. 5, corresponding 
to this, has the polar coordinates 
V&, £ a. Let now 25 move along the 
arc ABC ••• . Its argument <f> steadily 
increases till the radius vector becomes 
tangent to the curve at E ; that is cj> 
increases from <f> = a to <f> = e. Thus the argument % <j> oi tv 1 
steadily increases from £ a to e, as w x moves from A x to E x in 
Fig. 5. The modulus r oi z increases from r = a to r = d as it 
moves from A to a point D in Fig. 4, when it begins to decrease. 
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Similarly, if to fix the ideas we suppose r > 1, the modulus Vr 
of w 1 will increase from Va to Vd as w t moves from A x to a point 
Z>i in Fig. 5. As z moves from E back to A and so completes the 
circuit, cf> decreases from e back to its original value a. The mod- 
ulus r also assumes its original value r = a, at the close of the cir- 
cuit. Thus w x also comes back to its point of departure A v Hence : 

When z describes a closed curve not including the origin , w x 
describes a closed curve also . 

Since w 2 = — w x we see that w 2 will describe a symmetric closed 
curve on the other side of the origin. 

4. When z describes a circuit about z = 0 we have seen that the 
two values of w—Vz are permuted ; on the other hand, we have 
seen that if z describes a circuit about any other point, which does 
not include the origin, the two values of w are unaltered at the 
end of this circuit. We therefore say that z= 0 is the only 
branch point of w. 

50. Study of w = V(z — a)(z — 6). 1. Let 

z — a = a (cos 0 + 2 sin 0), 
z — b = /3 (cos cf> + i sin </>). 
u x = Va (cos J 0 + i sin J 0) , u 2 = — u v 

v x = V/9(cos \ <f) + i sin \ </>) , v 2 = — v v 

Then the two values of w are 

w x = u x v x , w 2 = — u x v v 

We note that the expressions 1), 

2) defining u v v x have precisely the 
same form as that defining w x in 49. 

From this it follows that when z 
describes a circuit 21 about a , u x 
will go over into u 2 = - u v On the 0 

other hand the curve 21 lies outside 
of 5, and hence by 49, 3, when z de- 
scribes 21, v x returns to its original value at the close. Thus v x is 
unchanged. Hence the effect of the circuit 21 on w x is to change 



(1 

(2 
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it into — u 1 v 1 or w 2 
converts w 2 into w v 
stitution 


As w 2 = — w v we see that the same circuit 
Thus a circuit of z about a effects the sub- 

( w i w 2 \ 

\w 2 wj 


Similarly if z describes a circuit 33 about 5, but excluding a, the 
roots w v w 2 are also permuted. 

For this reason the points z= a, z = b are called branch points . 

The same reasoning shows that if z describes a circuit about a 
or J, but in the opposite direction, the two roots w v w 2 are per- 
muted also. 

Next let z describe a closed curve (g which does not include 
either a or b . Then 49 shows that both u v v x return after the 
circuit to their original values and hence w x = u 1 v l also returns to 
its original value. 

2. Let z move from c to d over the path 8. If it describes the 
same path in the opposite direction, i.e. from d to <?, we may denote 
it by 8 1 Let 9ft denote the other path from c to d as in the 
figure. Then 89ft" 1 will denote the closed 
curve from c over 8 to d and back to c 
over the curve 9ft. 

At each point z, the algebraic function 



w = V(z — a)(z — 6) 


o 


has two values. The values of w for z = c 

let us call y and — y. When z ranges over the curve 8, the differ- 
ent values that w has group themselves into two curves or branches 
which we may call L x and L 2 . An end point of one of these curves, 
say L v is y. Let 8 be the other end point of L v If 8 does not 
pass through one of the branch points z= a, z = 6, the two values 
that w has for each value of z are distinct. In this case the two 
branches L v L 2 have no point in common. We may thus distin- 
guish the two branches L v L 2 by giving one of their points. Thus 
the branch L x is determined by the fact that it passes through y, 
or through 8. 

Suppose now we allow z to range from c to d over 8. If we 
start with w = y, what value will we have when z reaches d if, as 
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we pass over 8, we always choose that determination of w which 
will form a continuous set of values? Now at = w has two 
values w = 8, and w = — 8. From the foregoing the value we 
must choose is obviously w = 8. Let us indicate this by the 
notation * 

whereby we mean that if we start from z = c with that value of w 
which is = 7 and allow z to range over the path 8, the value that 
w has at the other end of 8 is 8. 

Suppose that we next allow z to move from c to d over the path 
We prove now the important fact : 

If^Wldo not pass through or enclose a branch point , 

v& = Tan = s - 

In other words, if we start with the same determination of w at 
z = c we arrive at the same value of w at z = d, whatever path we 
choose, provided no two paths pass through or enclose a branch 
point. 

The proof is very simple. For by 1, 


Hence 

But 

Hence 


7m- 1 =7- 
7er ls F? = Vw 
Ter ^ = 

7s =7^- 


3. Suppose we start at z = c with the determination of w = 7. 
We allow z to describe the circle S as in the figure. We ask what 
is the value of w when z returns to cl As w has only two values 
at c we have 

7 S = 7 or 7s = “7- 


To determine which, we introduce the paths 


Then 


dc and ce. 


7(5 — 7 cd-dc-ec* 


As the two paths de and dc • ce do not include a branch point, 


7 ( 5 — 7 cd'dc'ce-ec' 
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Now cd • do is a circuit about the 
branch point z = a. Hence 


and thus 


^cd-dc 

7 (£ = ( y^ce-ec’ 


Also ce -ec is a circuit about the 
branch point z = ft. Hence 

(— l)ce-<a ~ 7 - 

Thus finally 7g = 7 . 



51. The Elliptic Radicals. 1. When we take up the elliptic func- 
tions, we shall find that two radicals 


W = V 4(z - ej) (z - e 2 ) (z - e 8 ) 
w = V(1 — z 2 )(l — k 2 z 2 ) 


(1 

(2 


figure very prominently. Let us consider first 1). 
a - e n = r m ( cos 0 m + i sin 6 m ) 


and 


= Vr m (cos J 4- i sin £ 0 m ), 


If we set 
m = 1, 2, 3, 


the two values of w in 1) are 

w x = u-pi^ , w 2 = — w v 


Now the radicals u m = Va* — e m have the same form as those con- 
sidered in 50 and we may therefore conclude at once : 

The branch points of 1) are e v e 2 , e 8 . When z describes a circuit 
about one of them, w 1 and w 2 are interchanged. A circuit which in- 
cludes two of the branch points leaves w v w 2 unchanged ; a circuit which 
includes all three branch points interchanges w 1 , w 2 . Finally a cir- 
cuit which includes none of the branch points leaves w x , w 2 unaltered . 

2. Let us now turn to the radical 2). Since 

(1 -z 2 )(l - Fz 2 ) = k?(z - 1 )(z + l)^z — j^z + 1^, 

we set 

z — 1 = ^(cos 0 X + i sin 6 x ) , z + 1 = r 2 (cos 0 2 -f i sin 0 2 ), 

z—^ = r 8 ( cos 0 3 + i sin 0 3 ) , z + i = r 4 (cos 0 4 + i sin 0 4 ). 

at ft 
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Finally we set 


= V r m (cos %6 m + i sin J 0 m ), 


m = 1, 2, 3, 4. 


Then the two values of w in 2) are 

w x = Tcu^utfigii , w 2 = — 


From this we conclude : 

The branch points of the radical %) are l, — 1, — 7 • When x 

k k 

describes a circuit which includes no branch point or an even number 
of them , the values of w w 2 are each the same at the end of the circuit 
as at the start . If the circuit contains an odd number of the branch 
points , the values of w v w 2 are interchanged after the circuit . 


52. Study of u> = \ \ a • The method we adopt to study this 

radical is the same as that employed in 49, 50, and 51. We set 
z — a= a(eos 6 + i sin 0) , z — b = £(cos $ 4- i sin 0) 

and introduce the cube root of unity 


2 7T . . 2 7T 
a, = cos -f- + z sin — • 
o 3 


We also set 


3/ ( e , . . e\ 

= v«[ cos-H- 1 sin-J , u 2 ^<ou x , 


m s = mhi v 


cos^ -f- i sin^ 
3 3 


0, = ©D. 


Then the three values of w are 


«, = a 


M'l 

W 2 = Ct) — ^ 


Wn = O ) 2 - 

8 *1 


(1 


Let now 21 describe a circle 0 about 
z = a, as in the figure. Then 0 in- 
creases from say 0 = £ to 0 = £ + 2 ?r, 
while <j> returns to its original value. 
At the beginning of the circuit 

u x = -\/a(cos £ t + i sin £ £). (2 



0 
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At the end of the circuit, u x has acquired the value 

( 1 ^) 0 = ^a(cos + 2 7r) i sin ■£■(£ + 2 7r) ) 

= cou r 

Thus (^ 2 ) C — ‘ 6’ — — %g, 

)<7 = ft)2 (^l)o f = © 8 ^1 = ^1- 


The effect of (7 is to convert 


*1 ’ 




into 


^2 


^3 ’ 




2 ^ 


As tq remains unaltered by the circuit (7, the relation 1) shows 
that after the circuit 


go over into 


v i ’ 


w 0 


Wo 


"2 ’ W Z * w l* 

The circuit thus effects the substitution 




3 




*)' 


Let z now describe a circle D about z = b in the positive direction. 
The same considerations show that </> increases from say </> = p 
to <f> = p + 2 7T. On the other hand, 0 returns to its original value. 
Thus at the beginning of the circuit 2>, 

v x = V /3 (cos \p 4- i sin £ jt?) . 

At the end of 2), v x has acquired the value 

Oi)z> = ^£(008 JO 4- 2 7 ir)+ * sin JO + 2 tt)) 

= ft)V r 

Similarly ( V ^ D = = Vg ; r 3 = ®i> 8 = v v 

As remains unaltered by the circuit D we have 

O’! )/, = (^) = ^ ^ = <» i W l = Wg. 
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Similarly w 3 goes over into u\ and w & into w 2 after D. Thus the 
circuit D effects the substitution 

B = ( w i w z\ 

\w z w x wj 

We notice A 2 = 2?; that is, going around z = a twice in the 
positive direction produces the substitution B. If we go around 
a three times, w 1 w 2 w s take on their original values, or 

Az = ( w i w s\ 

Wj w 2 w Q J 

A substitution which effects no change in the roots is called the 
identical substitution and is denoted by 1. Thus 

A 3 = 1. 


Let us now see what happens when z describes the circuit 0 in 
the negative direction. This path according to our agreement is 
represented by 0~\ In this case 6 decreases from say 6 = t to 
6 = £ — 2 7r. At the end of the circuit C~\ as given by 2) has 
acquired the value 

= v^cos JO — 2 7r) + i sin — 2 7r)) 

= w~ 1 u l — co 2 u 1 = u Q . 

Similarly (M2 ) c _ i = Mi and 


As v 1 is unaltered by this circuit, we see that C 1 produces the 
substitution 


A- 1 


= ( w i 
\w. 


w* w< 


w z w 1 


Wc 


s)=B. 


Since the circuit (7” 1 just undoes what 0 does, we should have 
AA"" 1 = 1 and this we see is indeed so. 

Similarly the circuit D -1 produces the substitution B~ l = A. 
We notice that A, B combine as products. 


53. 1. One and Many Valued Functions. The integral rational 

function, . , 

w= 0 ,^ + 0 ,^+ • •• + a m z m . 


assigns for each value of z, a single value to w . It is a one-valued 
function of z . Let w = b for z = a. If we allow z to describe 
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some curve in the 3-plane returning to its point of departure 
3 = a, w will describe a curve in the w-plane which starts from 
w = 5, and returns to this point. 

2. On the other hand the function 

w = y/z— a 

assigns to w two values for each value of z except z — a where w 
has only one value w = 0. This function is a two-valued function. 
For a similar reason 

w = 

is a three-valued function. 

3. Since the equation 

w n +R x w n ~ l + ••• +22 n =s0 (1 

considered in 47 has in general n distinct roots, the function w of 
3 defined by this relation is called an n-valued function. 

Let z = a be an ordinary point [47, 8]. If now z describes a 
curve C which does not pass through a singular point, the n 
values which w has at each point of C can be grouped together 


w={3 



so as to form n curves or branches . If w = a is one of the roots 
of 1) for 3 = a, one and only one of these branches will pass 
through the point w= a. It thus serves to characterize this 
branch. 

Now when dealing with many-valued functions we very often 
have to solve this problem : 

We take one of the values asw = awhichw has at the ordi- 
nary point 3 = a and ask what value of w do we get when z 
describes some curve C leading to z = b and avoiding all singular 
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points. The many values which w has for the points of O will 
be distributed over certain continuous curves or branches and 
the value of w we always want is that value of w for z = b which 
lies on the branch passing through the point w = a. 

This general problem we have studied in several simple cases 
in 49-52. 

If this value of w is w = ft, we say that branch of w which 
takes on the value w = a for z = a, has the value w = y8 at z = 6, 
when z describes the curve O. We have used the notation 

0 *)< 7=/3 

to denote this fact. 

If z describes some other curve D not passing through a singu- 
lar point and leading from z = a to z = 5, the end value of this 
branch will not be in general /3. In any case it must be one of 
the many values which w takes on for z = b. 


The Exponential Function 


54. Addition Theorem. 1. In the foregoing articles we have 
considered the algebraic functions which include as special cases 
the rational and the integral rational functions. All functions 
which are not algebraic are called transcendental. The first such 
function we shall study is the exponential function. 

It is defined by the series 


1 + f! + f? + i! + 


*2 


(1 


In 39, 4 we saw that this converges absolutely for every z. 
Thus it defines a function of z which is denoted by the symbol 

e z or Exp z . 


The domain of definition of this function is the whole 2 -plane. 
When 2 has a real value x,Y) reduces to the well-known expo- 
nential function „ , 

e x = 1 u ... 

1! 2! 8! 


studied in algebra and the calculus. 

A most important property of e* is the addition theorem, as it 
is called, viz. : _ „*+* 



THE EXPONENTIAL FUNCTION 


103 


Let us show that the relation holds for complex values. Let u, 
v be complex numbers. Then by definition 


eU= 1 + v + ¥ + i + 


- V 17® 

g* = 1 4- 4- h“”“h 

1! 2! 8! 


If we multiply these absolutely convergent series, as shown in 
33, 2, we get 

l+ (Z + ZX + nT, + 0) 


{' , V? V. , 

\3! 2! II 112! 31 


1 + ^- ] (m + v)+|j(m + «) 2 + ^(m + J') 3 + ••• 


oUpV s,u+v 


holds for any complex numbers u v. 

2. From the addition theorem we can show how to calculate e z 
for any 

z = x -f- ly , x, y real 


by using our ordinary logarithmic tables. We have in fact 

e* = e x+ty = e x e iy . 

Now ^ , (*y) 2 , (*» 8 , 

1! 2! 3! 

2! 4! 


Hence 


VI! 815! ) 


giy _ CO g y _|_ j g in y_ 

Thus from 3) we have ^ = e * (cos y + { sin y y 
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The relation 5) is an expression of the complex number e®, which is 
nothing but the sum of the series 1), in its polar form r(cos 0 + i sin 0 ). 
Thus the modulus of e z is e®, and its argument is y. In symbols 

\e*\=e x , Arg e z = y. (6 

Thus to plot the value of = e% __ e x eiy 

we first describe a circle of 
unit radius about the origin z 

of the w-plane and then 
lay off on this an arc of 
length =s y as in the figure. 

On a radius through the 
end of this arc we now lay 
off a length = e x . The end 
point of this segment is w . 

To calculate e* by the tables we first compute 

r = e x . 

Then we convert the arc y into degrees, getting an angle 0 . 
^ en w = e* = r (cos 6 + i sin 0 ). (7 

If we wish to reduce w to the rectangular form 

w = u 4* iv 

we have, comparing with 7), 

u = r cos 6 , v = r sin 0. (8 


Z plane 



Let us note in passing the important theorem : 

The exponential function e vanishes for no value of z. 

For e z cannot = 0 unless its modulus e x = 0. But e x vanishes 
for no real x . 


8. As an example let us compute w = e* for 
z = — 1.6 — 2 • 8 i. 

Here 
Hence 
Let us set 
then 


x = — 1.6, y = — 2*8. 
r = e x = 


s = 


— , 1.6 . 


log s = 1.6 log e = tf, say. 
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Here the symbol log stands for the logarithm whose base is 10. 

log e = 0.43429 
log (log e) = 9.63778 
log 1.6 = 0.20412 
log t = 9.84190 
log* = 0.69487 
log r= 9.30513, r= .20190 


We now convert y into degrees. From our tables we have 

2 «a = 114 o 35 , 30 w 


Hence 

or adding 360° 


0.8 r 1 d = 45 50 12 
0 = - 160° 25' 42", 
0 = 199° 34' 18". 


To simplify our calculation let us take 

0 = 199° 34' 
log (—cos 0)= 9.97417 
log (— sin d)= 9.52492 
log r = 9.30513 

log (— u) = 9.27930 u = — .19024 
log (— v) = 8.83005 v = — .067616 



as before. As a final result we have therefore 
w = - .19024 - .06762 i 
| w | = .20190 , Arg w — 199° 34'. 

4. Since the function e x for real x often occurs in calculations, 
tables of this function have been prepared. We mention those of 
B. O. Peirce and those of Jahnke and Emde already referred to 
in 44. 
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From Peirce’s Tables, p. 114, we have 

log*- 1 = 9.56671 
log*- 6 = 9.73942. 

Hence log *- 16 = 9.30513 , e" 1 * = .20190, 

which agrees with its value obtained in 3. In the Tables of 
J ahnke and Emde we may take out the value of *- 1,6 directly from 
the table on p. 6. 


55 . 1 . Euler's Formula . Let us suppose the real angle <f> is 
expressed in circular measure. Then 54, 4), gives Euler’s cele- 
brated formula .. , . . . . ^ 

= cos 0 + i sin </>, (1 

which we referred to in 1, 3). The point in the 2-plane as- 
sociated with this number lies on the unit circle, i.e. a circle about 
the origin of unit radius. It lies on the radius making an angle 
0 with the real axis. Since every complex number can be ex- 
pressed in polar form 

s = r(cos<£-f isin</>), (2 

we have, using 1) z = re ^ (3 

We call this the exponential form of z . Thus we have three ways 
of representing a complex number : the rectangular form x -f iy, 
the polar form given by 2), and the exponential form given by 3). 
Each way of expressing z is useful at times. 

From 1) we have 


ni 


! = - 1 




e 2n< = 1. 


(4 


The n roots of unity are represented by 


2 IT l 


2 7 H 


(71 — 1 ) 


The n roots of 


are 


* 7t , ... * " . (5 

a = r(cos 8 + i sin 0) 

70 I 2 7T\ /$ 27T\ 

: 0 = Vr* n , z x — Vre^ n n ---z n _ l = ! Vre l ' n " n ^ (6 


Or if cd is the first imaginary n th root in 5) 

z 0 =Ve" , Z x = <dz 0 , ... z n _i = €/>*-%. (7 
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2. In plane trigonometry the two formulae 

cos (0 + <£) = cos 8 cos </> — sin 6 sin cj> (8 

sin (6 + <£) = sin 6 cos <j> 4- cos 6 sin (9 


are of fundamental importance. They express the addition theorem 
of the cosine and sine functions. Let us show how they may he 
derived from Euler’s formula. 

From 1) we have 


e *+ = cos cf) — i sin <j>. 


(10 


From 1), 10), we have, adding and subtracting, 
cos <j>= 


and 


sin cj> = — — e~^). 

& % 


(ii 

(12 


These last two formulae expressing the cosine and sine as ex- 
ponentials are often useful. 

Let us now multiply 1) by 

e ie = cos 6 + i sin 0. 

We get 

e ie e ** = eM+V = cos (# + </>) 4- i sin (0 + <£) (13 

= cos 0 cos <f) — sin 0 sin cj> 4- i (cos 0 sin <f> + sin 0 cos </>). 


Equating the real and imaginary parts of this equation gives 8) 
and 9) at once. 


3. Let us show how the powers of sin 0, cos 0 may be expressed 
in terms of the sine and cosine of multiple angles. To this end we 
set 


u — i 


v = e' 


-i<f> 


Then 11) and 12) give 

(2 cos </>) m = (u 4- v) m = u m + 



m 


h 4- [ n )u m ~ 2 v 2 + 


Now 

Also 


= ( u m 4- v m ) -f \J^j( utn ~ 2 + v m ~ 2 )uv 

4 -^^( w w " 4 4 - v m ~*)u 2 v 2 + 
uv = = 1 . 

u m _j_ v m _ e muf> _|_ _ £ COS m<f>. 


(11 
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Thus 14) gives for m = 2, 8, ••• 

2 cos 2 (f> = cos 2 <j> + 1 

4 cos 3 <f> = cos 3 (f> + 3 cos cj> (15 

8 cos 4 cj> = cos 4 </> + 4 cos 2 cf> + 3 

Similarly (2 £ gin 0)™ = (u — v) 771 

gives __ 2 sin 2 cj> = cos 2 cf> — 1 

— 4 sin 8 <£ = sin 3 </> — 3 sin <f> 

H- 8 sin 4 <j> = cos 4 </> — 4 cos 2 + 3 (16 


56. Period of e z . We are familiar with the fact that 
sin (x + 2 7r) = sin z 

for any real x. We say sin z is periodic and has the period 2 tt. 

It is easy to show that e * admits the period 2 m, that is, 

2rrt __ 

for all values of z. For e* +27ri = e* • e 2iri by 54, 3) 

= e z . 

In the same way we see that e* admits 2 mm as period, where 
m is an integer. 

We say any complex number a is a period of e* when 

e* +a = e z (1 

holds for all values of z. Let us show that e* has only the periods 
2 mm just given. 

For let a=a + ib be a period. Then 1), holding for every 
value of z , will hold for z = 0, and we have 

e a = e° = 1, 

or putting in the value of a 

e a+V> = 1 _ e a e ib t 

Thus e a = 1, b = 2&7t, k an integer. 

Hence a=0. Thus any period must have the form 2 km. But 
these we have already seen are periods. 

We call 2 m the primitive period of e*, since all its periods can 
be expressed as multiples of this period. 



THE EXPONENTIAL FUNCTION 


109 


57. 1. Graphical Study of c*. In the calculus the student has 
become thoroughly familiar with the notion of the graph of a 
function, and has seen on many occasions how useful it may be. 
In the function theory of a complex variable, the graph of a func- 
tion is also most serviceable at times. Let us study the graph of 

w = e* = e x e iv = e*(cos y + i sin y') (1 



Z plane 


W plane 


We have seen that when the variable z describes some curve 0 in 
the z-plane w will describe a curve £ in the w-plane, and we call 
£ the image of C 

Let z range over a line parallel to the z-axis. Then z = x 4- ib, 
where z ranges from — oo to + oo, and b is constant. Let us call 
this parallel Z. The value of w corresponding to such a z is, by 1), 


As 

as moreover 


w = e x e^. 


\w \ — e x , Arg. w = b, 
lim e r = 0, lim e x = + oo, 

x=— oo *=-{-oo 


we see that w describes a straight line or ray r issuing from 
w = 0, and making the angle b with the real axis in the w-plane. 
Thus to each point on Z corresponds some point on r. As b in- 
creases from 0 to 2 7r, that is, as Z moves parallel to itself through 
the distance 27 t, the corresponding r rotates through an angle 2 tt. 

Let z now range over a parallel X to the y-axis. Then z — a + iy, 
where a is constant and y ranges from — oo to + oo. From 1) 
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the value of w corresponding to such a z is 

w = e a e iy 

As w = e a , Arg. w = y 

we see that the corresponding points in the w-plane lie on a* 
circle c- When z moves over a segment of length 2 tt on the 
line y moves over an angle of 2 tt, and hence w goes once 
around the circle c. 

The parallels Z, \ divide the 2 -plane into a set of rectangles R - 
To each such R m corresponds in the w-plane a curvilinear 
rectangle bounded by the rays r and the circles c. When 
z lies in R m , the corresponding value of w lies in In this 

way the relation between z and the corresponding value of w is 
roughly given. The smaller we take the rectangles R the more 
accurately we will know the value of w corresponding to a given &- 

Suppose now that z describes a curve 0, To find approximately 
the curve E which w describes we have only to note the points 
a v a 2 -~ where z enters and leaves the rectangles R. Then E will 
enter and leave the corresponding rectangles 9i at points which 
may be estimated roughly by proportion. The smaller we take 
the i?, the more accurately we will be able to plot £. 

2. Let us draw the lines 


y = 2 mir , m = ± 1 , ± 2, < 


47T 



parallel to the z-axis. This divides the 
s-plane into a system of bands i?, J? x , j?_ 1? 

-B 2 , i?_ 2 ••• 

If we take a point z = x + iy in i?, the 

point z m = z + 2 mm will have the same position relative to B w 

as z does to £. We say z m is congruent to z. On account of the 

periodicity of e* „ 

r J e tfn = g e+ 2 miTl z= g*. 


Thus w has the same value at z m as it has at 2 . For this reason 
we call these bands, bands of periodicity. 

All the values that w can take on at any point, it takes on in 
any one of these bands as B, Let us show that : 

The function w = e z does not take on the same value twice in B . 
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For say z 1 = a + ib , z 2 = a + ifi 

are two points in B for which e‘i = e‘*. 

Then ga-hib gft+i/3 


or 

This requires that 
also that 


e a e ‘ * = e V^. 
e a = e a or a = a ; 
5 = £ + 2 m7r. 


As 25 j, z 2 both lie in J5 we must take m = 0. Thus 6 = £. Hence 

*1 = ..in 

Thus to each point z in B corresponds one point m the w-plane, 
and conversely to each point w in the w-plane corresponds just one 
point in 2?, if we agree to reckon only one of its two edges as be- 
longing to B . 

For this reason B is called a fundamental domain of e*, that is, a 
domain in which e * takes on every value it can take on, once and 
only once. 

The Circular Functions 


58. 1. Addition Theorem. We wish now to extend the definition 
of the circular functions to complex values. In the calculus we 
learn that the developments 


cosz= l-oi + ij — 


X 2? . ofi 


are valid for all real x . If we replace x by the complex variable z, 
the series on the right converge absolutely for every value of z , as 
we saw in 89, 4 . 

This affords a natural extension of the circular functions when 
we wish to pass from the domain of real to complex numbers. 

We thus set « , 

i z i z n 

COS *“ 1- 2! + 4!“'" ( 


Z 2 8 . Z b 

sm '“n _ 3l + 5! _ 


(2 
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The domain of definition of these functions is the whole 3-piane. 
When z becomes real, cos 3, sin z reduce to the familiar cos #, sin x . 
For real values of z therefore, cos z, sin z have the properties of 
cos sin x . 

We wish now to show that these properties still hold for com- 
plex z. The most important of all these is the addition theorem 

sin (u -f v) = sin u cos v + cos u sin v, (3 

cos (u + v) = cos u cos v — sin u sin v. (4 

Here u, v are any complex numbers. Let us establish 3). The 
reader may prove 4) in the same way as an exercise. 

From 1), 2) we have on multiplying 


sin u cos \ 


( u 1 
\7 I 


m> 2 \ 

-(—+ 1 
V5! 3 

27 / 

u 5 v 2 

u a v* 

5! 2] 

! + 3! 4! 


1! 6! 


)■ 


cos u sm 


inv = v-(^- +-)+(- + 

Vs: 2!/ \5! 3! 2i 1\ 4 ij 

__ /V , V b U 2 * V B U* vu 6 * \ 

\j! + 5!"2i + 8! 4 1 1 ! 6 I/ -1 


Adding- we get 

sin u cos v + cos u sin v = (u + v) — ^ (u ■+■ v) 8 + — (u + v) 6 - 

o I 51 


which is 3). 


= sin (u + v ) 


2. Since we have now defined 

e e , cos z , sin z 

for all values of 2 , let us note that the relation 54, 4) holds 
whether y is real or not. We therefore have 

e iu = cos u + i sin u (5 

for any complex u. Hence also 

e u+iv _ gw( C OS V _|_ i s i n v ) (6 

holds for all complex u and v. 
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We note that 5) is a generalization of Euler’s Formula, 55, 1). 
Since 5) holds for complex w, we see that we may also generalize 
55, 11), 12). We thus have 

_L 0~XU 

cosw= ^ (7 

JL 


and these relations hold for any complex u. 
Let us set u = z + ^ in 8) ; then 


iVjLf _ g -i (* + 2> 1 


sin z + - 


—■ 1 f rri 

= — ■ e 2 e lz — e 2 e w ■ 

2*1 J 

= + e"“), by 55, 4) 

= cos 2 , by 7). 

I hus sin ^2 + = cos z , sin (2 4- 7 r) = — sin 2 . (9 

etc., as for real values of 2 . 

3. From the addition theorem we can show how to calculate 

cos 2 , sin 2 for any complex __ . 

2 — x -r %y 

by using ordinary logarithmic tables. We have in fact from 3) 
sin 2 = sin (a; + iy) = sin x cos iy 4- cos x sin iy (10 


Similarly 


cos iy=\- 

= i + £ + y i + ... 

2! n 

= cosh y by 44, 2). 
cos iy = cosh y 

sinw=^- ( ^ )3 + ( ^> 6 -. 

y 1! 3! 5! 

=i (jL + 2l + 1ll + ...\ 

U! 8! 5! J 

= i sinh y, by 44, 3) 

sin iy = i sinh y. 


Thus 


(12 
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Putting 11), 12) in 10) we get 

sin z = sin ( x + iy) = sin x cosh y + i cos x sinh y. (13 
Similarly we get 

cos z = cos ( x + iy ) = cos x cosh y — i sin x sinh y . (14 

The formulae 13) 14) express sin g, cos z in the rectangular form 
u -h zy, where u , v are known. 

4. As an example let us compute 

w = cos z = u + iv 

for g = -1.6002-2.8 i. 

Here x = — 1.6002 , y = — 2.8. 


Thus 


We first reduce x to degrees. From our tables we have 

l rad = 57° 17' 45" 

.6002 = 34 23 20 
— x = 91° 41 ' approximately, 
log | cos x | = 8.4680 
log | sin a? | = 9.9998 
log cosh y = 0.9166 
log | sinh y | = 0.9134 

log |^| = 9.3846 u = — . 2424 
logy = 0.9132 y = 8.188 
cos z = — . 2424 + 8. 188 z, approx. 
5. As an exercise in multiplying series, let us show that 
sin 2 z + cos 2 g = l. 

From 1) and 2) we have 

n2 t 


Hence 


sin *z 


cos 


(15 


-i7-<8V!iMn + 5Tfi + irf) 

-ih + hh + hi] + h) + - 

1W-+--+-') 

2 ! / \4 I 2 ! 2 ! 4 !/ 

LJ _,r\ 

V6! + 4!2! + 2!4! + 6!/ 

. .(I , 1 1,1 1,1 1 ,1 \ 

V8! + 6!2! + 4!4! + 6!2! + 8!j 
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Thus 


siu 


2 z + cos 2 z = 1—^7 
Z ! 




(16 


6 ! 






Now from elementary algebra we have for a positive integer m 
(a + b) m = a m + (fja m ~ 1 b + (fj a m ~ 2 b 2 + ••• + (^ m _^a5 m - 1 +5’ n . (17 


If we set here a = 1, 6 = — 1, it gives 

° = 1 — Q + (^)-Q+ ... + (-!)*•. (18 


This relation shows that all the j ••• j in 16) vanish. Thus the 
right side of 16) reduces to its first term, and establishes 15). 


6. When a function f(z) is such that 

/(-*)=-/(*) (19 

for all values of z for which f(z ) is defined we say f is an odd 
function of z. Similarly if 

/(-*)=/< w (20 

we say /is an even function. 

Since 1) involves only even powers, and 2) involves only odd 
powers, we have : 

The function cos z is an even function, and sin z is an odd func- 
tion of z. 


7. Let us now define the other circular functions for complex z. 
This we do as in trigonometry. We set 


tan z = 


sin z 
cos z 


cot z = 


cos z 
sin z 


1 1 

sec z = , cosec z = 

cos z sin z 


These functions are defined for all values of z for which their 
respective denominators do not vanish. 
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59. Zeros and Periodicity. 1. Let us find for what values 

sin 2 = 0 . (1 

We already know that such values are 

z = nmr , m = 0 , ± 1 , ± 2 , ••• (2 

We show that there are no others. Suppose in fact that 

sin (a + i6) = 0. 


Then by the addition theorem 58, 18) 


Hence 


sin a cosh 6 -f i cos a sinh l 
sin a cosh l = 0, 
cos a sinh b = 0. 


0 . 


(3 

(4 


Now when a product ai 8 = 0, either a or $ must = 0. Thus in 
3) since cosh b does not vanish at all [44, 2], we must have 
sin a = 0. Thus a = mir. Putting this value of a in 4) it gives 

sinh 6 = 0. 


But this requires [44, 2] that 6 = 0. We thus get the important 
result : 

The function sin z has the same zeros as the real function sin x ; 
they are given by 2). 


From 58, 9) we see that the zeros of cos z are 

rmr , m = 0 , ±1 , ± 2 ••• 

as for real cos a?. 


2. Let us now investigate the periodicity of 

w = sin z. 

From 58, 9) we have 

sin (z + 2 mir) = sin z , m = ± 1 , ±2 , ••• 

Thus 2 mir are periods. Let us show that there are no others. 
For say a+ ib were a period. Then for all values of z we would 
have 

sin (z + a + ib) = sin z , 
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In this relation set z = 0 ; it gives 

sin (a -f- ib) = 0. 

But this equation is satisfied, as we saw in l, only when 
a = nrr , 6 = 0. 

Thus all the periods of sin z must be included among the numbers 
wt*. But among these we know only those are periods for which 
n is even, orw = 2w. We have thus established : 

The periods of sin z are 2 mir. m = ±1, ± 2, ••• 

Since all of these are multiples of 2 7 r, this is called the primi- 
tive period . 

60. Graphical Study of w = sin z. Let z describe a parallel l 
to the #-axis. Then z = x + ib where 6 is constant. Then 

w = sin(# -f ib) = sin 2 ; cosh 6 4- i cos z sinh 6 
= w + iv. 

Thus to the point z whose coordinates are x , 6 corresponds in 
the w-plane a point whose coordinates are 

u = sin x cosh 6, v = cos rr sinh 6. (1 



Thus the image e of the line 7 is the curve whose equations in 
parameter form are 1). As sin z, cos x have the period 2 7 r, we 
see that when z describes a segment of l of length 2 7r, w comes 
back to its original position in the w-plane. The curve 1) is 
thus closed. It is in fact an ellipse. For 


u 2 v 2 

cosh 2 6 sinh 2 6 


= sin 2 x + cos 2 x 

= 1 . 


(2 
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Next we let z range over a parallel X to the y-axis. Then 
z = a 4- iy, where a is constant. As before we have 


► = sin(a + iy ) = sin a cosh y + i cos a sinh y 


so that 


= u -\-iv 


u = sin a cosh «/, 
v = cos a sinh y . 


As z ranges over X, w will describe a curve f) whose para- 
metric equations are 3). As before we have 

, u — v = cosh 2 y — sinh 2 y 
sir a cos 2 a 

= 1, by 44, 4). 

Thus f| is a hyperbola. 

The ellipses 2) and the hyperbolas 4) are confocal and hence 
cut each other orthogonally. 

The parallels Z, \ divide the 2-plane into a set of rectangles i2, 
to which corresponds a set of curvilinear rectangles 9 1. When 
z lies in some R my the corresponding value of w will lie in the 
image 8t m of R m . Thus the smaller the rectangles R are taken 
the smaller the rectangles 91 become and therefore the more accu- 
rate is our knowledge of the true value of w. 

The Hyperbolic Functions 

61 . For any complex z we define 

coshs = ^ + * =1 + ... n 

2 21 4! ^ 

• i_ e z — e~~ z z 2 3 2 5 

sinh z = * sJL4.f-4.l_4.... (o 

2 II 81 5! ^ 


From these we further define 


tanh 2 = sin ^ z , coth z = cosh z , 
cosh x sinh z 

sech z— \ , cosech z = ^ 

cosh z sinh z 
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We saw in 39, 4 that the series 1), 2) converge absolutely for 
every value of z . The domain of definition of sinh 3 , cosh z is 
therefore the whole 3-plane. That of the four functions 3) 4) is 
the whole 3-plane except those points for which their respective 
denominators vanish. 

Since we have now defined 

sin z , cos z , sinh z , cosh z 

for all values of 3, the relations 58, 11), 12) are not restricted to 
real y as we easily see, but hold for any complex value. 

We have therefore the important relations connecting the cir- 
cular and hyperbolic functions, viz. : 

cos iz = cosh 3 , (5 

sin iz = i sinh 3, (6 

tan iz = i tanh 3, etc. (7 

These relations show that all the analytical properties of the 
hyperbolic functions may be deduced from the corresponding 
relations between the circular functions. 

Thus the addition theorem 


gives 


sin (% + v) = sin u cos v + cos u sin v 
sin i (u 4- v') = i sinh ( u 4 v') 

= sin iu cos iv 4- cos iu sin iv 
= i sinh u cosh v 4- i cosh u sinh 

or dividing by i, 

sinh (u + v) = sinh u cosh v + cosh u sinh v. 


Similarly 

gives 


cos (u + v') =s cos u cos v — sin u sin v 
cosh (u + v') = cosh u cosh v + sinh u sinh v. 


v, 


(8 

(9 


The formulae 8), 9) express the addition theorem of the sinh and 
cosh functions. 

Again the relation sin2 u + cog2 u = 1 


becomes on replacing u by iu 

sin 2 iu 4- cos 2 iu = 1, 

or cosh 2 u — sinh 2 u = 1, 

and so on. 


(10 
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In a similar manner, when we have considered differentiation 
and integration, we shall see that all formulae involving these 
operations on circular functions go over into corresponding for- 
mulae for the hyperbolic functions on using the relations 5), 6). 

A student of a new subject is naturally eager to see its use- 
fulness made manifest as soon as possible. We submit the results 
just obtained as an example. As another example we recall the 
treatment of analytic trigonometry founded on Euler’s formula 
which we indicated in 55. We adduce also the elegant manner 
of establishing the formulae of 6. Other examples will occur as 
we advance. 


Logarithms 


62. 1. In the equation 


e w = z (1 

let us find the values of w corresponding to a given z. We set 

w = u iv , z = re ie . (2 

Here r, 6 are known, and we are to find w, v. Putting 2) in 1) 

glVeS e u e iv = re id . (3 

Equating moduli, we have e * = r, whence 

u = log r. (4 

Equating arguments in 3) gives 

v = 6 + 2 77 -m , m an integer. (5 

This shows that all values of w which satisfy 1) must have the 

form 7 

w = log r + id 4* 2 mm. (6 

If we set these values of w in 1) we see that they do in fact satisfy 

it. Thus 6) is the solution of 1). We call it the logarithm of 

2 , and write , _ 

w = log 2 . (7 

There is a slight ambiguity which custom and usefulness sanction. 
In 6) the symbol log r means the logarithm of algebra. For each 
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positive r, log r has one and only one value. On the other hand 
the symbol log z has an infinity of values, viz. those given in 6). 
As the reader is never seriously in doubt which of the two mean- 
ings the symbol log has, there is no need of denoting w by a new 
symbol, as Log z for example. 

2. In algebra y = log x is defined by 

e* = x. (8 

But here x is restricted to positive values. By enlarging our 
number system, the equation 8) admits a solution whatever value 
x has, the value x = 0 excepted. In doing this we find, however, 
not one but an infinity of solutions as given in 6). If we allow 
z to range over a curve, the corresponding values of w will trace 
out an infinity of congruent curves or branches . Each value of 
m = 0, ±1, ±2, ••• in 6) will give one of these branches. The 
branch corresponding to m = 0 we will call the principal branch . 
The branch belonging to a special value of m as w, say, we may 
denote by log n z. 

^■* 1US w n = log n z = log r + i6 -f- 2 mri. (9 

8. The relation l 0 g X y = i 0 g x + i 0 g y (10 

established in algebra for positive x , y is called the addition 
theorem of logarithms. It is an immediate consequence of 

e x e V — e x+V 


A similar relation holds in the complex domain. For let 
u = re x 9 , v = 8e l<l> . 

Then uv = r8e no+ 4 >)' 

Hence by 2) and 6) 

log uv = log (rs) + i(d + cj>) + 2 mri (11 

= (log r + id + 2 n'jri) + (log 8 -f i(f> 4* 2 n^iri) 

when n'j n n are any two integers such that 

n f +n n — n. 


Thus 11) may be written, using 9) 

logn(^) = l0g n ,W + l0g n „V. 


(12 
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If we leave the symbol log undetermined, we may write 11) 

log uv = log u + log v . (13 

The relations 12), 13) express the addition theorem of the 
logarithm in the complex domain. They are the generalization 
of 10). 

4. Let us find the zeros of log z. If we set 


we have 


w = log z = u + iv , 

\w\ = Vw 2 + v 2 

= Vlog 2 r + (0 4- 2 jwtt) 2 , 


This being the sum of two squares cannot vanish unless 

log r = 0 , 6 + 2 mir = 0, 

or unless ^ /, 0 

r = 1 , 0 = — 2 77Z7T, 

that is, i 

Since log 1 = 0 this shows that : — 

The function log z has one and only one zero , viz. : z = 1. 


5. Branch Points . Let 2 describe in the positive direction a 
circle of radius r about the origin. Then r in 2) remains constant 
while 6 increases from say 6 = 0 O to 6 = 6 0 + 2 tt. If we start 
with the value of w corresponding to 9 = 0 Q in 9), w n will acquire 
at the end of the circuit the value 

w n = log r + i(6 o + 2 7r)+ 2 niri 
= log r + i0 o + 2(w + l)7ri 
= 

Thus a circuit about the origin in the positive direction converts 
each branch w n into w n+v 

Suppose now that z passes around 0 in the negative direction. 
Then 0 decreases from say 0 = 6 0 to 0 = 0 Q — 2 n r. Thus w n will 
have at the end of the circuit the value 

w n = log r 4- i(0 o — 2 7r) + 2 n7ri 
= log r + i0 o 4- 2(n — 1) m 
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Thus a circuit about the origin in the negative direction converts 
each branch w n into w n _ v 

Finally, let z describe a closed curve £ which does not include the 
origin as in the Figure. In this case both r and 0 vary as z moves 
over £. But if z starts from the point 
z = z 0 for which r = r 0 , 0 = 0 O as in the 
Figure, obviously r and 6 acquire these 
same values when z has returned to z Q . 

Thus if we start out with the value of w 
corresponding to y = r 0 , 6 = 0 O in 9), w n 
will have this same value when z has 
returned to z 0 . Hence each w n remains 
unaltered when z describes a closed curve which does not enclose 
the origin z = 0. 

Since the branches w n permute when z describes a circuit about 
the origin z = 0, this point is called a branch point . There is no 
other point in the 25-plane having this property ; that is, 25 = 0 is 
the only branch point of the logarithmic function w = log 25. 

Since log x in the real domain is not defined for x = 0, it 
follows that the formula 6) has no meaning for r = 0 ; that is, 
when 2 ; = 0. Thus the domain of definition of w is the whole 
25-plane excepting 25 = 0. 



25^ by 25 ^ = e^ ogx 
z = re**, 

log 25 = log r +?</> + 2 S7ri, 


(1 


63. The Function 1. Letting p denote any complex number, 
we define the symbol 

Let 
then 

Hence 1) gives 


8 an integer. 

(2 


Let us consider special cases of the exponent fi. 
1 ° fi a positive integer m. As 


2) becomes 
But by algebra, 
Hence 


gZnisni _ ^ 

gin _ gwlogr^mt^ 
gtnlogr _ y.m. 

gVl __ y,mgTM<t) 


= z • 25 • ••• 2 ;, m times, 


(3 


which agrees with 4, 4). 
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2 0 fi a negative integer . Let p = — n. Then we find 


as in algebra. 


3-n — r -n e -m<l> — ± 
Z n 


3° fx = — , a fraction. Here 
n 


e 2 srm __ f n 2,1 ^ 

an n th root of unity by 55, 5). 

^ S0 gialo gr __ 0^10 gr __ 

TT m . 

Hence z» = V^.a>.e~\ 


(4 


as in algebra. Here the radical 

-v^ 

has, the value heretofore assigned to it ; that is, it is the positive 
real root of the positive real number r m . One often denotes the 
right side of 4) by 

4° n a real number not a fraction, and z real and positive . 

Let us denote this value of z by a . Here <£ = 0, r = a. Then 

0^1ogr = ^log« = ^ 


as is shown in algebra. Then 2) gives 

z» = or-#*** , s= 0 , ± 1 , ± 2 ... (5 

This shows that in this case z * has an infinity of values, each 
differing from the others by a factor of the form 

gQ8jj.Tri 

For 8 = 0 , z*= a*. 


2. From the foregoing it follows that the function 1) is in 
general infinite-valued, as the logarithm is. If we give to log z a 
definite one of its many values, the exponent on the right side of 
1) takes on a definite value, as v, say. Then 1) gives z* as the 
absolutely convergent series 


_« V v^ 

2^ = 1 4- — • 4- •— A 

1!^2! 3r 


Its value is thus completely determined. 
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3. Suppose /i is not a positive or negative integer or 0. Then 
z = 0 is a branch point of z 11 . For if we start at z = a with one of 
the many values of w = 3^, w will not have this value when z 
describes a circuit about the origin. 

Since z = 0 is the only branch point of log z , the only branch 
point of w is also z = 0. That is to say, if we start at z = a with 
one of the many values of w , as w a , and allow z to describe a closed 
curve, which does not enclose the origin, w will return to its 
original value w a when z returns to z = a. 


Inverse Circular Functions 
64. 1. In trigonometry we learn that the equation 

sin y — x (1 


has two sets of solutions y when 0< x < 1. If y = y 0 is one solu- 
tion of 1), all solutions are given by 


V = Vq + 2 m7r i 
y = -it - y Q + 2 mr, 


m,n=0, ± 1, ± 2, ••• 


(2 


Thus 1) defines an infinite-valued function which is denoted by 

y = sin _1 2 ; or y = arc sin x. 

Of these two, we shall employ the latter only. 

Let us now pass to the domain of complex numbers. We seek 

the solution w of . 

sin w = z (o 

where z is any given complex number. 


Now by 58, 8) 

D iw D — iw 

sin w = e f • 

2 i 

This in 3) gives 

e Kw _ 9 i z #iw = 

or setting 

t = e iv) , 

we get 

t 2 — 2 izt = 1. 

Solving this for £, we 

get 

e iw = iz + Vl — 2 2 , 


(4 
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where the radical may have either of its two values. From 4) we 
have, taking the logarithm of both sides, 

w = ^ log \iz + Vl — z 2 ] . (5 

i 

As the log is infinite-valued and as the radical may have either 
sign, we see that 3) admits a twofold infinity of solutions. If we 
denote these solutions by arc sin g, we have 


w = arc sin z = 


1 

i 


log \iz 4- Vl — z 2 \. 


(6 


2. Let us show that the relations 2) still hold for complex 
values. Let us set 

iz + Vl- s 2 = Z v 


Then if 


iz — Vl — z 2 = Z v 
L x = log Z x 


is one of the determinations of log Z v all the other determina- 
tions of log Z x are given by 

L x + 2 miri, 

as we saw in 62. Thus if 

u = \ log r \iz 4- Vl — z 2 \ = ^ log Z l 

i i 

is one of the values of 5) when the radical is taken with the posi- 
tive sign, all the other values of 5) for this determination of the 
radical are given by 

u + 2 m 7 T , m an integer. (7 

Similarly if „ = 1 log ^ 2 _ Vl - z *j = hog Z 2 

l l 


is one of the values of 5) when the radical has the negative sign, 
all the other values of 5) for this determination of the radical are 
given by 

v 4- 2 ram- , m an integer. 

u 4- y = - log Z.Zk, 
i 


Now 


(« 

(9 
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the logarithm on the right being properly determined. But 
^ ZfZ 2 = - 1 

an< ^ log ( — 1) = iri -f 2 niri . 

Thus 9) gives , ai , o 

' & u- v = ir + £ nir, 

or v = 7T — w + a multiple of 2 n r. 

Putting this value of in 8) it becomes 

7T — w + 2 S7r , s an integer. (10 

Thus all the values 6), that is, of arc sin 3, are given by 7) and 
10). We have therefore shown : 

If w = w 0 is a solution of 3), all solutions of 3) are given by 

w = Wq -j- 2 mrr , w — tt — w 0 -f 2 m7r, (11 

where m = 0 , ± 1, ± 2 ••• 

3. Since 3 = 1, 2 = — 1 are branch points of 
VI -s 2 = V-(s- l)(z + l), 

we see that when 3 describes a small circuit 0 about one of them, 
Z x and Z 2 permute. Thus if at 2 = z 0 we start out with one of the 
values of w at this point, say w = w 0 , and allow z to pass around (7, 
w will not return to its original value w 0 when z returns to 3 0 . 
Thus 3=1, and z = — 1 are branch points of w. 

Let us see if there are any other branch points for w = arc 
sin z. Since z = 1, z = — 1 are the only branch points of 

Z = iz + Vl — 3 2 , 

the only other branch points of w must be branch points of log Z , 
that is, points z = a for which £ = 0. But the relation 

1 a + Vl — a 2 = 0 
gives — a 2 = 1 — a 2 , 

or 1 = 0, 

which is absurd. We have thus shown that : 

The branch points of the function 

w = arc sin z 

are the points z = 1, z = — 1, and only these . 
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4. In a precisely similar manner we may define and study the 
other inverse circular functions • 

arc cos z , arc tan z , etc. 

We will not take space to do this, as it is all too obvious. We 
note, however, that the solution of the equation 

tanw = 2 (12 

* s w = -i-. log = arc tang. (13 

2 i 6 1 - iz v 

Its branch points are . . 

z = i and z = — z. 



CHAPTER V 
REAL VARIABLES 


65 . Many readers of this book have studied the calculus chiefly 
with the view of learning its technique and of applying it to 
geometry, mechanics, physics, etc. Such students have little time 
to spend on demonstrations, and it is natural that their ideas of 
the limiting processes which lie at the base of all the principles 
and method of the calculus are often vague. It seems best, there- 
fore, to insert a chapter at this point whose object is to briefly 
treat such topics of the calculus as we shall need in the course of 
this work. It will be our purpose rather to refresh the reader’s 
memory and to illuminate the subject than to repeat demonstra- 
tions or to discuss delicate points. One may therefore, turn over 
the following pages, reading such parts as are not quite familiar ; 
or he may pass at once to the next chapter and return to this one 
when further explanations are necessary. 


66. Notion of a Function. 1. The functions used in the calculus 
are usually made up of simple combinations of the elementary 
functions, as 

, 1 + Vl — Z 2 

y = sins+ , (1 

log x 


u 


- ^ 8in ^ + V sin y. 
tan (x + y') 


(2 


Or they are defined implicitly by equations between such 
functions, as for example, 


t+t - 1 = 0 . 


6 2 


(3 


The equation 1) defines y as a function of the independent varia- 
ble x. But when x < 0, log x has no sense, the variables being 

129 
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real. Also Vl — x 1 is not real when z 2 > 1. Finally, when x = l, 
log 33=0, and the denominator in 1) vanishes. Thus 1) defines 
y only for 0 < * < 1. These values of x form the domain of defi- 
nition of y. 

2. Let us turn now to 2). This relation defines u as a function 
of two variables x, y. We note that the denominator either = 0 
or is not defined when the point x, y lies on one of the lines, 

x + y = m-^, m = 0, ±1, ±2— (4 

m 

Also the radical Vsiny is not real when siny is negative, that is, 
when (2 m — 1 ) 7 r < y < 2 m 7 t, n = 0, ± 1, ± 2 ••• (5 

The domain of definition of u embraces thus that part of x , y plane 
after removing the lines 4) and the bands 5) which are parallel 
to the #-axis and of width tt. 

3. It is convenient to generalize our definition of a function. 
To fix the ideas, let us take a single independent variable x. Let 
us mark a certain set of points on the #-axis and denote them by 
21. At each value of x in 21, let us assign to y one or more values 
according to some law. Then we call y a function of x, and we 
call 21 its domain of definition. 

To illustrate this let us take the function 1). For the point 
set 21 we take the values of x such that 0 < x < 1, that is, the 
interval (0, 1) except the end points. The value we assign to y 
for a given x in 21 is the value that the right side of 1) has for 
this value of x . 

Another illustration would be the temperature y at a given 
place at a given time x . If we were concerned only with tem- 
peratures from the time x = a, to the time x = 5, these would 
define y as a function of x in the interval 21 = (a, J), and this 
would be its domain of definition. This would be an example of 
a function which is not defined by an analytic expression as in 1). 

As an illustration of a function of two variables not defined by 
an analytic expression we may take the following. Let x denote 
the latitude and y the longitude expressed in circular measure of 
a point on the earth’s surface. Let u denote the temperature 
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at the earth’s surface at one and the same instant. As the lati- 
tude is restricted to lie between — £ and and the longitude 

2i 2 


between — tt and w, we see the domain of definition of u is the 


rectangle 


-j— — 2 ’ ~ 77 <y 


67. Limits. 1. We have already discussed the notion of a 
limit of a sequence of numbers 

dq, dtp dig, ••• (1 

when studying series. In the calculus we use the notion of limit 
also in another way. Thus in defining the derivative of a func- 
tion y =f(x) we form the difference quotient 

ty_ = f(v + *)-/(» 

Ax h K 


and allow the increment Ji = Ax to converge to 0 by passing over 
all values near h = 0. The value h = 0 is excluded, since this 
would make the denominator in 2) vanish. What do we mean 
by the limit of 2) as h = 0 ? The value of x being fixed, the 
quotient 2) is a function of h ; let us denote this by q(Ji). If 
now q(K) converges to some fixed value l as h == 0, we mean that 
q may be made to differ from l by an amount as small as we 
please, say by < e, provided h remains numerically < some posi- 
tive number 8. 

Graphically we may state this as fol- 
lows. Let us plot the values of q for 
values of h near h = 0, on an axis which 
we may call the ^-axis. With l as a center 
we may lay off an interval of length 2 e. Then if q = l as h = 0, 
there must exist an interval (—8, 8) on the A-axis such that q 
falls within the € interval when h=^0 is restricted to lie within 
the 8 interval. 

This graphical formulation of the notion of a limit may be put 
in analytic form. By the phrase q(K)^=l as h= 0 we mean that 
for each e > 0, there exists a 8 > 0 such that 


-5 

i 

h axis 
' g axis 


l-e l he 


\qOO- 1 1 < « 
0 < |A| < S. 


provided 
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The reader should think this over carefully and see that this 
analytic formulation exactly represents the above graphical for- 
mulation. 

2. This notion of the limit is used in many other parts of the 
calculus. We will therefore state the definition quite generally. 

Let the function y =/(#) be one-valued about the point x = a. 
When we say fCx) = l as x = a or otherwise expressed that the 
limit of/(rr) = l for x = a, in symbols 

lim f(x) = Z, (3 

x=a 

we mean this : 

For each e > 0 there exists a 8 > 0 such that |/(V) — Z| < e pro- 
vided 0 < \x — a\ < S. 

The last sentence will be expressed more briefly by a line of 
symbols, 

€>0 , S>0 , |/(a;) — Z|<€ , 0<|# — a|<8, (4 

and such a line of symbols is to be read as the sentence above in 
italics. 

3. The reader will note the similarity of this definition and 
that employed in 16. 

Almost all students dislike this € form of the definition when 
first presented to them. It seems so much easier to think of f (x) 
converging to l as x converges to a. Why bother about these 
e’s and S’s ? In reply we refer the student to the remarks made 
in 16. Fortunately the intuitive form of the definition of / con- 
verging to its limit is usually quite sufficient, and we shall avoid 
the e’s as much as possible. When we do employ them, it will be 
to aid clear thinking. When the reader can think clearly with- 
out the e’s, let him do without them. 

4. The reader should note that when the limit 3) exists, 
/ (p) = ^ when x converges to a from the right side, or when it 
converges to a from the left. For by the definition given in 2, 
the only restriction on x is to remain in the S interval, excluding, 
of course, the value x — a. It can therefore approach a from 
either side, and/(V) must = l in either case. 
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5. From the definition of a limit we conclude that when 3) 
holds, we may write 

/0) = Z+€' (5 

and know that |e'| < e provided x lies in some 8 interval. We 
may also say in this case that e r = 0 as x = a. 

68. Limits for Two Variables. Let us now consider limits of a 
function of two variables. Suppose the one-valued function is 
defined in a certain domain 21. Let x = a, y = b be a point a of 21 
Then w(a, 6) is the value of u at the point a. More briefly we 
may denote this value by 'w(a). 

Let us describe a circle of radius 8 about a. The points x , y 
within this circle may be called the domain of this point of norm 8, 
and denoted by any one of the symbols 

D s (a, b ) , D(a, 8) , AO) * A a )- 

The simpler forms may be used when no ambiguity can arise. 

When the center a of this domain is excluded , we indicate this 
fact by a star, thus D*. 

What now do we mean when we say: u converges to l as the 
point | = x, y converges to a = a, b ? In symbols 

u = l , as | = a. 

We mean just this: Let us plot the values 
of u on an axis, the w-axis. With l as a center 
we lay off the e interval as in the figure. u x 

About the point a = a, b we describe the 8 
circle in the #, y plane of radius 8 as in the 0| 
figure. Then for each e interval there must U axis * 7-e Z Z+e 

exist a 8 circle such that u remains within 

this interval when the point x, y remains within this circle, the 
center a, b excluded. 

Analytically we may formulate this as follows: 

The limit of u(z, y) for x = a, y = b is Z, or in symbols, 

lim u(x , y) = l 

x=a, y—b 
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when for each e > 0, there exists a S > 0 such that 


|w(®> y)-i | < e 

when a;, y lies in D*Qa, b). 

The reader will note that the definition of a limit for a single 
variable is a special oase of the one just given, the domain of the 
point a= a, b reducing to an interval. 

He should also notice that in passing to the limit the point x , y 
is never allowed to become a = a, b; that is, x , y ranges in j D*( a) 
and not in Z>(a). 


69. Continuity. 1. Let y~f(x) be a one-valued function in the 
. interval 21 = (_p, q) whose graph is given in Fig. 1. The graph 
shows that y is continuous in 21 
except at the point x = b. Let us 
formulate the notion of continuity 
analytically. To this end we note 
how f(x) behaves at a point of con- 
tinuity as x= a, and about the point 
of discontinuity x= b. 

Let f(x) have the value « at x = a. 

Then as x = a, we see that y = a; in symbols 

lim /(a;) =/(«)= a. 

x—a 

On the other hand, at the point x = 5, the ordinate does not con- 
verge to a definite value. For when x = b on the left y = 
when x = b on the right, y = yS". But if the reader will turn back 
to 67, 4 , he will see that when 



lim f(x) 

x=b 

exists, /(#) must converge to the same 
value whether x=b on one side or on the 
other. 

Another case of discontinuity is illus- 
trated by Fig. 2. Here y =/(#) is a one- 
valued function whose value at x = a is 
defined to be y =«. The figure shows that 

lim f(x) = a ! . 

x=a 


a 





a 


a 

Fig. 2. 
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Here the limit exists, but its value is not the value that f(x ) 
has assigned to it at this point which is «. 

These considerations lead us to say : 

The function f(x) is continuous at x = a when and only when f(jv) 
converges to the value off at a , that is, when 

lim /(»)=/(«). 

x~a 

Therefore if lim/O) does not exist at x = a, or if it exists but 
has a value different from the value /(a), then we must say that 
f is discontinuous at x — a. If f(x) is continuous at each point of 
an interval 31= (p, q) we say /is continuous in 31. 

2. When f(x ) is continuous at x= a, we know that the value 
oi f (pc') differs from its value at x=a by an amount as small as we 
please if x is only kept sufficiently near a. In symbols 

/O) = /O) + e' (1 

where e r = 0 as x = a. This is the same as saying that 

| e f | < e , providing | x — a \ < some 8. (2 

3. Let f(x) be continuous in 31= (j?, q). Let us take e>0 at 
pleasure and fix it. At any point x = a we lay off the 8 interval 
about a as in Fig. 3 such that the e' 
in 1) satisfies the inequality 2). Let 
us pass to another point b in 3t and 
lay off the corresponding 8 interval 
about such that e f again satisfies 
2). At the point x — b the curve is 
steeper than at a, and therefore the 
8 interval at b is shorter than at a, 
that is, the value of 8 at b is less 
than at a. The reader will note, how- 
ever, that as a ranges from ptoq the 
value of 8 corresponding to the dif- 
ferent values of a will never sink below some positive number 77. 
In other words, for the value of e that we have been using, there 
exists an rj > 0 such that f(x) differs from /(a) by an amount <e 
when | x — a | < rj ; and here a is any point in 31. 
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If we expressed this in symbols, we would say that for each 

e>0, and for any and all points a in 21, there exists a fixed ij >0 

such that , . . 

| f(x) — f(a) | < e , provided \x — a \<r). (3 


Or what is the same, 
where 


f(x) = /(a) + 

|e'|<€ provided \x-a\<rj. 


(4 



Fig. 4. 


This important property of a continuous function in an interval 
SI is expressed by saying that f(x ) converges uniformly to f(a ) 
in 31 ; or in symbols 

f(x) == /(&) uniformly in 31. 

The reader should remember that here a is a variable point in the 
interval 31. 

4. When f(x) has a point of dis- 
continuity in 31 = (p, q ) as at x — e in 
Fig. 4, the reader will see at once that 
taking e > 0 small enough and then 
fixing it, there is no corresponding 
rj > 0 such that 3) or 4) holds wher- 
ever a is taken in 31. To make this perfectly clear we have taken 
€ as in Fig. 4, and laid off the corresponding S interval at a point a . 
The reader will see at once that for a 

point l very near e, the length of the 8 
interval will be determined by the fact 
that it cannot contain the point x — e. 

For in any interval containing this point 
/(a?) could differ from /(£) by an amount b v 

far greater than the small quantity €, as Fig. 5. 

Fig. 5 shows. 

5. Finally let us consider the function 

f(x) = tan x . 

This is defined for all x not included in the point set 


i 77 , 


± r 


* 1 ' 
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Let x range over the point set 21 defined by 0 >#<“•• This 
may be denoted by ^0, ^ the star * indicating that the end 
point ^ is omitted. We call such a set an incomplete interval. 
Obviously f(x) is continuous at each point x = a of 21, for 
lim tan x = tan a. 

x=a 


It is not uniformly continuous in 21. For in the relation 2) we 
see that 8 must =0 as the point a approaches T. There exists 
therefore no 97 > 0 such that 3) or 4) holds. 

6. The analytic definition of continuity can be extended at once 
to functions of any number of variables. For clearness let us 
take two. 

Let the one-valued function u(x , y ) be defined in some domain 
D about the point x = a, y = b. Then u is continuous at this 
point when u(x , y') converges to u(a, S) as the point x , y con- 
verges to the point a, b ; in symbols when 

lim u(x , y) = w(a, £). 

x-a, y=b 

If u(x , y') is continuous at each point belonging to some point set 
SI, we say u is continuous in 31. 


7. Let u(x , y ) be continuous at the point a, b. If 
c = u(a , 6 ) =£ 0 , 

there exists a domain Z) 6 (a, i) about a , b such that in it u(x , y ) has 
the same sign as c . 

For since u is continuous at a , ft there exists a § >0 such that 


1^0, y) -e|<e 


(5 


when x, y is restricted to D 5 (a,6). But 5) is equivalent to 

c — e<u(x, y'Xc+e. (6 

Obviously as c is =£ 0 we may make e > 0 so small that c — e and 
c 4- € have the same sign as <?. 
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8. If u(z, y ) is continuous at tf, k 

|k(.t, y)j<some (i (1 

in i) 6 (a, b) for a sufficiently small 8 > 0. 

This follows at once from *>). 


70. Geometric Terms. 1. At this point it will he convenient t* 
introduce some geometric terms which wo shall need r«>nsiaml\ , 
We begin by considering the point set 2 formoil of the point* 
tvithin a circled, that is, in the interior of $?. Any |mml *i «»f 2 e 
such that we may describe a circle r about il uh renter, ami all 
the points within c form a part of 2. In other words, 2 is sueli 
that any point a of it is surrounded by some domain whirli 

also lies in 2. As a approaches $, 8 » 0. lint for each given <r 
8 is >0. 

We may now generalize. Let SI denote any set of points in tin 
plane. If 2 is such that each of its points <# has a domain />(*»] 
which also lies in 2, we call the point set 2 u ivi/ium. 

For example, the two curves L\ n <\ in Fig. 1 
define a ring 9? whoso boundary or edge tS is 
formed by them. The set of points 2 in the ring 
9? but not on its edge ffi form a region. 

Let us look at the set of points © formed of 2 
and the curve O v in symbols the point sot 

» - 2 + t\. 



* \ 

Pm* I 




The set ©is not a region. For let e Iks h point of < as in !■ ig. L\ 
Then however C is taken it will contain points of © .iml ; ** >i m! h n< «t 
in ©. 

As another example of a region, let 2 he the 
point set formed of all the points of the j % y 
plane except the points lying on a finite num- 
ber of ordinary curves, and also a finite nmnhri 
of isolated points. Obviously 2 is a region. 

We say a region 2 is connected when any t \v * t of Ms points i,m 
be joined by a curve lying in 2 

If the boundary of a connected region is a closed mite without 
double point, we call it u simple region. 


Phi 
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2. Let 21 be a connected region whose boundary or edge © is 
formed of a finite number of ordinary closed curves or points. 
The point set © formed of 21 and @, that is, © = 21 + ©, we call a 
connex. If 21 is a simple region, the corresponding connex © is 
called simple also. 

3. The reader will note that the definition of continuity given 
in 69, 6 requires that if u(x , y ) is continuous in a connex ©, it must 
be continuous at each point of its edge, and this requires that u is 
defined as a one-valued function for all points in some D(e) of e . 

4. Let 21 be a connex or a connected region. Let P be any 
point; it may or may not lie in 21. Let r be the radius vector 
joining P to a point z of 2t. If z can describe a 

continuous curve lying in 21 such that r describes zv 

a complete revolution about P, we say that 21 is 
cyclic relative to P, otherwise acyclic 

Thus in Fig. 3 let 21 be the ring-shaped figure 
bounded by C v C 2 . Then 21 is cyclic relative to 
L and M , but acyclic relative to N. Fig. 3. 



Fig. 3. 


71. Uniform Continuity. Let us now show that if u(x , y ) is 

continuous in a connex © it is uniformly continuous. By this 

we mean the following. Since u is continuous at a point a, b of 

21 we have , N n , , . , 

u(x, y} = u(a , 5) - he' , | e' < e, (1 


if only x , y lies in some domain 5) of the point a, b. We 

say now that the point set © being a connex, 8 cannot sink be- 
low some minimum value 77 > 0, as the point a , b ranges over ©. 

For say that as a , b converges to some point a, /3 of ©, 8 = 0. 
Since u is continuous at a, /3, 

if x, y lies in some /3). 

But then 8 cannot = 0, for as the point a, b 
converges to the point a, /3, the figure shows 
S = o-, and not to 0. Since therefore 8 cannot 
= 0 as a, b ranges over E, it follows that there 
exists an 77 > 0 such that 

u(x, y)= u(a , b) + e'\ , e f \ < € (2 
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wherever the point a, b is taken in (S, provided /*, y lien in 
Dfa, J), the norm ij being the same wherever h may Ik* in ($. 

We may thus state the following theorem, which for our fur- 
ther development is of utmost importance : 

If u(x, y) is continuous in a Conner li, it itt uniformly (Continuous 
in (S; or in other words the relation 2) holtls in <i. 


72. Differentiation. 1. We touched on this subject by way of 
illustration in 67. We wish now to discuss it more fully. I^et 
y =/(#) be a one-valued function in the 
interval 81 * (tf, b ) whose graph is given to 
Fig. 1. If we give to .ran increment h « A r, Q/ 

the function receives an increment yjfs 

Ay «/(/+ h ) -/(*). 


The quotient 
Ar ' 




./(r+A)-/(r) 

h 


(1 


M L . 

*' .r+/i 

Km I. 


is called the difference quotient. From the figure we see 

^ =» tan 0. (*J 

A-r 

As A# = 0, the secant /*$ converges to a limiting i«»ik 
viz. the tangent at P. 

We call the limit of 1) when h » 0 the differentia! coefficient at 
the point x and write 

d v - lim + h ) -Ar), 

dx h**\\ h 

If f ft differential coefficient at each point of soma interval 
A, we say f has a derivative in A ; the value of this derivative 
at a point x of A is given by 3 ). 

2. Let us consider the function 

({ 

The graph of this function is given in Fig. 2. It has a point 
of inflection with a vertical tangent at /si. We see here that 
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the secant PQ converges to a vertical posi- V 
tion. The difference quotient 

q/ 

A 

£ 

ii 

/ A# 

** ( Aa 0* o 

/ 

is always > 0 and increases indefinitely as 

Ax = 0. We say its limit is + oo and write 

J AX 

^M.=zf(x) = + oo for x=l. 
ax 

J 1 

Fig. 2. 


To say that a variable q has the lipiit 4- oo as x = a is only a 
short way of saying q has no limit at x = a, but that it increases 
without limit as x = a. 

Strictly speaking the function 4) has no differential coefficient 
at x = 1. Usage, however, permits us to say its differential coeffi- 
cient is + oo at this point. We also say the derivative f (x ) is 
definitely infinite at this point, meaning thereby that the differ- 
ence quotient does not change its sign about x=l, 

3. Let us consider the function 

y = (x — 1)^ , radical with positive sign. (5 


The graph of this function, Fig. 3, has a ver- 
tical cusp at x=l. 

At this point 

Ax Ax 


(6 


It is thus positive for positive Ax , and nega- 
tive when Ax is negative. Thus 


y 



= + oo as Ax = 0 on the right, 

Ax 

= — oo left. 


Here we cannot say that the difference quotient Ay /Ax converges 
to any value, not even to an improper limit as -f- oo, or — x, since 
it changes its sign in any interval about x=l. 

4. Let us now consider the differentiation of a function of 
several variables. For clearness let us take a function u(x , y) of 
two variables which we suppose is one-valued in some domain D 
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of the point a, b. Then, as the reader knows, 

lim «(« + A, 5) - u(a , 5) _ , , >> du 

*=o h ~ U ^ a ' b) -da 


a 


is the partial differential coefficient of u with respect to x at the 
point a, 5, and a similar definition holds for 

The values of 7) as the point a , 5 ranges over some set of points 
SI define the first partial derivative of u with respect to x ; this 
we denote by 

*40, y ) or < or • (8 

ox 

A similar definition holds for 


du 


<0, y) or < or — 


(9 


The derivatives 8), 9) are also functions of x , y and so in general 
possess partial derivatives 


ulL = 


d 2 u 

dz? 


'll h — 
u xy — 


d 2 U 

dxdy 


etc. 


5. Suppose u possesses first partial derivatives for the points 
x, y of some point set 21. The expression 

du=d t* h+ fy k a° 

is called the first differential of u. 

Similarly, if u has second partial derivatives, 

(11 

dx 2 dxdy dy 2 ^ 

is the second differential of etc. 

We note that the right side of 11) may be written symbolically 


(■ 


z, d , , d V 
d# dy 


(12 


To deduce 11) from 12) we expand 12) as in algebra and replace 


fe\* 


k,r 


dhi 
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In general, suppose u has all partial derivatives of order <n 
for all points x, y in some set 31. Then ~ 

dnU= ( h £ +k iyJ U ' ( 13 

when after expanding the right side we replace 



73. Law of the Mean. 1. Let the graph of the one-valued func- 
tion y =f(x ) be as in the figure. Let the secant PQ make the 
angle <j> with the z-axis. At each point x 
let us draw the tangent to the curve. It 
makes an angle 9 with the s-axis. Let now 
x start at a and move toward b. The tan- 
gent changes its inclination from point to 
point. If the reader will reflect a few mo- 
ments, he will see that it is altogether im- 
possible to pass from a to b without somewhere the tangent being 
parallel to the secant PQ. Let this be the case for x = c. Now 



o — a 

tan 9 = ty-=f(x)- 
ctx 

Since </> = 0 at the point c, we have, on equating these two expres- 
sions, /(6) -/(«) = (5 -«y'(c) , a<c<b. 

This is the celebrated Law of the Mean. It is one of the most 
important theorems in the whole calculus. 

The foregoing considerations do not form an analytic proof of 
this law. They do, however, make the reader feel in the most 
convincing manner that this law is true, and this is all that he 
needs at this stage. On account of its importance let us formulate 
it as follows : 


If f(x) is one-valued and continuous in the interval SI =(a, 6) 
and if f ( x ) is finite or definitely infinite within SI, then for some 
point a<c<6 


m-Ka') = (b-d)f\c'). 


(1 
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2. Let a<x<b , f(x-\- Ji) — f(x) = Af. Then the law of the 
mean 1) gives, setting h = Ax, 

=/'(«) > x<u<x + h. (2 


Suppose now that f’(x) is continuous in the interval SI. Then 

/>) = /'<>)+*' , |e'|<6, (B 

provided \Ax\< some fixed S, wherever the point x is chosen in 
21. This- in 2) gives 

f x -/'»+ * ( 4 

and e' = 0 uniformly in 21. 

3. From the law of the mean it is easy to establish another very 
important theorem, viz. : 

Taylor' 8 Development in Finite Form. In the interval 21 = (a, i) 
let f(jx) and its first n— 1 derivatives be continuous. Let 
be finite or definitely infinite within 21. Then for any x within 21 


/(*)=/(«) + x l] a /'(a) + O “ , a) >(*) + - 

+ (x— a) ( a;— “) , a <v<x. (5 

{n — 1 } ! nl 

As this is not a work on the calculus we do not intend to prove this 
theorem ; we have quoted it in order to state precisely conditions 
for its validity. 


4. From the law of the mean we can draw an important con- 
clusion which we shall need later. Suppose u(x , y ) has continu- 
ous first partial derivatives about the point a, b . When we pass 
from this point to the neighboring point a 4 h, b 4 u receives 


the increment 
But we have 


A u = u(a 4- A, b -f- k') — w(a, 6). 


A u = \u(a 4- h, b 4- *) — u(a , b + fc) } 4 \u(a, b 4 Jc) — u(a, b ) } 


= A x 4* A 2 . 
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By the law of the mean 

Aj = hu x (c, b + k) , c between a and a + h 
A 2 = ku! y (a, e) , e between b and b -+■ k. 

But v!& vJ y being continuous, 

u' x (c, b + h) = <0, &) + <* 
y! y (a, e) = v! v (a, S) + ft 

where a == 0, /9 = 0 as h and k == 0. Hence we may state the 
theorem : 

Let u(x , have continuous first partial derivatives about the 

point a , J. Then the increment Aw differs from the differential du 
by a quantity of the form 

ah + ft k 

where a and ft = 0 as h and k = 0. Thus 

Au = — h + — Jc + «h + l3k. 
dx dy 

5. Suppose now that u' x and u ! y are continuous functions of x , y 
in a connex (£. Then, as observed in 71, a and ft will converge 
uniformly to 0 in @. Hence in particular 

M <a , \ft\<a, 

provided | h | and | k | are < some 8, and here 8 is independent of 
the position of the point a, b in (5. 

6. Taylor’s development 5) may be extended to a function of 
any number of variables. For clearness let us take a function 
u(x, y') of two variables. Suppose u and 
all its partial derivates of orders < n are 
continuous in some domain D about the 
point a, b. Let a + h, b + k be any point 
in D. Let L be the segment joining these 

two points. Then any point z, y on L o 

has the coordinates 

x = a + sh , y = b + sk , 0 <_s < 1. 
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When s ranges over the interval @ = (0, 1), the point x , y ranges 
over j L. Then 

u(x , y ) = u(a + sh, b + $&) = <£($) 


is a function of s defined for values of $ lying in ©. But 

<£'(») = § * + fj* * = *»(*. y). 


Hence <£'($), 4> rr (.*) •••< £ (w) ($) are continuous in © and we may 
apply 2 to the function <£(s). Doing this and then setting 
s = 1, we get 

u(a + A, J + &) = w(a, ^) + j-y ^w(a, &) + ^y ^(a, 6)4- 


+ ~y + 0A, 5 + 0A) 


where 0 < 0 < 1. 

For convenience of reference we note that 

^ fa h + fl k ' 

****>-S* + *£“ + S* 


(8 


74. 1. The integral 


Integration 
J f(v)dx 


may be defined in connection with 
the notion of area as follows. Let 
the graph of f(x) be as in Fig. 1. 
In the interval of 21 = (<%, J) we 
interpolate the points a v a 2 --- If 
no interval (a m _ v a m } has a length 
greater than S, we say these points 
effect a division of §1 of norm 8. 

We set 




a m -a 



Fig. l. 


m-l 


= Aau 
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and form the sum 

/Ox) Az x +f(a 2 ) Az 2 + • • • = 2/(0 (2 


The value of this sum is the area of the shaded rectangles in 
the figure. If now 8 = 0, this sum obviously converges to the 
area under the curve. Thus when f{x) is a one- valued con- 
tinuous function of x in the interval 21, the sum 2) has a 
limit as 8 = 0. This limit is the value of the symbol 1). This 
symbol we also denote sometimes by 


r. 


f(x)dx . 


2. These geometric considerations 
enable us to take a more general 
definition of 1). In the intervals 8 m 
let us take at pleasure a point a m . 

let us construct the 
rectangles of base 8 m and height /3 m , 
as in Fig. 2. We now form the sum 



Fig. 2. 


/Ox) Ax x +f (ctj) Ax 2 + ••• = 2/ (a m ) Ax m . (S 


The value of this sum is the area of the shaded rectangles. 
If now 8=0, the sum obviously converges to the area under the 
curve and therefore has the same value as before. 

Let us state this in a theorem : 

Iff 0*0 continuous in the interval (a, b), 

lim Zf(a m )Ax m (4 

5=0 

exists and this limit is the value of the integral 1). 


3. With this definition we can establish the following funda- 
mental theorem : 

In the interval (a, 5) let F(x) be one-valued and have the continu- 
ous derivative f (x) • Then 


f b f(x) dx = F(b} — F (a), 
da 


(5 
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For, using the points a v a 2 ••• a n _ 1 introduced in 1, we have by 
the law of the mean 

F(a 1 )-F(a-)=f(* 1 )Ax 1 

F(. a i) ~ F( ai ) =/(« 2 > Ax a 


F(i)-F(a n ^ i) =/(«„) Ax n 

where a m is some point in the interval Ax m . 

Adding these equations gives 

F(b)-F(a) = Zf(u m ) Ax m . 

Now by 2 the limit of the right side as S = 0 exists and equals 
the integral in 5). 

4. From the definition of an integral given in 1) follows an 
important property which is useful in estimating the numerical 
value of an integral. Since 

1 2/ (a in )Ax m | < 2 1/ (a w ) | Ax m , 


we have, on passing to the limit 8 = 0, 

J f(x) dx J < I dx , a<b. (6 

Also let i N ^ v . , 

\f( x ) I m the interval (a, b). 

Then similarly we have 

jf fC x ) dx j< (^(x'ydx , a<b. (7 

5. Another property of importance is that : 

J (. x )= j*'f{x)dx , n<x<b 

considered as a function of its upper limit xis a continuous function 
of x such that 

dJ_ , 

the integrand f(x) being continuous in ( a , b). 
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75. Surface Integrals. 1. Let u =f(x , y ) be a one- valued con- 
tinuous function of x, y in a field 21 bounded by a finite set of 
ordinary curves. As x, y ranges over 

21, the end points of the ordinate 

through x , y will describe a surface 

aS, while the points of the ordinates [ +i \ 

will constitute a solid of volume V \ \ 

lying between S and the x, y plane \ \ 

under S. \ anhn ) 

Let us draw a set of parallels to y / 

the x , y axes in the a?, y plane as in - » 

Fig. 1. This effects a division of the 

plane into rectangles R. If their FiGL 1# 

sides Ax, Ay are all < 8, we say the norm of this division is 8. 

Let us now form the sum analogous to 74, 2), 

2/(« m , (1 

extended over all rectangles containing a point of 2L The points 
a m , b n are the vertices of these rectangles. 

The sum 1) is obviously the volume of the set of prisms whose 
bases are the rectangles Ax m Ay n and whose heights are the ordi- 
nates of the surface S at the points x = a m , y = b n . We take it as 
geometrically evident that the sum 1) converges to the volume V 
as 8 = 0. This limit we use to define the symbol 


I /O, y)dxdy. 


2. To calculate this integral it is usual to express it as an 
iterated integral , 

f dxf f(x , y^dy. (3 

«/<£ 

Here the symbol 23 denotes the projection of the field 21 on the 
z-axis. Let z be a point of 23. The line through x parallel to 
the y - axis will partly lie in 21. This section we denote by or 
more shortly by £. Thus to calculate 3) we give x a fixed value 
in 23 and calculate r 

I /Oi (4 
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the field of integration being the section £ of SI corresponding to 
the value of x chosen. This integral itself is a function of x~ 
This we now integrate relative to x over the field S3, getting in this 
way 3). 

To illustrate, suppose 
the field of integration y 
31 in 2) is bounded by 
the three outer curves 
and the two inner curves 
of Fig. 2. Then the pro- 
jection S3 on the #-axis 
consists of the segments Q 
AB , QD . For a value a e b g e d ^ 

of x corresponding to Fig. 2. 

JS, the section £ of SI is formed of the two segments marked £ in 
the figure. At F the section £ is made up of three segments, also 
marked £. 

It is shown in the calculus that : 

The two integrals 2) and 3) are equal. 

The following geometrical considerations will make this 
apparent : 

That slice of V which lies between the two planes 
x=a m , x = a m+1 

in Fig. 3 has approximately the 
volume 

Ax t n j f y}dy, 

as is seen from Fig. 3. The a m a M +i 

sum of these slices is 

i f(a m , y)dy. (5 

Fig. 3. 

Thus the volume V is the limit of 5) or the iterated integral 3). 
Thus 2) and 3) are equal as they both = V 

76. Curvilinear Integrals. 1. Let us suppose that f(x, y) is a 
one-valued continuous function of x, y at the points of a curve Q 
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whose end points are a, 6, as in Fig. 1. If we interpolate a set of 
points a 2 > #3 ••• such that the arcs aa^ #1^21 ^2^8 are of 
length <8, we say these points a v a 2 ••• 
effect a division of norm 8. y 

Let x m , y m be the coordinates of a m ; let yb 

Ax m = x m+1 — x m . We now form the sum / 

Q X 

If we let 8 = 0 , this sum converges to a Fig. 1. 

definite limit which we denote by 


f y)dx or by / f(x > , 

(/ C 1 f_) d 


(2 


and call it the x-curvilinear integral of /(#, «/). 

When the curve (7 reduces to a segment of the a-axis, the 
integral 1) reduces to the ordinary integral considered in 74, 
since y is now constant. 

Let us prove that the limit of 1 ) exists for the simple case that 

the equation of C is , , x 

V = <£ 0 ), (3 


<f> being one-valued and continuous, the end points’ of O corre- 
sponding to x = a, x = ft. Then 


and 1) becomes 


/O. y') =/l>. <£<»] = 0OO* 


(4 


But <7(2;) is continuous, hence the limit of 4 ) exists and is 

J%(x)dx. (5 

Hence the limit of 1 ) exists and has the same value. We note 
that this form of proof not only establishes the existence of the 
limit of the sum 1) but determines its value. 

Because 2) and 5 ) are equal, we may extend the properties of 
ordinary integrals to curvilinear integrals. Thus if c is some 
point on C between the end points a, 6, we have 

f f(x,y)dx= f/(z, y)dx + f ' f(x, y)dx. (6 

t / a tj a t) c 
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Let us return to the sum 1). The factor f(x m , y m ) denotes the 
value of f at the end point of the arc The same geo- 

metric considerations used in 74, 2 would show that 1) has the 
same limit when denote any point in the arc a m _ x a m . We 
shall make use of this fact in 3. 


2. The foregoing proof applies to the 
case when 0 is the arc PQ of the circle of 
radius r in Fig. 2. For then 

y s+Vr 2 - 2?= $0), (7 

the radical being taken with the plus sign. 
It does not apply immediately if 0 is the 
arc PQS. For if — s is the abscissa of S, 
y is two-valued in the interval ( — r, — s). 



Fig. 2. 


In this case we have only to break C into two arcs 


O x = PQR and 0 2 = BS. 


Then on C t we have <f> determined as in 7), while on C 2 <f> is 

determined by . 

y = — W 2 — rr 2 = 

the radical now having the negative sign. 

Corresponding to this we would break 2) into two integrals 


f and f. 
o x Jc % 


To each of these our proof applies. 

3. In 2 we have taken the equation of the circle as 

o? + y 2 = r 2 , (8 

which defines y as a two- valued function ± Vr 2 - x\ Instead of 
the equation 8) we may use the equations of the circle in pa- 


rameter form 


x=r cos u 


y = r sin u. 


If we do this, we can avoid the radical and so deal from the start 
with one- valued functions. 

In general, let N x 

6 <£0) , y = f 00 


(10 
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be the parametric equations of a curve 0 ; that is, when u ranges 
from u = a to u = ft, the point x, y defined by 10) describes the 
curve 0. We suppose of course that <£, i/r are one- valued con- 
tinuous functions in U = (a, /3), with continuous first derivatives. 
Then 

/O* y) = f S<£0)> ir(u)} = ff(u) 

is a continuous function of u in U. Let us effect a division of U 
of norm 8 by interpolating the points a v •••. To them will 
correspond certain points a v a 2 ••• on 0. 

Then by the law of the mean 

Ax m = <K«m) - <p(a m _ x ) = fiCvm) Au m 

where v m is some point in the interval (a m _ r u„ L ). To this point 
v m will correspond x m , y m in the arc (a m _ v a m ) on the curve 0. Thus 

2/O w , Vrrd^m = ^9 W </>' Om) 


If we let the norm 8 = 0 in this relation, we get in the limit 


J f /O, y) dx = f # (u) </>' O) dw. 

a Jo . 


(11 


4. In precisely the same manner the 2 /-curvilinear integral gives 


f y')dy= ( *g(u)y\r'(u)du. 
J a Jo. 


(12 


77. Work. 1. Let us show how the notion of curvilinear in- 
tegrals presents itself naturally in mathematical physics. Suppose 
a particle is acted on by a force g whose com- 
ponents are X and Y, as in Fig. 1. The work 
done in passing from P to a point Q near by 
on the curve C is 

dW = g cos 0 • ds , (1 

where 0 is the angle between g and the tan- 
gent T. If 5 makes the angles a, ft with the x and y axes, and T 
the angles a', ft f with these axes, we have, from analytic geometry, 

cos 0 = cos a cos a' 4- cos ft cos ft 1 . (2 



/^T 


Fig. 1. 
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Now 


§ cos a = X 
dx 


g cos fi = F, 




= cos a f 


^ = cos ft . 
ds 


Thus 1) and 2) give 

dW = Xdx 4- FSy . 


(3 


Thus the work done by the particle in passing from a to b along 
the curve Q is 

w -f. \xdx + Ydy) 


r*b f*b 

= / JTcfa; + / FcZ^. 

e/ a «/a 


(4 

(5 


It is therefore the sum of two curvilinear integrals. 

2. The relation 3) may be obtained more 
simply by referring to Fig. 2. The work per- 
formed in passing from P to a point Q very 
near is in general the same as if the particle 
took the route PR, RQ . The work done 
along PR is Xdx ; the work done along RQ 
is Ydy. The total work dWis the sum of these or 3). 

78. Potential. 1. In physics we often deal with forces $ whose 
components are the partial derivatives of some one-valued function 
V(x , y), that is, 

(i 



X— ir 

dx 


F= _ar. 

By 


In this case 77, 3) gives 

_ dW=—dz + —dy = dV, 
dx dy 

and the element of work is the total differential of the function 
V J with sign reversed. 

dV d V 

Let us suppose that — , — are continuous. We can then 
dx dy 

show that the work done in passing from a to b is independent of 
the path. For let us effect a division of norm 8 of C by inter- 
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polating points a v <%, • between a and b. Then by 73, 4 

A V= ~~Ax + ~—Ay + a Ax + 8 Ay 
dx dy 

= — XAx — YAy + aAx + /3Ay 

where a, 0 = 0 with Ax, Ay. Thus we have 

V(a) - V(a 1 ) = X l Ax 1 + Y 1 Ay 1 + Ax 1 + /3Ay 1 
V(a{)- V(a 2 )= X 2 Ax 2 + Y 2 Ay 2 + «. 2 Aa: 2 + 0Ay 2 


V(. a n-i) — V(b) = X n Ax n + Y n Ay n + a n Ax n + & n Ax n . 

Now by 73, 6 K| m4 , ^ 

are all < some € for all norms 8< some S 0 . Thus, adding the 
foregoing equations, we get 

Via ) - VQi) = "2(X m Ax m + Y m Ay m ) + e' 
where e 7 = 0 as S = 0. Hence, letting 8 = 0, the last relation gives 
w= V(a)~ V(b)= j* (Xdx + Ydyy (2 

As V(x, y ) is one-valued, the value of the work done by the 
particle in moving from a to b is independent of the path taken, 
and depends thus only on the end points a, b. 

2. It is sometimes useful to know that the relation 2) holds, in 
a certain sense, when T^is not one-valued. In fact the foregoing* 
reasoning is valid if V(x, y') is only one-valued about each point 
of the curve C and possesses continuous first partial derivatives as 
before. Suppose then that V a is the determination of V(x , y ) 
with which we start at a. If V b denotes the value that V a 
acquires on reaching J, passing over (7, we see that we may 
write 2) 

W= 

3. The simplest case of a potential function is presented by 
several particles of masses m v m v •••. 


£ 


(Xdx 4- Ydy)= V a - V b . 


(3 
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A unit mass at P is attracted by m t by 
a force whose components are, as seen by 
the figure, 


SB COS d x , Y x wm ^ sill 0 X 


o 



Similar forces are exerted by jn r i« r .... Thun t lie total furor 
exerted on a unit mass at P has the components 


Let us set 

From 
we have 
or 

Hence 

Thus 


. r- 

y m 

* »•/ 

r* »■ P 4- y* 

n/r =» xtljr -f yrfy, 

(/r an x tlx + & tiu. 
r r * 

dr x a dr u . ^ 

- sa COM 0 : sa * m Mill 6. 


dr r r 

d f\\dr 1 


if'u >(\ 

dx\rj 3r\ r 


Wax r* 
sin S. 


on 9, 


Hence 


a n\ i . 

r I ■ - ~ HI) 

\v\rj r* 

£-**10— **"?—*■ 


W e have therefore , , , 

X=- di 

ax 


V m - 


ar 

a.v 


( 


o; 


and hence the function J r i« a potential function for the for.-.- ,V 

triIftv^ leCtriC Curre f t * h S, W"*’ • oonatant current of ,|„ .. 
{ !* f! XmU ^ r alon P the " ire PQ. Tit,, linen of f„ r ,. 0 

° m ■" «■ t "” 
r 
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where c is proportional to the strength of the I a 

current. W e have here, as shown in Fig. 2, ® 


X=-F sin0=-4 , 

Suppose a unit mass of electricity to describe 
the circle C. Then 

x = r cos 6 , y = r sin 0, 

dx = — r sin , dy = r cos 9d0. 



The work is 


W=f(Xdx + Ydy) 

== c C (sin 2 0 4- cos 2 6)d6 = c C 
Jo Jo 


d6 


= 2 7T C. 


Cl 


2. Let us now suppose that the unit mass 
is restricted to move in a connex 21 acyclic 
with respect to 0 , as in Fig. 3. Let us set 


P 

Fia. 1. 




Thus V is one-valued in 21 and has continu- 
ous first partial derivatives. We can there- FlG * 3 ' 

fore apply 78, 2), which gives as the work done by the unit charge 
moving from a to 6, 

W= c | arctg^ - arctg J (5 


where x!y\ x n y n are the coordinates of a, 6. 

The work W in moving from a to 6 is independent of the path 
between these points, provided only it lies in 21. 
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8. Let the convex SI be cyclic with respect to 0 as in Fig. 4. 
The origin 0 is the point where the current pierces the z, y plane. 
It is excluded from SI by a small circle. 

The partial derivatives of V are one- 
valued and continuous in SI as 3), 4) 
show, but V is no longer one-valued in 31. 

For when the point x , , y makes a circuit 
about <9, V has increased by — 2 err . Thus, 
if V a is the determination of V chosen 
at the point #, after the circuit V a has 
acquired the value V —2err 

Fig. 4. 

Thus, if we apply 78, 3), the work done 
by a unit charge moving around the circuit 0 is 

W = 2 cir. 

This agrees with the result found directly in 1). 

80. Stokes’ Theorem. 1. The theorem we now wish to prove is 
a special case of a theorem due to Stokes and which is much used 
in mathematical physics. For our purposes it may be stated thus: 

Let F(x , y), Q(x , y) be one-valued functions having continuous 
first partial derivatives in a connex 31 whose edge we denote by @. 
Then 

fern* + ad ,,-) = JJ?£ - a 

In calculating the curvilinear integral on the left we let the point 
2 ;, y run over @ in the positive sense, that is so that the region 
bounded by (§ lies to the left of the direction of motion as in Fig. 1. 

Let 35 be the projection of 31 on the #-axis, and £ the section of 
81 at a point x of 35. Then 

S«i dxay= i d *Si{ d!l 

as we saw in 75, 2. 

At a point x = a in Fig. 1 

J^ldy = (F 2 - F s ) + (Ft - F{) = (F 2 - F l} + (F, - FJ, 
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where F 1 denotes the value of F(x, y) at the point 1, etc. At a 
point as x = /3 in Fig. 1 the right side becomes F 2 — F v Thus in 
any case 

and hence 

(2 

Let us show that the right side 
is equal to 

- ( Fdx. (3 o & 

X $ a 

In fact to calculate 3) we Fig * 1 * 

break (5 into a number of arcs such that for each arc y is a one- 
valued function of x . Along the lower arc AB of Fig. 2 let 
y = y v along the upper arc let y = y 2 . Along the lower arcs GZ), 
BF let y = y 4 , and along the upper arcs let y = y 3 . Thus 




~J/ dX== £ (F2 ~ Fl)dj ' + f K ^~ F 1 ) + {F i -F i ' ) \dx+ ... 

= f drI,(F s+1 -F,) 

«/» 


(4 
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as in 2). Thus 2), 4) give 



In the same way if 0 denotes the projection of 21 on the ?/-axis and 
B a section of 21 parallel to the z-axis, we have 


JX axdy ~i dy L“'£ d " 

=£dyl(G„ 




(6 


On the other hand, taking account of the positive direction of @ 
[Gdy= fdxKG.v-G.y (7 


Hence from 6), 7) we have 

f 1T~ dxdy = C Gdy. 
ox «/<g 


(8 


On subtracting 5) and 8) we get 1). 

2. As a physical application of Stokes’ theorem let us return to 
our line integral 

W= 


£{Xdx + Ydy ), 


(9 


which expresses the work done by a unit mass moving from a to 
b along some curve 0 in a field of force 5 whose components are 
X , Y as explained in 77. 

We saw that when $ has a one-valued potential V(x , y ) whose 
first partial derivatives are continuous in some connex 21, the value 
of W is the same for all curves C in 21 leading from a to b . This 
condition is sufficient to make the value of W independent of the 
path 0 . 

In this case ^ dV Tr d V 

x ~— & ■ < 10 

If X, Y have continuous first partial derivatives, Stokes’ theorem 
shows that if O v C 2 are two paths leading from a to b and St the 
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connex they bound, the work done in running over the boundary 
(g = + < 7-1 of * is 

W= f (. Xdx + Ydy) = f- C 
Jc x Jo t 


1 


(ii 

Now from 10) 

dx _dY _ 

dy dx dxdy 


Thus 11) gives 

0 

11 

I . 

II 



or the work performed along is the same as the work done 
along Q v as it should be. This gives us nothing new. 

But let us reverse our reasoning. Let us suppose that X, Y 
have continuous one-valued first partial derivatives in a certain 
connex 21. We ask what condition must X, Y satisfy in order 
that W is independent of the path C ? 


The answer is that 


<9X = ar 

dy dx 


(12 


must hold at each point of 21. For suppose it did not hold at a 
point c, in Fig. 3. Then within some domain D about c , 


ax_ar 

dy dx ’ 

being a continuous function of y, must 
have one sign, by 69, 7. Let 7 be a circle 
with center c and lying in D. Then by 
Stokes’ theorem 

where T is the region bounded by 7 . 

Now the right side cannot = 0 since the integrand has one sign 
in r. Thus the work done in going around 7 is not 0, or 



W y =£ 0 . 


(13 
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Let us now go from a to b along opposite sides y a of 7 . Sup- 
pose the work ^ 

for these two paths O v 0 2 were the same. Then 


But 

Also 


W oo -i = 0. 
12 


G x C% 1 — aay x • fib • b/3 • y^aa. 

W aa = — Waa 1 Wp b = — W b p , TTy^-1 = 


which contradicts 13). 

Thus w CiC -i=w y =o, 

which contradicts 13). 

Stated in mathematical language these considerations give : 

Let F, G- be one-valued functions having continuous first partial 
derivatives in the connex 21. In order that the value of 


(Fdx -f Gdy) 


shall be the same for all paths in 21 leading from a to 6 , it is 
necessary and sufficient that 

$F BG • cur ^ 
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DIFFERENTIATION AND INTEGRATION 

81. R6sum6. Before going further, let us take a look back and 
see what we have accomplished so far. In Chapter I we have 
established the arithmetic of complex numbers. It is thus pos- 
sible at this point to define algebraic functions of a complex 
variable z, since the definition involves only rational operations. 
The reader will recall that a rational function of z is defined by an 
expression of the type 

ID/' \ *4" Cb\ Z -f* • • • + a m Z m • . • . , 

-ft(z) = 0 ' 11 ' m ,m,n positive integers, 

Oo"f" ^i^ 4" ••• O n 2! n 

which obviously involves only rational operations. An algebraic 
function w of z was defined by an equation of the type 

w n + JR]W n ~^ + + R n ~i w 4- R n = 0, 

where the coefficients are rational functions of z . Thus the defi- 
nition also only involves the rational operations of addition, sub- 
traction, multiplication, and division on the variable z. 

The transcendental functions 

0 Z , sin z , log z, sinh z, arc sin z •- (1 

cannot be defined in this simple manner. The definitions we have 
chosen as the most direct and simple employ infinite series. We 
have therefore developed the subject of series. Now the conver- 
gence of a given series A whose terms are any real or complex 
numbers is of prime importance because divergent series are not 
employed in elementary mathematics. To test the convergence of 
A we pass to the adjoint series 21 when possible, because the terms 
of 21 are real and positive. Thus we are led to consider first the 
theory of series whose terms are real, and especially those which 

163 
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are positive. This we did in Chapter II. In the next chapter 
studied series whose terms are complex, and in particular I 
important subject of power series. 

Having developed the theory of infinite series as much as ne< 
ful we were in position to study in Chapter IV the elements 
transcendental functions 1). At the same time we took a hr 
survey of the algebraic functions. 

The next topic in order would be the caleultu of those functio 
that is, we should learn to differentiate and integrate these fui 
tions just as is done for a real variable z. In order to treat tl 
subject clearly we have inserted a chapter, the foregoing oi 
whose object is to furbish up the reader’s knowledge of the c, 
cuius and to emphasize certain points of theory which are uaua 
passed over hurriedly in a first course. We also developed t 
notion of a curvilinear integral which is the foundation of t 
following chapters. 

These matters having been looked after, we are now in a jk> 
tion to take up the differentiation and integration of functions 
a complex variable t. But first let us define more explicitly 
function of z. 

82. Definition of a Function of z. 1. We have already defined 
number of functions of the complex variable i, viz. : the ulgubrii 
functions, e*, sin z, log z, etc. These we called the elementary fun 
tions. From these we can form more complicated functions of s 

8 ** 4- 1 . /5 s- 

W<m T . * + BJn*Vl+* i I 

1 — z* 

All such expressions will be oalled functions of * just as tin 
would be in the calculus if z were replaced by the real variable . 

Any such relation establishes a relation between * and w i 
follows. For eaoh value of z which belongs to a set of points 
in the z-plane, one or more values arc assigned to w. We no 
generalize as in 66 in this manner. Let 8 be a point set in the , 
plane. Let a law be given which assigns to the variable k* one . 
more values for each value of * in 8. Then we say w is a functio 
of * in 8. If w has but one value for each * in 8, w is a unr-tut/u,' 
function in 8, otherwise many-valued- 
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1 


For example, the relation 


w = 


V«2-l 
sin z 


i 


assigns to w two values for each z not among 

0, ±7 T, ± 2 7T, ••• 

except at z = ± 1, where w has but a single value, w = 0. Thus 
is a two-valued function in the point set 21 which embraces tl 
whole 2 -plane excluding the points 2). 

The branch points of this function are z = ± 1, that is, when 
describes a circuit about one of these two points, the two values 
w permute. By means of this two- valued function we can defii 
a one-valued function of z. In fact let 23 be an acyclic part of 
relative to the points z = + 1, and z = - 1. For example, let 
denote the points of 21 which lie to the right of the parallel to tl 
y-axis, x = 1. At the point z = 2, w has two values 


V3 

sin 2 


and 


- V3_ 

sin z 


Each of these may be used to define a branch of 1) and th 
branch is a one-valued function of z in 23. If instead of 23 we tal 
a cyclic set 6 relative to + 1 or — 1, the function of z just define* 
which is one-valued in 23, is two-valued in E. 

Thus a function which is one-valued relative to one domai 
may be many-valued in some other. Conversely by taking on 
part 23 of the domain of definition 21 of a many-valued functio 
we may employ one of its branches to define a one- valued functio 
of 2 relative to 23. 

2. It is important to remember that the functions we deal wit 
in the following are one-valued in the domain 21 under considers 
tion unless the contrary is stated, or unless it is obvious from th 
matter in hand. 

We make also another limitation. The domain for which 
given function w is defined will always be a region [70, l], unles 
the contrary is stated. 

For example, the domain of definition 21 of the function 1) is 
region. For z = a being any point of 21 we may obviously describ 
a circle c about a such that all points within c belong to 21. Th 
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reader will also note that the domain of definition of all the ele- 
mentary functions defined in Chapter IV are regions. 

For example, the domain of 

w = log z 

is the point set 21 formed of the whole 0 -plane excluding the origin 
0=0. This function is infinite-valued in 21 ; but any one of its 
branches is a one-valued function in a conn ex acyclic relative to 
0 = 0 . 

As another example, the domain of definition of 

, sin 0 

w = tan 0 = 

COS0 

is a set 21 embracing the whole 0 -plane excluding the points 

~ 4- mir. Obviously, 21 is a region. 

£ 

3. Let w be a function of z defined over some point set 21. To 
each point z = x+iy in 21, w will have one or more values, 

w = u + iv. (3 

The values of u , v will depend on the position of z in 21, that is, on 
the values of x , y. Thus w, v are real functions of the two real 


independent variables a;, 
y . If w is one-valued, 
so are u and v. 

V 

z-=x+iy , 

u 


Conversely, let 

0 

0 


u(x, y ) , v(x , y) 

X 


V 

be two real functions of 





the real variables a;, y defined over some domain 21. If we set 

0 = a; + iy , (4 

then to each point x, y of 21 will correspond a value of 0 . By 
means of 3) we can now define a function w of 0 by stating that at 
the point 0 , w shall have the value 3) when u and v are given the 
values that they have at the point a;, y corresponding to this value 
of 0 as defined in 4). 

Example 1. Let 


u = e? cos y , v = e? sin y . 


(5 
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To a given value of a, correspond a pair of values x , y determined 
by 4). For these values of x, y, the relations 5) define the values 
of u, v. These put in 3) determine the value w has f<?r this 
value of a. Thus 

tv = e x cos. y + ie x sin y 

is a function of a. It happens to be the exponential function e* 
[54, 5)]. 

Example 2. Let u=3 ? + y t ? v = -2xy. 


Then we must consider from the foregoing definition 
w = (a? + y 2 ) — i • 2 xy 

as a function of z. 


4. Images. Let w=f(z) (6 

be a function of z defined over a point set 21. When z ranges 
over 21, w will range over some point set, call it 58, in the w-plane. 
It is convenient to call 58 the image of 21 afforded by 6). We 
write oa qv 


This we may read : 58 is the image of 21, or 58 corresponds to 21. 

The relation 6) establishes thus a relation between the points 
of 21 and 58. If / is a one-valued function in 21, to a point z = a 
in 21 will correspond but one point w = b in 58. If / is on the 
other hand a many- valued function in 21, to z = a will correspond 
more than one point in 58, as 6', J", V n •••. If b (m) is one of these 
points, we may write m 


which we read : b Cm) corresponds to a. 

When to each point a in 21, there corresponds but one point b 
in 58, and to each b in 58 but one a in 21, we say the correspond- 
ence between 21 and 58 is one to one or unipunctual. This we may 

wr ^ e 58 ~ 2f , unipunctually. 


83. Limits, Continuity. 1. Let w be a one- valued function of 
z defined about z = a. Suppose as z = a, that the values of w 
converge to some value l . We say l is the limit of w for 2 = a 

and write ii m ^ =s l ; or w == l as z = a. (1 
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Geometrically this means that having described an e circle 

about the point l in the w-plane there exists a 8 > 0 such that 

when g is restricted to lie in 

, z plane 

a 8 circle about z = a, the 

center excluded, the corre- {T 

sponding values of w fall in 

the e circle. 0 

Expressed in e language the 

relation 1) means that for each 

e > 0, there exists some 8 > 0 such that 


tv plane 


I w - 


■ 1 1 < e for all 0 < | z — a | < 8. 


(2 


The reader will note the perfect analogy of this definition with 
the definition of a limit given in Chapter V where the variables 
are real. From this follows that the ordinary properties of limits 
employed in the calculus will also hold here. 

Thus if 

/O) == r , g(z) = s as z = a, 
then lim(/+£) = r + «, 

z=a 

lim/ ■ g = r ■ s. 


If \g(z)\ > some 7 > 0 near z = a, 

linv£ = r, 

x=a g 8 
etc. 

2. Suppose we write 

w = u -f iv , l = X + ip , a = a + i/3, 

where u, v are one-valued functions of x , y about the point / 9 . 
Obviously if 

u = \ , v = fi Qi 

as a, y converges to the point a, /9, then 

w = X + ifi = l as z= a. 

Conversely if . 7 

J w = l as z = a, 

necessarily 3) holds. 
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3. Continuity . Let z describe a continuous path P in the 
21 -plane ; if the corresponding values of w define a continuous curve 
in the w-plane, we say w is continuous. 

To obtain an analytic formulation of this we have only to repeat 
the considerations of 69, with slight modifications. This leads us 
to define as follows : 

Let w be a one-valued function of z defined about the point 
z = a. Let w have the value a at z = a. If 

lim w — a, 

z—a 

we say w is continuous at a . If w is continuous at each point of 
some domain 21, we say w is continuous in 21. 

4. As in 2, let w = u + iv . The same considerations show that 
for w to be continuous at z = a = a 4- i/3 it is necessary and suffi- 
cient that u(x , y), v(x , y) be continuous at the point a, /3. 

5. If w is continuous and =£ 0 at z = a, w is =f= 0 in some circle 
c described about a. 

For let w = a at z = a. Then for each e > 0 there exists a c 
such that 

| w (z) — a | < e for any z in c, 

or what is the same, o 

a — e < w ( 2 ) < a + €. (1 

If we take e such that e < | a\ = i2, this relation shows that 

| w 00 | J> v where 77 = | a | — e > 0 (2 

for all z in c. 

6. If w is continuous at 2 = a, 

| w ( 2 ) | < some G 1 (3 

for any z in some circle c about a . 

This follows at once from 1). 

7. The inequalities 1), 2) may be extended to any connex 
@ as follows : 

If w is continuous and =£ 0 in the connex the numerical value 
of w never sinks below some positive constant r\ in £, or 

| w ( z ) | > rj > 0 in ®. 



(4 
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1 or suppose w = 0 as z ranges over a set of points Oj, Oj ••• in (£ 
which converge to a. In symbols suppose 

lim w(a n ) = 0 . 

n = oo >■ 

Now w being continuous, 

w(a) — lim w(a n ~). 

71 = oo 

Thus w = 0 at z = a by 5), and this contradicts the hypothesis 
that w 0 in (£. 

8. If w is continuous in the connex S, 

\w(z)\ < some Cr , in S. (0 

For if not, suppose | w (z) I = + « as a ranges over some set of 
points Oj, « 2 ••• in 6 which == a. But w being continuous at z — a, 
the relation 3) holds in c. But then 

lim | w(a„) | cannot be + oo. 

n=aO 

Thus if 6) does not hold, we are led to a contradiction. 


Differentiation 

84. 1. Let w be a one-valued function about the point z = a. 
When the independent variable 2 passes from z = a to z=a + h, 
that is, when z receives an increment h = Az, the function 
w(z) receives an increment 

Aw = w(a + h)— w(a). 

The quotient ' 

Azh (1 

is called the difference quotient as in the calculus. If 
lim »(« + *)-»(«) 

exists, we say w has a differential coefficient at z = a, whose value 
is the limit 2). It is denoted by w' (a). If the limit 2) exists 
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for each point a of a region SI, it defines a function of z denoted by 

^ or by w'(z) 

and called the derivative of w(z ), The value of w’(z) at z = a 
is of course w f (a). 

2. The reader will note that this definition of the differential 
coefficient w'(a) is entirely analogous to the definition when the 
variable is real, given in 72. The only difference lies in the fact 
that in the calculus, h is restricted to move on an axis about the 
point h = 0, while in 2) h is any complex number =£ 0, in some 
circle about the point h = 0. 

3. Let us note that if w has a differential coefficient at z = a, w 
must be continuous at a. 

For by hypothesis the limit 2) exists and is finite. As the 
denominator h = 0, the numerator must also = 0. But then 

w(a 4- K) = w(a ), 
which is the definition of continuity, 83, 3. 

4. By reasoning exactly as in the calculus we can show that 

d(f+£t) =/'(*) + </(z), (3 

az 

d( { g) =fg' + gf, (4 


±(t] = 9f' -fit. 

dz\gj g 1 


(5 


hold under the same conditions as when the variable is real. To 
illustrate this let us show that 5) holds in any region 31 in which 
g*£ 0 . 

For let us set h = Az, 

w=£ , g = g(z + h). 

9 

Am; _ g A/ - /Ay _ 1 4/ _ / . * A£. 

Az — ggAz g Az g g Az 


Then 


(6 
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If A z is taken so small at a given point z that z + h lies in SI, g 
is =£ 0. Next we note that 

lim g = lim g(z + h) = g(z), 

&z=0 h=Q 

since g is continuous by 3. Passing now to the limit A z = 0 in 
6), we get 5). 

5. By the aid of the foregoing we can find the derivative of a 
rational integral function 

/= a 0 4 a 1 z + ag z 2 4 •• 4 a m z m . 


For as in the calculus we show that 

dz 

Thus by 3), j* 

— = a* 4 2 a 4 * • • 4 7na m z n - 
az 

Also the derivative of a rational function 

j aa «o+«i*4 4 a m z m _ / 

K 4 4 • • • 4 K zn 9 

can be found by 5). 

6. Let us prove here a theorem we shall need later. 

If w =f(z) has a differential coefficient f (a) =f=0 at x = a, there 
exists a 8 > 0 such that A w does not vanish when z ■=. a +Az is 
restricted to D* s (a'). 


For as 
we have 


lim^=/'(a) 
a*=o A z 


at z = a, 


o 


Aw= \f(a) 4e'j As 
where | e' | < € if only 0 < | | < some 8. 

If now we take 0 < e < |/ ; (a) | 

we see that f(a)+d cannot vanish when 0 <| Az\ < S. Thus 
A w cannot vanish under this restriction, as 7) shows. 

85. The Derivative of a Power Series. 1. Let the power series 
JP ( z ) = #q 4 a^z 4 # 2 ^ 4 • • • 



in 81, g 


= 0 in 

e of a 


i 

! 


&, there 
•A z is 

O 

Thus 

eries 

(i 
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have E as a circle of convergence. We show that P 
tive within E, viz. : 

P' (z) = 4- 2a 8 z + 3 a 8 z a + ••• 

For by 43, 5) 

\ P(z + A) = P(z) + hP ,(2) + 1 A a P 2 0) + . 

where P x = a, + 2 a 2 z + 3 V + - 

which is the series on the right side of 2). As z is 
but fixed point, let us write 3) 

P(z+h') = b 0 +b 1 h + b 2 h* + 

This converges absolutely as long as the point z + h 
that is as long as , = |A|< someS. 

The adjoint of 5) is 

'iP = /3 0 + fa + 1 

and as this converges for r) = 8, 

/3 0 + + /8*8> + • • • = £o + + &V 3 * + + ‘ 

is convergent. Hence 

O = + /S4S 2 + * •• 

is convergent. 

From 3) and 5) we have 

A P = P(z + A) - PO) = p (z) + h | J 2 + 6 8 A - 

A Z h 

= P x (z) + hQ. 

Now each term of q = ^ + 5^ + h jt + ... 

is numerically <_ the corresponding term of the se 
| A | < S. Thus | $ | < <q ? a constant. 

Hence hQ = 0 as A== 0. Hence, passing to the limi 
we get 2). We have thus this result : 

The function of z defined by a power series 1) ha 
within its circle of convergence , which is obtained by 
1 ) term by term . 
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2. Let us show that : 

The derivative series 2) has the same circle of convergence S as 
the series 1). 

For let z be any point within <S ; let l be any point within 6 
such that 

| <L (8 

Since 1) is convergent at b , 

«n/S n < some M n = 0, 1, 2 ... 
by 30, 3 . Let us now look at the adjoint of 2); it is 

«i +2 c^+ 3 (* 3 ^ + ... (9 

Its with term is 

S 5 e sr<¥r- 

Thus each term of 9) is < the corresponding term of the series 

??"(*) ' Oo 

This last series is convergent by 21, Ex. 1 by virtue of 8). Hence 
9) is convergent and hence 2) is absolutely convergent. 

The series 2) cannot converge for any z without £. For then 
9) would converge for some f > the radius of ffi. Thus 

“o + “i? + 2 + 3 ccgf 8 + ... 

is convergent for this value of f. Hence a fortiori 
tt o + “i? + <*a? 2 + aa? 8 + ... 

is convergent, and thus 1) converges at a point without <£, which 
is impossible. 

3. Since „ z -a 

e’= l + f- + — + ... 

112! 

sins=-i_£i + £i_... 

1! 3! + 5! 


cos 2 = 1 

21 ^ 4 ! 
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etc., we have, differentiating these series termwise, 


d& 


14.-Lj.il 4. 

dz + 1 ! + 2 ! + 


dsinz 

dz 


- V 2 zt 
= 1 — — 4 -— . 
2 i 4 I 


... = COS z , 


d COS 25 


2! , 25° 


& = -n + si 

Similarly ^ . 8 i n h z # . cogh 3 . 

, = cosh 2 , , = sinh g. 

a25 C?25 


86. The Cauchy-Riemann Equations. 1 . In the foregoing artic 
we have been able to find the derivatives of e* , sin 2, sinh 25 • 
because these functions are defined by means of power serie 
In other cases the following theorem is of great service ; it als 
has a deeper significance from a theoretical point of view. 

Let w = u + iv be a one-valued function of z = x + iy in ti 
domain 31 . Let u , v considered as functions of the real variables x , 
have continuous first partial derivatives which satisfy 

du _ dv du __ dv 
dz dy ’ dy dx 


in 31 . Then w has a derivative in 31 and 


For 


dw _ du j ^dv _ dv 1 du 
dz dx dx dy i dy 

Aw _ A u ^ j Av 
Az Az Az 


But by 73, 4 , A du A , du A , A ( 

J ’ ’ Aw = — Ax H Ay + ctAz + pA w, 

dxdy 


where 


Av = — A# + — Ay + 7A2; + SAw, 
to dy * 7 y 


M 


l/3| 


are all < T 
4 


( 


( 

( 
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if 0 < | Az | < some rj. Thus, using 1), 


(Ax + iA y ) + i^ (Ax + iA y) 
Aw dx dx 


A z 


du 

dx* 



Ax + iAy 


+ * 


where ^ __ aA# + fiAy + i( yAx 4- 8Ay) 

Az 


Now 

hence 

This says that 


Ax | , | Ay | are < | Az | ; 

^|<i«l + l^l + l7| + |S|<e. 

e 7 = 0 as Az = 0 


(5 


Hence, passing to the limit Az = 0 in 5), we get 2). 


2. The equations 1) play a very important part in the theory 
of functions. They are called the Cauchy-Riemann equations. 
From 5) we have, on using 2), 


. , _ # _ Aw == { w'(Y) + € f } Az , 

where e 7 = 0 with A z. 

For later use we note here an important property of c 7 : 


(6 


Let w(z ) Se one-valued about each point of a connex E, and let 
w'(z) be continuous in g. Then e' = 0 uniformly in g; that is, for 
each e > 0, ermfs a 8 > 0 swA that 


| e 7 | < e provided 0 < | Az | < 8 ; 
moreover the same 8 AoZcfa wherever z is taken in g. 
For by 73, 5, a, /8, 7, S = 0 uniformly in g. 


87. Derivatives of the Elementary Functions. 1. Let us apply 
the theorem of 86, 1 to find the derivatives of the elementary 
transcendental functions. We have 


w — e 8 = e x (cos y + i sin y) 


u = e x cos y v = e x sin y « 


du * 

— = eX cosy = 


dv 

by 


so that here 
We have at once 
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As these are continuous functions of a?, y in the whole x , y plane, 
the Cauchy-Riemann conditions are satisfied. We have, therefore, 

by 86, 2) - a 

J J dw du , *dv . 

^ = to + *^ ==e * C082 ' + * ea!sin ^ 

= ^(cos y + i sin y') 

= 6 *. (1 

This result agrees with that already found in 85, 3 by another 
method. The method just employed may be used to prove the 
more general relation 


d • 
dz 


= oe az . 


(2 


2. Similarly, we can show that 
d • sin z 


For 


Here 


dz 


= cos z . 


(3 


w = sin z = sin ( x iy) 

= sin x cosh y + i cos x sinh y, by 58, 18) 
= u + iv. 

du , dv 

— = cos x cosh y = — , 
dx dy 


du . dv 

— = sin x sinh y 

dy * dx 

These derivatives are continuous and satisfy the Cauchy-Riemann 
equations 86, 1). Hence 

d • sin z __ oog x cog j l y __ g ^ n ^ y 
dz 

= cos by 58, 14), 

which is 3). 

Another way to establish 3) is to start from 


sin 2 = 


- <r 


which we derived in 58, 8). Then by 2), 

d • sin z _ ieP + ie ~ iz __ + e”** _ CQg ^ 

2 i 2 


by 58, 7). 
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3. Let us now show that 

d • log 2 _ 1 
dz z ’ 


(4 


taking 

Hence 

where 


one of the branches of log z , say- 

log z = log r 4- i<f> H- 2 m7ri. 

u = log r , v = <j> + 2 rriTTy 

r = ^Joc 2 + y 2 , <£:=arctg^. 


Now at any point different from the origin 

du__du dr __ 1 . x _ x _ dv 

dx dr dx r ' r r 2 dy ’ 

#24 _ dw dr __ 1 y _ y __ dv 

dy dr dy r r r 2 dx 


Thus the Cauchy-Riemann conditions are satisfied, and 

d • log z _du . .dv_ x __ . y 
dz dx dx r 2 r 2 

= - (cos cf> — i sin <j>) 


which is 4). 

4. In a similar manner we find : 
d • arc sin z _ 1 

dz Vl - 2 2 ’ 

d • sinh s 
dz 


d arctg 2 __ 1 

dz “ 1 + 2 2 ’ 


' = cosh 2 


d • cosh 2 
dz 


= sinh 2 . 


(5 


<6 


In the first equation of 5) we must choose the right branch of 
Vl — 2 2 for the particular branch chosen for arc sin 2 , just as in 
the calculus. 


88. Inverse Functions. 1. Let w be a one-valued function of z in 
the domain 21. As 2 ranges over 21, let w range over a domain 83, 
in such a way that to each point w in 33 corresponds but a single 
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point z in 81. Then the relation 

w =f(z) (1 

may be used to define a one-valued function of w , 

z = g(w) (2 

in the domain 58. We call this the inverse function. If, on the 
other hand, to several values of z in 21 corresponds the same value 
of w in 58, the relation 1) may be used to define a many- valued 
inverse function. 

We have already had examples of inverse functions. Thus 

w — e* 

defines the logarithmic function. 

We note that 58 is the image of 21 afforded by 1). When the 
inverse function 2) is one-valued in 58, 

58 — 21, unipunctually. 


2. Let us now consider the derivative of the one-valued inverse 
function 2). We have the theorem : 


if 


-f- is 0 in 21, the inverse function has a derivative 
dz 


dz __ 1 
dw dw 
dz 


in 58. 


For 


Az __ 1 
Aw Aw ' 
Az 


(3 

(4 


provided Aw^ti. Now by 84, 6, Aw=£0, if we take 0< | Az \ < 
some 8. Thus, passing to the limit Az — 0 in 4), we get 3). 


3. We have already found the derivative of logs directly from 
its analytic expression log r + i<f> + 2 m7ri . 


It may, however, be found much more easily from the theorem 2 
above. We start from _ 


We have seen in 62 that log w is one-valued in any connected 
region 58, acyclic relative to the branch point w = 0. While w 
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ranges over S3, let z range over 21. Since 

dw ^ 


never vanishes for any value of z by 54, 2, we have at once from 3), 

dz __ 1 _ 1 
dw e 9 w 

or d • log w __ 1 

dw w 

which is the result obtained by another method in 87, S, the letters 
w , z being of course interchanged. 

4. Let us find the derivative of the arc sin function considered 
as the inverse of 

w — sin z . 

We saw, 64, 3, that the branch points of 

z = arc sin w 

are «-± i. 

Thus in any connected region S3 in the w-plane, which is acyclic 
relative to both of these points, any branch of the arc sin function, 
call it 3, is a one-valued function of w. While w ranges over SJ, 
let z describe the set 21. Then in 21 


does not vanish. 


For cos z vanishes only for 



But for these points w = ± 1, and these points are by hypothesis 
excluded from the region S3. 

Thus all the conditions of the theorem in 2 are satisfied. We 

have therefore , 7 . . 

d • arc sin w __ dz __ 1 __ 1 

dw ~~ dw~~ dw~~ cos z 

dz 

1 

VI 


(5 
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where the radical must have the sign of cos 2 at 
the point z which corresponds to the value of w 
in question. 

5. In the calculus we have 


\j> 

\ 

j 


d arc sin x — 1 

dx "\/l ^ 


X 1 


As the radical is two- valued, the sign to be taken ( 
depends on the branch of the function we employ. V 
Thus if we take the branch which passes through \ 

A in the figure, we must take the + sign. If we 

take the branch which passes through j B, the figure shows that we 

must take the — sign. 


89. Function of a Function. 

relation _ 

dw 

dt 


1. Let us now extend the familiar 

dw *dz 
dz dt 


for complex values, under certain restrictions. 

Let z be a function of t in some domain £. When t ranges 
over X let z range over a domain 3 in the 2 -plane. Let w be a 
function of z in 3- Then w may be considered as a function of 
the variable t in 5E. 


Example 1. Let 


z = sin t , w = e z . 


While t ranges over the whole £-plane z ranges over the whole 
z-plane £. Thus w = e ° i ' t 

is a function of t in X. f 


Example 2. Let ^ __ ^ ^ ^ 

taking that branch which corresponds to z— +1 
for t = 0. Then z is a one-valued function in 
any connected region SC, which, as in the figure, 
is acyclic relative to the branch points t = ± 1 
of the radical. When t ranges over $E, let z 
range over 3* Let 

W = log 2, 
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taking that branch which = 0 for z = 1. Then w is a one-valued 
function of z in Hence ^ __ i 0 g- N /l — t 2 

is a one- valued function of t in 


2. We now prove the following theorem : 

Let z have the derivative — - in £, and w the derivative 

jj. 7 


dz 

If 37 does not vanish in 5£, then 

at 


For 


dw 

dt 

Aw 
At ' 


dw 

dz 

Aw 
: Az 


dz . tv 
-7“ 1ft 2. 

dt 

Az 
At ’ 


A m3 - 


(1 

(2 


provided Az 0. But by 84, 6, this condition is satisfied if we 
0 < | A£ J < some 8 > 0 

since by hypothesis ^0 in St. Let now At = 0, at the same 

time Aw = 0. Thus, passing to the limit At = 0 in 2), we get 1)., 

3. We may use the relation 1) to calculate the derivative of 
complicated expressions, just as we do in the calculus. Thus, let 


We set 
Then 

Hence 




w = e' 


w — e u , u = sin z. 


dw 

du 




du 

dz 


= cos z. 


dw 

dz 


(3 


for all z for which cos z =£ 0. 

^ For these exceptional values of z it is easy to show directly from 
Az that ~dz~ °’ 80 that the relafcion 8 ) holds even in this case. 


4. Let us find the derivative of 


w = (1 + zY , (4 

where n is a constant. Then by 63, 

w = e'‘ log < 1+ *>. 
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Let us set 


u = /i log (1 + z) , w = e u . 


The only branch point of u is z = — 1. Let then ,3 be any con- 
nected acyclic region relative to this point. Let now u denote 
one of the branches of p log (1 4* z) ; it is one-valued in 3? and 


du __ fi 
dz 1 + z 


As this does not = 0 in 3 we have, from 1), 


5. We have proved the important relation 1) on the hypothesis 
dz ~ 

that — is 0. This condition is imposed by the fact that our 

Clt 

reasoning requires that A z cannot = 0 as At = 0. In 118, 9 we 

dz 

shall see that the relation 1) holds even when — = 0, provided 
dz . dt 

— is a continuous function oft . 
dt 

90. Functions having a Derivative. 1. Let us return to 86 and 
prove the important converse theorem : 


Letf(z ) = u + iv be one-valued in the domain 21 and have a deriva- 
tive f (z ) . Then u, v satisfy the Cauchy -Riemann equations 


du 

dx 


at each point of 21. 

For at any point z of 


dv 

dy 


du 

dy 


dv 

dx 


A /_ Au j ^ Av 
A z A z A z 


(i 


(2 


Since f\z) exists at z the left side of 1) zHAy ,z+az 

must converge to f(z) however z f =z+ Az z z+ ^ x 

converges to z. Suppose we allow z r to 
= z by making it approach z along a 0 
parallel to the a>axis. As in general 

Az = Ax + iAy , i 
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we see here that Ay = 0. Then 2) becomes 
4/ = Af_ A u + 

A z Ax Ax Ax' 


Passing to the limit, we get 


f(z) = is + A 

y J bx dx 


(3 


Let us now allow z r = s by making it approach 2 along a parallel 

to the y-axis. Then Ax = 0 and hence A z = iAy. Thus 2) 

becomes A . 1 a a 

A f __ A f _ 1 A u Av 

A z iAy i Ay Ay 


Passing to the limit, we get 


Comparing 3), 4) gives 


sco-l ? -+%■■ 

t by by 


bu . -bv .bu bv 

— -r *— = — 1 — H . 

bx bx by by 

Equating the real and imaginary parts gives 1). 


(4 


2. Conformal Representation. Let w = /(z) be a one-valued 
function having a derivative in the connex 31. Let C v C 2 be two 
curves within 21 which meet at z = a, making the angle 6 with each 

other. If f (a) 0, their images <£ x , g a will cut at the same angle 0, 

at the point a ~ a. 


For let a% be points on C^. C 2 near a, as in the figure. Let 
«i ==/(«i)) «2 =/(a 2 ). Then 


“i -« = if (*) + ‘ilfa - a), 

«2 -«=!/'(«) + e 2 J(a a - «)• 


Since/' (a) =£ 0, Oj — a is =£ 0 if is sufficiently near a. Hence 

"h ~ * _ «i . /'(«) + 

“a — « « 2 — a /'(a) + e 2 ‘ * 

Now the argument of the left side is the angle between the 
chords oqa and <%a. The argument of the first factor on the right 
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of 5) is the angle 0 between the chords a x a and a 2 a. Since e. 
are numerically small, the argument of the second factor on the 
right of 5) is a small number 8. Thus, taking the arguments of 
both sides, we have 

<E> = @ + S 

on choosing @ properly. Now as ^ and a. = a, ® = 0 and 
S == 0. Hence <£ = 6 also. 




3. This property of the representation of the 25 -plane on the 
w - plane afforded by a function w = f (z) having a derivative is of 
great importance in many applications of the function theory. We 
see that if f r (z) =^= 0 in circle S about z = <z, to any little triangle 
T in & will correspond a triangle 2 in the w-plane which is the 
more nearly similar to T, the smaller T is. This we may state 
briefly by saying : The image of an infinitesimal triangle T, in which 
f r (z) =£ 0, is a similar infinitesimal triangle 2 in the w-plane. 

For this reason the representation of the 25 -plane afforded by the 
function w =/(«), is said to be conformal , where/' ( 2 :) =£ 0. 

We have had examples of this conformality in studying the 
representations afforded by the exponential and the sine functions 
in 57 and 60. 

Thus in the case of w = e * , we divided the 25 -plane into a set of 
rectangles and found that their images are a set of circles and 
their radii which, of course, cut each other at right angles. 

In the case of w = sin 25, the rectangles had as images a set of 
confocal ellipses and hyperbolas which also cut orthogonally. 

4. The reader should note that if f(z) is not one- valued or 
if f(z) is 0 or does not exist at 25 = a, the reasoning in 2 breaks 
down. We cannot say the representation is conformal at this 
point. 
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For example, w =Vz, 

which we studied in 49, is not one-valued at z = 0. Two radii in 
the 3-plane passing through this point and making an angle 6 
with each other have as images two radii going through the 
point w — Q and making an angle £ 6 with each other. Thus the 
representation is certainly not conformal at this point. 


Integration 

91. Definition. 1. Let/(V) = u + iv be one-valued and continu- 
ous on the curve 0 whose end points are a, b. 

We will suppose the equations of 0 are given by 

x = <f>(t !) , y = f(i), (1 


as t ranges over an interval X = (a, /3). We will suppose that 
^OO are continuous in X; also that the correspondence 
between O and X is unipunctual. 

Let us effect a division of 3; of norm 
rj by interpolating the points 

t'V ^ 2 ’ ^3 *’■ 

To these points will correspond the 
p°“ te (i> 



on O which effect a division D of norm 
8, say, of C. Moreover 

8=0, as 7j == 0. 




Let us now calculate the sum 


2/(«m)A3 w =/(3 1 )(3 1 - a)4-/(3 2 )(3 2 - z x ) + (2 


Since A z = Ax + iAy, we have 

f (z^Az = (u + iv)(Ax 4- iAy') = uAx — vAy + i(uAy 4- vAx ). 
Thus lLf(z)Az = 2 ( uAx — vAy) +i?Z(uAy + vAx ). 


The sum 2) has, therefore, the value 

2 (u m Ax m - v m Ay m ) + iZ(u m Ay m + v m Ax m ). 


(3 
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Suppose now we let 8=0, the sums in 3) converge to curvi- 
linear integrals. Thus the limit of 2) exists ; we denote it by 


f f(/)dz or by f f(z)dz. 
JC Ja 


We have, therefore, 


C f{z)dz =lim 2f(z m )Az m 
Jo 5=0 

= J* (udx — vdy ) + ij* ( udy 4* vdx'). 


2. Example . Let us evaluate 


where C is an arc of the circle 

x = r cos t , y = r sin t. 

Here /O) = z 2 = (x + zy) 2 = x 2 - y 2 + 2 xyi, 

hence u- 2 ?- y 2 , v= 2 xy, 

dx= — r sin tdt , dy = r cos 
wcfa = — r 8 (cos 2 1 — sin 2 1 ) sin = ^(sin 8 t — cos 2 £ sin t)dt, 

vdy = 2 t* 8 cos 2 £ sin £d£, 
udy = ^(cos 2 £ — sin 2 £) cos tdt, 
vdx = — 2 r 8 cos t sin 2 £d£. 

Thus 


— r 8 J^\ sin 8 1 — 3 cos 2 1 sin + ir® ^ (cos® t — ?> sin 2 f cos t )dt. (6 

In particular, we note that if 0 is the whole circle, call it S, 

f z 2 dz = 0. (7 

J& 

92. Properties of Integrals. 1. The definition 

f f(z)dz = lim 2/ (s B ) Az ro (1 

Ja £=0 
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of an integral of a function of a complex variable is entirely 
analogous to the definition when the variable is real. The only 
difference is the path of integration ; in one case it is a piece of 
the rr-axis, in the other it is a curve 0 in the 25 -plane.' 

From this we conclude that many of the properties of integral 
developed in the calculus can be extended to the integral 1). 
Thus we have } 

f/0O* = - //(«)* (2 

t/ a t/ b 

J f*b r*c r*b 

f /(z)cfe = / fdz+ I fdz, (3 

a Ja Jc. 

where c is a point on 0 '. 

j fb f*b S*b 

' (f+g')dz=l fdz + I gdz . (4 

a Ja Ja 


2. As an exercise let us prove the very important relation 


where 


f/(*)dz < &C t 
1/00 1 <<? , on 0, 


(5 

(6 


and O on the right of 5) stands for the length of the path of inte- 
gration O. We have at once 


1 2/(z m )Az m 


on using 6). As 


<2|/(z M )|.|Az m |< 02|Az m | 

— - Z m Z m _ 


(7 


we see that |Az m | is the length of the chord joining the points 
z m-v z m on 0. Thus, referring to the figure in 91, 

2|Az n | (8 

in 7) is the length of all the chords corresponding to the division D of 
norm 8. Now by definition the length of the curve O is the limit 
of 8) as 8 = 0. Thus passing to the limit 8 = 0 in 7), we have 5). 

3. From 5) we have the useful relation 



f(z)dz < 2 ttG 
(z - ay ~ R n ~i 


n an integer 


(? 
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where Q is a circle of radius R about z = a, and 
I/O) | < 0 on (7. 

For the integrand is here 

which is numerically < 
(z-a) n J —R n 

and the length of 0 is 2 ttR. 


93. Fundamental Integral Theorem. 1. In 91, 5) we have 
seen how the calculation of an integral may be reduced to that 
of two line integrals. In a great many cases it may be effected 
by a far simpler formula, as the following theorem shows. 

Let F(z) be one-valued about each point of a connex 21, and have 
a continuous derivative f (z). Then 

f f(z)dz = F(b)-F(a), (1 

where if F(z) is many valued in 21, F(l>) is the value which F{a) 
acquires as z ranges over the path of integration C. 

For let us effect a division of 0 of norm 8 by interpolating the 
points z v z 2 ••• 2 n _ x . Then by 86, 6), 


.FOi) “ F(a ) =f(z 1 ')Az 1 + € 1 ^z 1 
F(z 2 )-F(z{) =/0 2 )Az 2 + e 2 Az 2 


F(b ) - .FOn-i) =/<>n)As„ + C n Az n . 


Adding, we get 

F(b ) - F(a) = 2/(z m ) Az m + 2e w A z m . (2 

Now by the theorem in 86, 2, the |e m | are all < e for any 
8 < some 8 0 . Thus the last term in 2) is numerically 

< |Az m | < e(7, 

where C is the length of C. This shows that the last term in 2) 
has the limit 0 as 8 = 0. Thus passing to the limit 8 = 0 in 2), we 
get 1). 
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2. The relation 1) is merely an obvious extension of the similar 
relation in the integral calculus. It is just as useful in the function 
theory as it is in the calculus. 

3. A particular case of the theorem 1 and one of especial 
value is : 

Let F(z) be one-valued in the connex 31 and have a continuous de- 
rivative f (z). Then ~ 

jf(z)dz = 0 (3 

for any closed curve C in 31. 


94. Examples. To make the reader feel perfectly at home with 
integration in the complex domain, we give now a number of 
examples. 


Example 1 . 

Here 


Let us evaluate 


/ z m dz m a positive integer. 

f(z) = z m , F(e)= 1 Z“+1. 

m+ 1 


Thus F(z ) is one-valued and f(z) continuous in any connex. 
Hence for all #, b we have 



1 a >»+l} 

m + 1 


(1 


The reader will note that the integral 
special case of 1). 


Example 


r»dz 

Ja 


m a positive integer > 1. 


Here 



is continuous in any connex 31 which does 
not contain the origin, as for example the 
ring in Fig. 1. 


considered in 91, 2 is a 



Fig. 1. 
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* 00 - 


1 — m s m_1 


is one-valued and has/(») as derivative in 2^. 
Hence 


pdz = 1 ( 1 1 | 

J a z m 1 — m\b m ~^ a m-1 j 


Example 8. 


/0)=- , ^(2) = %*. 

z 


(2 

(3 


Thus /(a) is continuous in any connex 21 which does not contain 
the origin 0 . Unless 21 is acyclic relative to 0, F(z) is many- 
valued. In fact if we start from z = a with one of the determina- 


tions of loge at this point which we call 
F a and allow z to describe a circuit $ 
about 0 in the positive sense, F a will acquire 
the value F b = F a + 2 iri at the end of $. 


Thus 


f - = 2 m 


(4 


Let now J x be the value of 3) for the 
path C x in Fig. 2, and J 2 for the path C r 


Then 


J 2 = J x — 2 iri. 


(5 



Fig. 2. 


For C t 0 2 forms a circuit $ about 0 . Hence by 4) 

2 7ri = 

wnich proves 5). 

Finally let S3 be any connex, acyclic relative to the origin. Then 
any one of the branches of the logarithmic function is one-valued 
in S3. Denoting this by log z, we have 


f -f+f-f-f-4-1, 

Jc x C 2 -\ Jc JCi J Ci Jc% 


f*— = log b - log a, 

Ja % 


and this integral is independent of the path of integration, pro- 
vided of course it remains in S3. 
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95. The Indefinite Integral. 1. Returning to the relation 1) in 
93, let us write it 

/ f(z)dz = I(z)-F(a). (1 

J a 


Let Qr(z) be any other function of z which has the continuous 
derivative /(z). Then similarly 


f f(?)dz= #(z) — 6?(a). 
Ja 


(2 


Comparing 1) and 2), we have 

(?(z) = F ( z ) + 0? 

where 0 is a constant. The functions F, Q- are called primitive 
functions of /(z). They are denoted by 

f . /(*)&, 

no limits of integration appearing in this symbol. Primitive 
functions are also called indefinite integrals . 

2 . Every formula of differentiation as 

where F(z) is one-valued and/(z) is continuous in some connex 
31, gives rise to a formula of integration, 

fif (z)de = F (a). 

Thus any table of indefinite integrals given in the calculus may be 
extended to the complex variable z, provided z is restricted to a 
connex in which F (z) is one-valued and f (z) is continuous. 

3. Let the one-valued continuous function f (z) he such that 

#( 2 )=jP/0O<fe 

is also one-valued in the connex 21. Then 

d& 


(3 
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For let z = u be some point of 21. Then 
A Q- = Q-(u + K) — Gr(u ) = 

J /^u+h 

\ fdz. 

U 

As/O) continuous, /(»=/<» + ^ 



and | € f | < € for | h | < some 8. Thus 

As u is a fixed value of z,f(u) is constant. Hence 

J f*u+h 1 /»u+A 

I dz + ± e'dz = J+K. 

u "'Ju 

X u+h 

e'dz < e | A. |. 

\K\<e. 


a a = f(u) (*** A 

A z h 


(5 


Obviously 

Also 


Hence 


Thus jBT= 0 as h = 0. Hence letting h = Az = 0 in 5), we get 


which is 4). 


G-'(u)=f(u), 


96. Change of Variable. 1. Every student of the calculus knows 
that a change of variable is often of great assistance in calculating 
an integral. It is equally useful in the function theory. To this 
end we establish the following theorem : 


Let f (z) be continuous on the curve 0. When z ranges over Q, let 
u — (f>(z) range over a curve D which corresponds to C unipunctually . 
Let the inverse function z = yfr(u) have a continuous derivative on T). 
Then 

C f(z)dz= f f\ty(u)W(u)du. (1 

Jo Jd 


For let us effect a division of norm S of D, by interpolating 
the points u^, •••• To these points on D will correspond points 
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2 fj, Z 2 ••• 

where 


on 0 which effect a division of norm, say 7, of 0 
1 = = ^(u m )Au m + e m Au n , 

K|<e m = l, 2, ... 


Alsc 


provided 8 < some 8 0 . Thus 

2f(z m )Az m = 2f\yfr(u m )\y{r'(u m )Au m + 2fe m Au m . ( 


Now the last term on the right is numerically 

where D is the length of the D curve, and \f (z) \ < &. Bu 
3) states that the last term of 2) has the limit 0 as 8 =* 0. Thu 
passing to the limit in 2), we get 1). 


2. Example. 


Let us calculate 



dz 

Vz 2 — cP 


c^O 


0 


along a curve 0 lying in a connex SI which is acyclic relative t< 
the branch points ± c of the radical. We change the variable 
setting 

u — = z + Vz 2 — c 2 . (i 


Then 


Z = yjr(u') = 


c 2 + U 2 

2 u 


c 


if 0. But w cannot vanish, for if it did, 5) gives 
z + Vz 2 — c 2 = 0 , or z 2 = z 2 — (j 2 , 


which requires <? = 0, and this is contrary to hypothesis. From 
6) we see that z is a one-valued function of u. To the end points 
of 0 correspond _ g=m 

on the curve D^C. 

From 6) we have 

dz = u)du = U ~ f du . 

2 w 2 


From 5), 6) we have 

Vz 2 — e 2 = w 


w 2 — c 2 

2 24 
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Thus 4) becomes, on using 1), 



=i»g i+v *lzf. 

a -f- Va 2 — c 2 


a 


97. Integration by Parts. 1. This is another important method 
for evaluating integrals. Analogous to the calculus we have the 
following theorem : 

In the connex 31, let the one-valued functions /(V), gQO have 
continuous derivatives. Then 


For let us set 
Then 

Hence by 93, 1), 


f fg'dz = f(z)g(z) f b gf'dz. 

•A* _ Ja a 

* 0 ) - f-9- 
h '(.z) =fg' +gf'. 


f (fg 1 + gf')dz = h (6) — h (a) = fg 

Ja _ _a 

01 /*» r -f, 

I fg'dz + / gf'dz = fg , 

va Ja _ _o 

which gives 1). 


(1 


2. The relation 1) still holds when f and g are many-valued iu 
the connex %, provided we take the right determinations of f g 
and their derivatives along the path of integration as 91, l shows. 

Example. Let us evaluate 


We set 
Then 

Thus 



/(z) = logz , g' (z) = z. 



J = \ z 2 log z — zdz 
= l * 2 Ogz - I). 


(2 


(3 
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98. Differentiation with Respect to a Parameter. 1. Let g(z, ■ 
be a one-valued continuous function of z on a curve 0 for ea 
value of u in some connex U. Then the integral 


<f>(u) = 


defines a function of u over U. 
For example, let 

g(z,u)= 

J (»-«)■ 


n an integer, 


where f(z) is a continuous function of z 
alone. Also for purposes of illustration 
let 0 be a simple closed curve, as a circle 
or an ellipse, and let the connex U lie 
within 0 as in the figure. Then z — u 
does not = 0 as z ranges over £7, for any 
point u in U. Then 


rf(z)dz 

Jo (z - uy 


(2 



defines a function of u over U. We shall see that the integrals i 
the type 2) are very important. Returning to the general int 
gral 1), we prove the following theorem, which will be of grej 
service later. 


If ^ is a continuous function of u and z for each u in U and z c 
du 

£7, we have 


For by definition 
But 


w-X**- 

= lim 

Au=0 A u 


( 


A<j> = <f> (u + h") — <f> (u) , h = Au 



z, m + 



g(z, u)dz 


w + ^) — 0(z, u)\dz. 


( 
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Now as in 86, 2 

g(z,u + K)-g ( z , u ) = \g' u (z, w) + s' f Am, 


where | e' | < e provided 0 < | Am | < some & ; moreover this holds 
for every z on 0. 

Thus 4) gives ^ 


= r di O 3 ’ «)ds + r e'^a. 

Aw J c Jc 


(5 


But 


/• 


e'cfe < 


as we have often seen. But this states that the last term of 5) 
has the limit 0 as 8 = 0. Hence passing to the limit S = 0 in 5), 
we get 8). 


Functions Defined by Series 

99. Steady Convergence. 1. Let us consider series of the type 

F=f x (z) +/ 2 (.) +/ 8 oo + - - a 

whose terms f m (z) are one-valued functions of z in some point set 

31, which may be unlimited. The simplest case of such series is 

power series , , N ^ N2 , /o 

a o + a x (z - a) 4- a 2 (z — a) z + ••• (* 


or changing the variable by replacing z — a by z, 

a 0 + a 1 z + a 2 z 2 + (3 

By means of such series we defined the functions 0 *, sin etc. 

If the series 1) converges in 31, it will define a one-valued func- 
tion of z in 8, which we denote by F(z). We wish to study such 
functions relative to continuity, differentiation, and integration. 
To this end we introduce the notion of steady convergence. 
Suppose for all z in a the m th term is such that 

\f m (z)\<g m m = l, 2, ... (4 

where g v g 2 ••• are positive constants. 

Let the series £ _ g x + g 2 + g% + . . . (5 

converge. Obviously the series 1) converges absolutely for each 
z in 31, by virtue of the relations 4). In this case we have com- 
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pared a series whose terms are functions of z with a convergent 
series whose terms are constant. This kind of convergence we 
call steady. We therefore define : 

The series 1) converges steadily in 21 when each term of 1) satisfies 
the relation 4) for all z in 21, and when the corresponding constant 
term series 5) is convergent. 

2. An important property of steadily convergent series is the 
following: 

If the series 1) converges steadily in 21, the remainder after n terms 
F n is numerically < e for any n > some m, for every z in 81. 

For the Gr series being convergent, 

G m <e , for some m. 


Hence as the g m are positive 

Gr n < e a fortiori for any n > m. 

But from 4), | ?, |< S. 

for any z in 21. 

8. Power Series. Let the circle of convergence of 3) be C. Let 
JD be a circle lying within <7, and having the origin as center . Then 
3) converges steadily in D. 

For, let z = /3>0 be a point lying between the 
two circles (7, D on the real axis. Then as 3) 
converges absolutely at this point, the constant 

term series ~ ^ 

«o + «!# + Oa/3 2 + — (6 

is convergent. But for any z in D 

| a m* m [ <L m = 0,1,2... (7 

Thus the terms of 3) satisfy the relations 4) for every z in 2>, and 
3) converges steadily in D. 

4. The definition of steady convergence may be extended at 
once to two-way series « 

2 / m 0 ), (8 







and to double series 
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and if 


Thus if for every z in some point set 21 

|/r. 0) | <9r,„ 

^9r,. 

is convergent, then 9) converges steadily in 3t. 

5. Example- Let us consider the series 

F= ^(z - amn y 

where p is an integer > 2 and 

co mn = ma -\-nb (11 

as in 41, 5. These series, as we shall see, are very important in 
the elliptic functions. 

Let us describe a circle $ about the origin and consider the 
series E formed only of terms of 10) for which the points 11) lie 
without We show that the E series converge s steadily in if. 


(10 


For 


— <h< 1 

®m« 


for any z in $ and for any a> mn in H. 
Now 


1 

2 - 


1 -1 




1- 


Hence 1 < C 

2-®m« “K»f 
where <7 is some constant > 0. 

Thus each term of the E series is < the corresponding term of 
the positive constant term series 

1 

l p ’ 


0X 


which we saw converges in 41, 5 . Thus E converges steadily in 
the circle 


6. Let us show that : 

A two-way power series 

a 0 + a x z + + ••• 

+^+^ 2 + - 
z z 3 


(12 
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is steadily convergent in any ring 91 lying within its ring of conver- 
gence R . 

For let R = C—D, and 9? = @--2). Then the series in the 
first line of 12), call it P, converges steadily in &. Let now 
z = 8 > 0 be a point on the #-axis between the two circles D and 
2). Then the series Q formed of the second line in 12) converges 
absolutely for z = 8, that is, the positive term series 

§+§ + §+- . IM-A (18 


is convergent. Let now z be any point on the circle 2) or with- 
out it. Then | z | =s f > 8 ; hence each term of 

Q = h + h + h + ... 

z z l z a 

is numerically < the corresponding term in 13). Thus Q con- 
verges steadily for all points on and without 2). Hence 12) 
converges steadily in the ring 9£ formed by E and 2). 

100. Continuity. 1. It is quite important at times to know if the 
sum of a series of continuous functions is itself continuous. The 
following theorem is often useful. 

Let the terms of the series 

be continuous and one-valued about z= a. If 1) converges steadily 
in some circle E about a, F is continuous at a. 


To prove this we have only to show that 
lim F(a -f A) = P(&). 

h— 0 

Let A F= F(a + A) - FQd), 

then 2) is equivalent to ^ __ q 

h = o 

F = F m + P m , 


(2 

(3 


Let us write 1) 
then 


AP = AF m + AP W . 


(4 
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Since F converges steadily in g, 


for some m and for any z in g by 99, 2. Thus, in particular, 
|JP«.(«)|<| » |-P m (« + A)|<| , a + Aing. 

Hence subtracting, 

| AJ | < e , or lim A F m = 0. (5 


Since F m is the sum of m continuous functions, it is itself continu- 
ous. Hence 


lim A F m = 0. 

A=0 


(6 


Thus letting A = Az = 0 in 4), we get 3) on using 5), 6). 


2. The power series ^ + ^ + + ... (7 

is a continuous function of z at any point within its circle of con- 
vergence (£. 

For let 2 = a be a point within Let $ be a circle about 25 = 0 
which contains a in its interior. Then we can describe about 
z = a a circle c which lies in As 7) converges steadily in $ 
by 99, 3, it does in c also, since this is a part of Hence F is 
continuous at 25 = a by 1. 

3. A property of power series often used is this : 

Let the series p _ ^ + ^ + + ... 

converge about the origin. If a 0 ¥=0, P does not vanish in some 
circle c about the origin . 

This is an immediate consequence of 83, 5 , since P is continu- 
ous at z = 0. 

4. Closely connected with the property of continuity is the 
following theorem ; it embraces 1, in fact, as a special case. 

Ld F{z)=Uz)+Mz)+ - 


(8 
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converge steadily in some circle $ about z = a. Let each 
/» 0)=«» » as z = a. 

f (7 = Cj + + • • • 

is convergent, we have 

lim F(z) = 2 lim/„(3) = (7. 

z=a z=a 

For we may take m so large that 

l-^mOOICl > ^ m< | ’ 2in ^- 

Also we may take S > 0 so small that 

I AO- 0.1 <| , 0 < | a — « | < S, 

since by hypothesis, \ ■ n 

j jf F m (z) = O m as z = a. 

Then the relation 

F ~ — O m + F m — C m 

gives 

\*- o\<\r u -o m \+\i m \+\u 9 \ 


and this establishes 9). 


<1 + 1 + 1 = * by 10), 11 ), 


101. Termwise Integration. 1. In order to integrate a series 

^(*)=/ i (*)+/ 2 00 + - (1 

it is usually most convenient to treat it as we would a finite sum 
and integrate it term by term, or as we say termwise. This 
method, which suggests itself at once to the reader, is permissible 
as follows : 

Let each term of 1) be one-valued and continuous in a connex 81. 
If 1) ^verges steadily in §1, we may integrate it termwise over any 
curve 0 in SI ; that is , 


JjF(z)dz — J* fdz 4- j* f 2 dz ... 
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For being steadily convergent, 


and 


F(z) = F n + F n 

\Fu\<* 


(3 

(4 


for all n > some m, and for all z in 21. 

By 100, l F is continuous. As F n is the sum of n continuous 
functions, it is continuous. Hence F n is continuous. Thus 8) gives 


By 92, 2, 


C Fdz = C F n dz 4- f F n dz. 
Jo Jo Jo 

J* F n dz < eO, 


(5 


where 0 is the length of 0. Thus the last term in 5) has the limit 
0 as n = oo. Thus letting n == oo in 5) we have 


£ 


Fdz = lim 


— lim 

n=» 




(6 


Now for the series on the right of 2), that is, 

C f\dz + f f 2 dz + — 

Jc Jc 

to converge it is necessary that the sum of its first n terms should 
converge to some limit. The relation 6) shows that this sum does 
converge and has as limit the member on the left. Thus 2) holds. 

2. From the foregoing we can show that 

loga -»)=-{| + M + -} a 

is valid within the unit circle, that is, for \z \ < 1. 

For 1 

= 1 4- 2 + 3 2 + ••• if | z | < 1. 

1 — 2 
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Hence 


C — _ log (1 — 3)= f dz + C zdz + 

./o 1-2 Jo Jo 

= 3 + £3 2 + |-3 3 + ... 


which is 7). 

3. We can show similarly that 


#3 4j5 

arctg 3 = z-- + --. 

o o 


1*1 < 1 . 


For 


Hence 


1 + 3 2 


= l _ a 2 + z 4_ z 6 + ... 1*1 < 1 . 


fit— x^ + 


which is 8). 


-'-i + 


(8 


4. The reasoning in 1 shows that 2) holds provided each term of 
1) is continuous on the curve O and the series 1) converges steadily 
on 0. 


5. Since a two-way power series 

F = 2a n (z — a) n 


(9 


converges steadily in any ring 9? lying within its ring of conver- 
gence, we have for any curve O in 9t 



= j* atflz + a^ J* (.-«)* + ... 



(a — a)"<fe. 


(10 
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Let now 0 be a circle $. Since 


we have 



n dz = 0 n =#= 

Fdz = 2 7ria_y 


- 1 , 


(11 


102 . Calculation of ir. Let us use the relation 8) in 101 to calcu- 
late tt; it will serve as an exercise in infinite series. Putting 
z = £ in that relation we get 


a 



1 

5 


1 l_ 1 1 

3 ' 5® "o " 5 6 


7 S’ 


(1 


The error committed in breaking off the summation of any term is 
less than the next term, as we saw in 15, l. 

From trigonometry we have 


which gives here 
Similarly 
Let 

Then 

Thus 101, 8) gives 
/3 = 


tan 2 a = 


2 tan (i 


1 — tan 2 a 
tan 2 a = ■. 

tan 4 a = 


tan /9 = 


tan 4 a — 1 
1 + tan 4 a 


J__l 11 1 

239 3 ’ 239 s 5 ' 239 6 


239* 


(2 

(3 


and the error committed in breaking off the summation at any term 
is less than the next term. Thus from 1), 2), 3) we get 


zr = 4 1_ I . l + i . i 

4 [5 3 5® 5 5 6 

We have now 

i = -2 

1.I-. 000084 

l . I =.000000057 
9 5® 

JL . ^=.0000000001 


J,_1J__1. 1 + ...].. 

[239 3 239® J 


l. I = .002666667 
3 5 s 

i . I = .000001829 
7 S’ 

i- • JL = . 000000002. 

11 5 n 
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Thus * = . 200064057 - . 002668497 

= .197395560 
is correct to 9 places, and 

4 a = .78958224 
is correct to 8 places. 

Also we have ^ _ 004184100 

l • JL = .000000024. 

3 239® 

Thus $= .004184076 

is correct to 8 places. 

Thus 7 t 


or 


2-=. 78539816 
4 

7r = 3.1415926 •* 


is correct in the last decimal. In fact a more elaborate calculation 
gives tt= 8.14159265858- 


103. Termwise Differentiation. 1. From the theorem on term- 
wise integration of a series given in 101, 1 we can deduce a useful 
theorem on termwise differentiation : 

In the connex 31, let each term of the convergent series 

+/*(*)+ ••• 0 - 


be one-valued and have a continuous derivative . if 
converges steadily in 21, 


(2 


G-=~ , in £ 

dz 


For by 101, l 


f G-dz = C f[(z)dz + f f 2 (z)dz + 
*/ I a Id 


= }/i(*)-/i(a) ] + } + ••• 

= F(z~)-F(a). (3 


Thus by 95, 3 we get, on differentiating 3), 
dF n 
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2. A 'power series may be differentiated termwise at any point 
within its circle of convergmce . 

For let 


F = a 0 + a x z + a^ 2 + 


(4 


have the circle of convergence (S. Then by 85, 2 the series 
G = + 2 a 2 z + 3 + ••• 

obtained from F by differentiating it termwise has the same circle 
of convergence 0 . Thus if c is a little circle about a point z = a 
within (7, the series F converges in c, and G converges steadily 
in c by 99, 3. Thus the condition of the theorem l holding, we 
may differentiate 4) termwise, or 

— — = G = a^ + 2 a^> "h 3 g£ 2 -j- • • • 

Remark . We note this theorem was proved in 85, 1, making 
use of double series. 


3. A two-way power series F = 2 a n z n may be differentiated 

- 00 

termwise at any point within its ring of convergence; that is, 


dF 

dz 


= Sna-s"" 1 . 


To prove this we need to consider only the special case 

$ circle of convergence. 


If we set 
we get 
and 


z z 1 
1 
u 

F=b x u+ b 2 v? 4- 

|f=J 1 + 2V + 


If now we apply 89, 2, we get 

dF _ dF du 
dz du dz 


n 1 

since -- = — 0 without $ 


dz 


= -4i&i + 2J# + 

z 

$ 1 - 1 - 9 ^ 4 . ... 

Q ' O ' 


without 
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4. Differential Equation for F(affyz). As an exercise in dif 
ferentiating power series let us find the derivatives of the hyper- 
geometric series 


F(aftyz') = 1 -f- 


cc • ft 
1 • y 


3 + 


a - a + 1 • P • 0 + 1 2 , 
“ 1 - 2 . 7-7 + 1 2 + "‘ 




introduced in 39, 4 and show that it satisfies the differentia 
equation 

< z ~ 1 ^ + ^ + ^ + l>-y\^+a 0 F=O. (t 


On differentiating 5) termwise we get 


F'(a/ 3 yz) = 


oo 

2 

n=l 


n 


a • a + 1 ••• 
1-2 


a-fw — 1 • $ • yS + 1 0 + n — 1 

n • 7 • 7 + 1 ... 7 + n — 1 


z n - 


i 


y a • a+ 1 ... a + n - yS ■ /9-f 1 ... /3 + n 
1 • 2 ... » + 1 • 7 . 7+ 1 ... y + n z 


« + 1 .*. « + n • fi + 1 ... /3 + n 
77 l - 2 ... n + 1.7 + 1...7 + » Z 


Hence 


— + 1> £ + 1, 7 + 1, z). 


J T "(«/37z)=“^ y3 J , '(« + l, /9 + 1, 7 + 1, z) 

-“•“;!^ : / + v . + ^ +2 , 7+2 ,.), ( 8 




etc. 


To prove that 5) satisfies 6) let us set 

p = a • a+ 1 ••• a + w — 1 • yS • /3 H- 1 ••• y8 -f- 1 
1 . 2 • •• n • 7 • 7 + 1 ... y + n — 1 

Then the coefficient of z n in z 2 F n is 

»(* - 
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in — zF" it is 

in (jul + /S + V)zF' it is 


n(<*+ »)(/3 + n) p 
y + n " ’ 

»(« + 0 + 1)P B , 


in — yF' it is 


in ajSF it is 


7 ,+« — p - 

rf-p.- 


Adding all these gives the coefficient of a n in the left side of 6). 
We find it is 0. 



CHAPTER VII 


ANALYTIC FUNCTIONS 

104. Definitions. 1. At this point we begin the study of tl 
theory of functions of a complex variable. The functions coi 
sidered in this theory are not the general functions considered i 
Chapter VI, but a subclass of these, viz. those functions which ha^ 
a continuous derivative. To be more specific, let w have assigne 
to it a definite value for each point z of the connected region 21 sue 
that w has a continuous derivative in 21. We call w a one-value 
analytic function of z in 2t. Suppose, on the other hand, that w hf 
in general more than one value assigned to it for the points of 2 
We will call it a many-valued analytic function if its values ca 
be grouped in branches, each of which is a one-valued analyti 
function about each point of 21. 

2. From this definition it follows that 

e* , cos z , sin z , cosh z , sinh z 

are one-valued analytic functions in the entire plane. For the 
each have a continuous derivative for any z. 

Similarly j 

s 2 - 1’ 

for example, is a one-valued analytic function for the region \ 
formed of the whole 2-plane after deleting z = ± 1, the zeros o 
the denominator, while 

tan z 

is analytic for the region 31 formed of the whole plane after delet 
ing the infinite point set 



On the other hand, 

VI + 3 2 

210 



ANALYTIC FUNCTIONS 


211 


is a two-valued function for the region 21 formed of the whole 
plane after deleting the branch points ± i, while 

logs 

is an infinite-valued analytic function in the region 21 formed of 
the whole plane after deleting the origin z = 0. 

3. A power series 

P(z) = a Q + a x (z - a) + a 2 (s — a) 2 H 

is an analytic function within its circle of convergence E. 

For by 85, P has a derivative within £ which is a power series 
and therefore continuous within E. 


4. The quotient of two power series 

Q = a 0 -h a x (z — a) 4- ••• 
b 0 + a) + ••• 


5 o=£ 0* 


having a common circle of convergence £, is an analytic function 
of z within some circle c about the point z = a. 

For the denominator does not vanish at z = a, since by hy- 
pothesis 6 0 =£ 0. Thus by 83, it does not vanish in some c lying 
in £. Hence by 84, Q has a continuous derivative within c and 
is therefore analytic within c. 


5. A two-way power series 

Jf = ^ a n (z — a) n 

-eo 


is an analytic function of z within its ring of convergence. 

This follows at once from 103, 3. 

6. We propose now to study the general properties of analytic 
functions and shall rest our treatment on two theorems of a grand 
importance due to Cauchy, and called his first and second integral 
theorems. 


105. Cauchy’s First Integral Theorem. 1. Let f(z) be one-valued 
and analytic in the simple connex 21. Then 

f ( z)dz = 0 

for any simple closed curve O in 21. 



(i 
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For let 


/(*)-« + *» , u-x + iy. 


Then since / has a continuous derivative in 8, the find partial de- 
rivatives of «, v are continuous functions of x, y which satisfy the 
Cauchy-Riemann equations 


du _ dv du ^ Bv 
dz By ' By Bx' 


by 90. On the other hand, let us express 1) an lino integrals, 
using 91, 5). Then 


fo /d9am lc ( udx — vdy ) + ‘f (udy + vdx). (8 


We now apply Stokes’ theorem 80, 1) and get 

by 2). 

+ by 2). 

These in 8) give 1). 

2. From this we conclude that : 

f /*- f/d*. (4 

where 6 r j, C x are two simple curves in 8 haoiny the same end points 
but no other points in common. 

For C t O{ 1 is a closed curve. Henoe by 1) 

.fdsm 0 

I 


which gives 4). 

8. The restriction that Cp O x should have only their end {mints 
in common is obviously not necessary. For if O x , C t have other 
points in common, we can break them up into arcs which have only 
their end points in common. Similarly t\, C. may have mu), 
tiple points. 


f. + f.-f-f- 

«/<l a/*i n*t\ 
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4. In the connex SI in which f(f) is one-valued and analytic , let 
O v C 2 be two simple closed curves forming the complete boundary of 
a ring-shaped connex , as in Fig. 1. Then 

f f(z)dz = f f(z)dz, (5 

./ c\ ,/r, 

the curves C x , C 2 being passed over in the 
same sense. 

For let us join Cj, C 2 by two adjacent 
curves 34, 16, as in Fig. 1. Then 

<7= 123 • 34 • 456 • 61 

is a closed curve forming the edge of a 
simple connex in St. Thus Fio. x. 

0 = ffdz =f+f + f+f. (6 

Jo J 123 Ju J\.% Jsl 



Now the value of f(z) at a point z on 34 does not differ by an 
amount greater than e from a point near by on 16. Thus 




differ by an amount as small as we please as the curve 34 is made 
to approach 16. 


jT fdz = - jf /dz, 
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5. The little strip 164B taken out of Fig. 
1 and whose edges are then allowed to ap- 
proach indefinitely near we call a cross cut 

6. Let O v ••• Q m be simple closed 
curves as in Fig. 2, each exterior to the 
others and all interior to a simple closed 
curve C . Let these curves form the com- 
plete edge of a connex 21 in which f(z) is 
one-valued and analytic. Then if all these 
curves are described in the same sense, 



To prove 7) we need only to put in the cross cuts y v y 2 , ••• 
as in the figure. This produces a simple connex & with edge (5. 
As /is one- valued and analytic in £, we have 



We may now reason as we did in 4. 



106. Cauchy's Second Integral Theorem. 1. Let f(z) be one- 
valued and analytic in a simple connex whose boundary is C. Then 
for any point z within 0 


f O) = 


i rmdu 

2 7 rijc u-z 


(1 


For by 105, 4 we can replace O by a circle $ of radius r and 
center z. Then for a point u on £, 

/( M ) =/00 + «' I e'\ <e 


for all u on ® if the radius r is sufficiently small. Thus as /(«) is 

rf(u)du = f Cz) r du + r e' du=zJ+K (2 
J® u-z J&u — z J&u-z 


But J— 2 irif(z ) 

while | if | < 2 t re. 

Thus limjfir=0. 
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On the other hand, the left side of 2) does not depend on r. 
Hence letting r = 0 in 2) we get 1) in the limit. * 

2. This theorem of Cauchy brings to light a tremendous differ- 
ence between analytic functions of z and the general function of 
z. For suppose we know of a function f(z) that it is one-valued 
in a simple connex £ and has a continuous derivative in £. Sup- 
pose also that we do not know the values of f within £ but only 
on the edge <7. Then the relation 1) says that to learn the value 
of / at some interior point z we need only to calculate the inte- 
gral in 1). 

In other words the values of an analytic function /(as) are com- 
pletely determined when its values on the boundary C are given. 
This is not at all the case for the non-analytic functions of as. 

3. At first it seems strange to students that the values of an 
analytic function f(z) should be fixed for all points within 0 
when its values are assigned on the curve 0 '. 

Here the study of nature reveals many cases of just this phe- 
nomenon. For example, the stationary flow of water, heat, or 
electricity in a body are all determined by the flow at the surface. 
In case the body assumes the form of a thin plate, it may be 
treated as a plane figure £ bounded by a curve (7, provided the 
flow is parallel to the plane. 

107. Derivatives. 1. The integrand in 106, 1) 

f(u) 

u — z 

is an analytic function of z for each value of u on the curve (7, 
provided z is restricted to lie in a connex bounded by a curve O f 
which lies within 0 . We may, therefore, apply 98 and get 


7 C )- 27 rij 0 (u-zy 


7 rijc(u-zy 


(1 

(2 


fWfaW— C f< u)du -. 
J ^ J 2 irijc O - z)" +1 


(3 



216 


FUNCTIONS OF A COMPLEX VARIABLE 


From this we conclude : 

An analytic function of z has derivatives of every order . 

We also have the result : 

If f(?) is a one-valued analytic function , so is each of its deriva- 
tives. 

2. From 3) we get at once an inequality called Cauchy s In- 
equality , which is of great service in theoretical work, viz. : 

l/ (B) OOI<^?, (4 

where |/| <. G- on a circle $ of radius R with center z, and f is 
one-valued and analytic in 

For we need only to replace the curve O in 3) by the circle $ 
and apply 92, 9). 

108 . Termwise Differentiation of Series. 1 . By the aid of these 
integrals of Cauchy we can establish a more general theorem 
than that given in 103. 

-^( g )=/i00+/ 2 (z)+ ••• = 2/ m (z). (1 


We saw that if this series converges and the series 

#0) =/'iO) + f' 2 (z ) + • ■ • • • = 2/ ',0) (2 

converges steadily in the connex SI, then & represents the deriva- 
tive of JF. 

Let us now prove the more general theorem : 

Let the terms of 1) be one-valued analytic functions in the connex 

If F converges steadily in $E, F is an analytic function within 
$ and 


In other words under these conditions we may differentiate 1") 
termwise. J 


I* or let c be a circle of radius r 
From 1) we have 

Ffu) 

u — z 


and center z, lying within $. 

_ ■y /m(«) 

^ u — z 


(3 
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and since 1) converges steadily on c, the series on the right con- 
verges steadily on c since | u - z | = r a constant on c. Thus by 
101, 4 we may integrate 3) termwise •• 


Now by 206, 1) 
Hence 4), 6) give 


r F(u)du _ ys r/ m (u)du 

J c U-Z u-z 

f fm u U) » U = 2 «/**<>)• 

j: f F(u)du y /. x n 

2«J C M _* - 2 A( a >- 


(4 

(5 

(6 


But by 1) the series on the right is F(z)\ thus 6) gives 


Now by 98, 


^( Z )= _L poo 

2 in J c u — 


F(u)du 

z 


F'(z) = — P<*)*«. 
W 2 t rij c (u-zy 


Reasoning as before, we have 


F(u)du _ s? r 

'c (“ - *) 2 ^Vc 


f m (u)du 
(u — z) 2 


= 2 n-ilf'Jz). 


From this and 8) we have 


F'(z)=2/'(z). 


(7 

(8 


(9 


2. From 8) we get, using 98, 

F"(z) = - — P '(»)<*«. 
W 2ttv c (w— z) 8 


Proceeding as in 1, we get 

F"(z) = 2/"(z), 
and so on for higher derivatives. 


(10 



218 


FUNCTIONS OF A COMPLEX VARIABLE 


109. Taylor’s Development. 1. Let f{z) be a one-valued analytic 
function in a circle £ of radius R about the point z = a. Then at 
any point z within £ 

/(*) =/(«) + z ~ Vo) + (z “^Voo + - a 

This theorem is a direct extension of the corresponding theorem 
in the calculus. It is of transcendental importance in the func- 
tion theory, as we shall see at every turn. Its demonstration may 
be conducted very simply by resting it on the termwise integration 
of steadily convergent series. 

Let c be a circle about z lying within £ 
as in the figure. Then by 106, 1), 


But 


JK ’ 2 t rij e u - z 

l*f(u)du_ rf(u)du ' 

J&u—z J c u — z 


(2 



We now develop in a power series about the z — a, getting 
as in 39, 10), u ~ z 


u 


1 - 1 {x + z -‘ i + f*-‘ , Y+-4. (3 

— z u— a [ u — a \u — aj J 


This series converges for any u on £ since 

\z — a | ss r \u — a\ — R and r < R. 

Hence 

... (4 

u — z u — a (u— ay (u — a) 8 

This series converges steadily on £. For/ being continuous, 
I/O) | < some M on £. 


Hence each term of 4) is numerically less than the corresponding 
term of the constant term convergent series 
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We may thus integrate 4) termwise and get 

r f(u)du__ r 'f(u)du + , _ V f f(u)du 

J $ u — z u — a ,/£ (u — a) 2 

-2wi J/(a) + (*-a)/(«) + ^“ a ^ , / ,, («)+ — J 

on using 106, 1) and 107, 1), 2), • ••. 

Replacing the first member of the last equation by 2) we get 1). 

2. If we set z = a + A in 1), it takes the form 

/(« + *) = /(«) + A/(«) + |y/'<>)+ ••• (5 

This is the form of Taylor’s development usually given in the 
calculus. 

If we set a = 0 in 1), we get 

/O)-/(0)+ s/'(0) + f^/"(0) + ... (6 

which is often called Maclaurins development . 

The coefficients in 1) and 6) are constants. These series are 
thus power series. We say that 1) is a development of f(z) about 
the point z = a. Thus Maclaurin’s development 6) is merely the 
development of f(z) about the origin. The two series on the 
right of 1) and 6) are called Taylor 7 8 and Maclaurin's series re- 
spectively. 

3. Let f(z) be one-valued and analytic in the region ?f. Let a 
be any point of 31. About a as a center describe a circle $ which 
contains no point of the frontier of 21. Then by the theorem l, 
f(z) can be developed in a power series valid in 

/(0)=a o + a 1 (a-a)+a 2 (s-a) 2 + ••• (7 

whose coefficients are those in 1). 

We may also proceed thus : With a as a center describe a circle 
S which passes through a point of the frontier of 21 but contains 
no frontier point within (£. Then the development 7) holds for 
all points within £. 

For let z be any given point within 6. We can describe a 
circle St with a as center which contains z but no point of the fron 
tier of 31. Thus/(s) is analytic in $ and we can apply l. 
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110. Examples of Taylor’s Development. 1. Example 1. Let 
f(z) = sin z. 

This function is analytic in any region. If we develop about tht 
origin z = 0, we have, exactly as in the calculus, 

/'(z) = C 08 Z /'( 0)=1 

f"(z) = — sin z f"(0) = 0 

f"(z ) = — COS Z /'"(0) ss — 1 

f'(z) = sin z =/(z) / lv (0) = 0, etc. 

Thus 109, 5) gives . z z 8 z 6 

smz = — — — 4. t ... 

1! 3! 5! 

which is exactly the series we used to define sin z. 

Similarly we may develop 

e c , cosz , sinhz , etc. 

Example 2. Let f(z) = log z. 

This is an analytic function in the region 31 formed of the whole 
plane after deleting the origin. The frontier of St is thus a single 
point z = 0. It is one-valued in any connex which is acyclic 
relative to this point. Thus by 109, 8 we may develop log z about 
z - 1 and the development will be valid within the circle having 
2 = 1 as center and passing through the frontier point z = 0. 
Proceeding as in the calculus, we have : 

/( 1)=0 


/' 0 ) = ± 
z 

/"(* 0 — i 

z 2 

S "« 0 = 1 

z 8 


/'(1)= 1 

/"(l) — 1 

/"'( 1) = 2, etc. 


JLnus 

\ogz = z-l-(±- !)!. i* ~ l ) 8 

2 — — ... 

If we set 

logo + .)_._!? . 

2 3 I 

winch is the development given in the calculus. 


\z\ < 1. 


1*1 < 1 . 
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If the reader asks why one develops about the point a = 1 in- 
stead of about a = 2, the answer is that the values of the coefficients 


/O) 


/'(«) 

1 ! 


■TOO . . 

2! 


are simpler for a = 1 than for any other value of a. 


Example 8. The Binomial Formula . Let 

/(•) - a + (2 

From 89 we know that any branch of / is a one-valued analytic 
function in any connex acyclic relative to the point z = 1. It 
thus admits a development about z — 0 which is valid for all points 
within the unit circle. 

Proceeding as in the calculus, we have, choosing that branch of 
2) which reduces to 1) for z = 0, 

/( 0) = 1 

/'0) = m (l + sy-i /'(0) = M 

/"(*) = mO - 1)(1 + Z)"- 2 /"(0) = A*0*- l),etc. 

Thus 

(1 + 2 ). . 1 + „ + <* <> - + "O - UC. ‘ - 2 V + ... 

1.2 1.2.3 (8 

=1 + (5‘> + (2> + (s)' ,+ - 


2. Let us make use of 1) to develop a formula which we shall 
need later. If we set 

u = — re 1 *, 

it gives for r < 1 

— log (1 — u) = — log (1 - re i *') = 4- ^ e 2 ** 4- ^ e 8 ** 4- ••• 


But 

Hence 


e ni * = cos 71$ 4- i sin n$. 


-log(l-r^) = T rncOS ^ 

^ n 



(4 


Let us write the left side of 4) in rectangular form, 
log (1 — = A 4* iB. 
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To determine A. and JB we set 


Now 


1 _ re W = se^. 

1 re & = 1 — r (cos <£ 4- i sin < p) 


= (1 — r cos <£) — ir sin <\>> 

Thus 

a 2 == (1 - r cos £) 2 -f r 2 sin 2 0 = 1 - 2 r cos <f> + r 2 , 


and 


tan \{r = 


— r sin <j> 
1 — r cos $ 


Hence 


A = £log a 2 = | log (1 — 2 r cos <j> + r 2 ), 

_ , r sin <f> 

*- + —* «** I-,™*’ 


Thus, equating the real and imaginary parts in 4), we get 

y' r" cos n<f> _ _ 1 lo g (]_ — 2r cos <f> + r 2 ), (5 

i n 2 

Af»8in«^ = arot rsm<f> (6 

n 1 — r cos <f> 

The relations 5), 6) hold for 0 < r < 1 as we have just shown ; 
a more delicate analysis shows that they hold for r 1. With 
out establishing this important fact we shall set r = 1 in these 
formulae, getting, replacing <f> by 2 ttx, 

V 008 2 nrrx = — log (2 sin 7ra;), O 

i w 

V sin 2 = arctg (cot 7T2:) = w (£ - x). (8 

T w 

111. Critical Remarks on Taylor’s Development. We are now in 
a position to point out another great advantage which we reap 
from the theory of functions. Let us compare Taylor’s develop- 
ment as here presented and as given in the calculus. 

To make use of the development 

/(* + K)=f(x-) + hf(x-) + f { f"(x)+ 


0 
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in the calculus we must first assure ourselves that the remaii 

^f-Xx+eh) o<e<i, 

or one of its equivalent forms, converges to 0 as n = oo . Thi 
an easy matter for . cos „ 


but it is far from easy for most functions ; for example, 

(l + z)“ , tana?. 

How difficult it is to show that the remainder for (1 -|- xy < 
verges to 0, the reader may see by turning to a good work on 
calculus. As to the remainder for tana;, no one, as far as 
know, has ever shown that it = 0. 

These considerations show that the applicability of Tayl 
development in the calculus is crippled by the fact that we ( 
not show that the series on the right of 1) really has as sum 
function of the left. 

How differently we are situated in the function theory. T i 
for example, tans. We know without putting pen to paper t 
this can be developed about z = 0, and that the developmen 

valid for all \z \ <~, since tan z is one-valued and analytic wit 

this circle. Thus if we wish to restrict ourselves to real vali 

the development holds for — ^ < x < 

A A 

Let us look similarly at ^ + z y 

This we know is one-valued and analytic for all points within 
circle of unit radius about z = — 1. Thus the validity of 
binomial formula for real values of x for which — 2 < x < C 
again established without any calculation whatever. 

112. Remainder in Taylor’s Development. Let us write 109, 

/(o =/(«) + z ~ a f («) + ( * /"(«> +- 

+ ( z ~ a)n f<"Xa)+B n , 

n ! 

Rn= $ O -«>>>(«). 

8 * 


where 
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Let r be the radius of a circle c alxnit a «■ a, lying within the 
circle &, for which 1) holds. Let 

|/(*)| < .0 »nc, 


Let » be any point within c ; we set | a — a | 
inequalities, 107, 2, , n 

l-TOOl <**=■ 

r* 

Thus 2) becomes 




P- 


+ 


Then by Cauchy's 


< a 




<« 


113. Analytic Continuation. 1. We have seen in 106, 8 that n 
one-valued analytic function iB completely determined in a simple 
connex <J when its value is known along its edge. We now wish 
to generalize this result. Suppose 

1° it is known that /(a) is one-valued and analytic in a con- 
nected region 21. 

2° the values of/(*) are given along some curve O in 21, us, for 
example, a small segment of the ir-axis. 

We show that under these conditions the 
value of/ may be found at any point of a 
in 2t; that is, the value of / at this point is 
determined by the above datu. 

Suppose in Fig. 1 that 0 is the aro a, b. 

Join a and a by a curve D lying in 21. Since 
/(*) is analytic about a, it can lie developed 
by Taylor’s series 

/(*)-/(«) + (*- *)/'(«) + /"<«)+ ... (1 



The value of/ will be known for all values of s within n circle J? 
whose center is a and which extends as near the frontier 6 of H 
as we choose. 

Let now u be an arbitrary but fixed jwint on C. Then f( u) 
is the limit of 

/(*)-/(«) 

X — U ' 
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as 2 = u. Moreover / ( z ) being analytic, this limit is the sa 
however z approaches w. Let us suppose that z approaches u 
running along the curve C as in Fig. 2. Then for 
each such value of z the difference quotient 2) is 
known by hypothesis. Thus its limit is known, that 
is, f(z) is known for each z on 0 ’ 

As now . 

f"(u) = lim * ^ ^ -00 (3 


z — u 



we may reason on f(z) as we did on/(s). Thus /"(a) is kn( 
for each z on 0 . 

In this way we see that the values of the derivatives of ev 
order / (n) (z) are known for all values of z on C, 

In particular they are known for z = a. Hence all the co< 
cients of 1) are known. Thus 1) gives us the values of f(z) 
all points in $. 

Let $ cut D in a x . About this as a center we can describ 
circle which extends as near the frontier @ as we cho< 
Since f(z) is now known on the arc 6\ = oqa, we can reason or 
as we did on 0. If cuts D in a 2 , these considerations si 
that / is now known for all z in and in particular on the 
0 2 = a x a v Continuing in this way we may finally reach 2 , w 
the value of /will be known. 


2. This process of finding the value of an analytic function/ 
at a point 2 , when its value is known at the points of some cu 
(7, is called analytic continuation . It has little or no pract 
value as a means of actually computing / at the various points 
21; but it has an inestimable value in many theoretic inve 
gations. 

3. In the foregoing we have supposed/^) to be one-valued 
21. This is not necessary ; we made this assumption merely 
clearness. The same considerations apply if we suppose that / 
is many-valued in 81, but such that each branch is analytic, and o 
valued about each point of 21. 


4. The foregoing reasoning shows that : 

If the analytic function /(z) = a, a constant on the curve 0 ti 
f 00- a everywhere in the region 21. 
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For the difference quotient 2) has the value 0 and hence 
f'(z) = 0 on O. 

Similarly ///(|>) ? , ... = 0 on 0. 

Thus 1) shows that /(«) = « (4 

in the circle $, and the remainder of the reasoning in l shows 
that 4) holds for any z in 21. 

114. Application of Analytic Continuation. 1. For the reader to 
realize the immense power of this process let us show how most 
of the analytic relations of plane trigonometry and the calculus 
are valid when the variable is complex. For example, suppose we 
wish to show that , _ 2 i ^ 


sin 2 z + cos 2 z = 1 


holds for any complex z. This we have already proved in 58, 6 by 
the lengthy method of series. To this end we consider 

f(z ) = sin 2 z + cos 2 z. 

As sin z , cos z are one-valued analytic functions in the whole plane, 
so are their squares and therefore f(z) is analytic. For the real 
axis/(z) = 1. Hence /(z) = 1 for all values of z by 113, 4 . This 
reasoning is so simple that with a little experience the reader may 
do it in an instant. The same is true in the following examples. 
2. Let us show by this method that 

d • tan z « 

, =sec 2 z (2 

ri r* v 


holds for all values of z for which tan z, sec z are defined, that is, 
for the region 21 formed of the whole z-plane after deleting the 
points 

z = ± (2 ; 




Since 


f(z) = tan z 


is analytic in 21, its first derivative, call it g(z ), is analytic by 

107, l. Thus N f x 2 

1 h(z) ~g(z) — sec 2 z 


is an analytic function in 21. For real x in 21, h = 0. Thus 
h(z) = 0 everywhere in 21. Thus 2) holds in 21. 
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3. In the calculus it is shown that 

j* sin 8 xdx = — £ cos x (sin 2 x ■+■ 2). 

From this we can show at once that 

j* sin 8 zdz = — £ cos z (sin 2 z + 2) 

for every z. For let us set 

f(z)= sin 8 25, 

F (25) = — -J- cos 25 (sin 2 25 + 2). 
Then the relation 4) means that 

J'CO-ZCO- 

Let us set £( 2 ) = ' (*) - /(a) . 


(3 

(4 


(5 


As F(z) is analytic, its derivative F f is also. Hence G is ana> 
lytic. As 6f=0 for real values of 25 by 3), it is 0 for all 25. Thus 
5) holds for all z, and hence 4). 

Of course the relation 5) is easy in this case to verify by direct 
differentiation. But for a more complicated formula this labor 
of differentiation might be considerable. The method of analytic 
continuation enables us to avoid this operation. 

4. In 61 we saw how relations in circular trigonometry go over 
into relations in hyperbolic trigonometry by using 

sin iz = i sinh z , cos iz = cosh 25 , etc. (6 

Let us show that relations between circular functions in the 
calculus give us corresponding relations between hyperbolic 
functions. 

For example, from j 

— sec x = tan x sec x (7 

dx 


we infer by the method of analytic continuation that 


-r- sec z =5 tan 25 sec 25. 
dz 
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Setting now z =» ix, this gives 
1 d 


see ix sm tan ix sec t*, 


or, using the relations 6), 

\ ct 

- — seoh x*mi tanh x sooh x, 
t dx 

or — seoh x m — tanh x seoh *, { H 

dx 

whioh is the formula in hyperbolio trigonometry corresponding 
to 7). 

5. To illustrate integration let us start with 8). We have seen 
that the method of analytio continuation shows that we may 
replace x in 8) by ix. It beoomee then 

» J sin® ixdx m — £ ooe ix (sin* ix + 2). 


Using the relations 8) this gives 

J* sinh* xdx — £ cosh »(sinh* * — 2), (}» 

which is the formula corresponding to 8). 

6. Let us show by the method of analytic continuation that the 
addition theorem 

sin (a + v) -tain u cos v + cos « sin v (1(1 

holds for any oomplex u, v. This we established in A K, l In- 
infinite series. We may now do it without putting ]>en to jMijier 
by the following simple reasoning. 

Let us give to v a real value ns v ■■ a ; we consider 

ffy) ■* sin (w + a) — sin u e<w a — cob u sin a. (II 

This is an analytio function of u which « 0 for real u. Hence 

/= 0 for all w. 

Let us now give to u an arbitrary but fixed, real, or complex 
value, and consider 

ff(?) ™ sin (« + c) — sin u cos v — cos u sin r. (1 1 * 

As^= 0 for any real v, it - 0 for all sand homo 10) holds f.n 

any u and v. 
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115. Undetermined Coefficients. 1. A very useful method tc 
develop a function in a power series is that of undetermined 
coefficients. Before explaining it let us develop a theorem or 
which it rests. 

-V P ~ a o + a x z + a 2 $ + •• • 

vanishes for a set of points j j j ... ^ 

which are all different and =£ 0 and which = 0, then all the coefficients 
in 1) are 0 ; that is, P = 0 for every z , or as we say , it vanishes 
identically . 

For P being a continuous function, 

lim P(6 n ) = P( 0) , since 6 n = 0. 

But each P(6 n ) = 0, 

hence P(0)=0. (£ 

Setting z = 0 in 1), we see that 3) requires 

a Q = 0. 

Thus p = + ^2 + ^ 3 g ;2 4 - ... ) = 25 P 1 . 

As zPj = 0 (4 

for the same set of points 2) and as z 0 for these points the rela- 
tion 4) requires that P x = 0 for the points 2). Thus we car 
reason on P x just as we did on P. This shows that 

a x = 0. 

Continuing in this manner we show that each 

a n = 0 , n — 0, 1, 2, ••• 

2. A special case of l is this : 

If the series P = a 0 + a x z + a 2 z 2 + • •• 

vanish for the points of any curve ending at the origin , it vanishes 
identically . 

3. // P = a 0 + a^ + a 2 z 2 + •••, and Q = b Q + b x z + i 2 s 2 + — an 
equal for a set of different points c v c v £ 3 **- which =0, then th 
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coefficients of like powers in P and Q are equal ; that is, P and Q 
are the same series . 


For 


B = P - Q = O 0 - J 0 ) + Oi - Ji> + (oj - i 2 > 2 + - 


vanishes at the points c n . Hence by l all the coefficients are 0. 
Thus 7 r\ -# n 

= O n , 71 = 0 , 1 , 2 , • • • 


4. From 3 we have the important theorem : 

Iff 00 admits a development 

/(z)= a 0 + — a ) *f a 2 (2 — a ) 2 + ... 

the series on the right must be Taylor's series, that is 

«* = V^Ca). 

n ! 

In other words, Taylor’s development is unique . 

5. The labor of calculating the coefficients of a development 
may be materially lessened when the following theorem applies : 

Let f 00 = a o + + V 2 H (5 

be the development off about the origin. If f is an odd function, the 
coefficients of all the even poivers are 0 ; if f is an even function, all 
the odd power coefficients are 0. 


For suppose that/(z) is odd. Then 


But 


/(— z) = — fOO by definition. 

/(— 0 = a Q~ a i z + a 2 z 2 — a z z 8 H 


Hence 


0 — ./(z) — O = 4- tf 2 3 2 4- a^z* 4- •••)• 


As this series = 0 for all values of z near the origin, all its co- 
efficients are 0 , or A 

u — - (Iq — a% = ~ a^ == •• • 


6 . The method of undetermined coefficients will be best under- 
stood if we illustrate it by two or three examples. This we now do. 

116. Example 1, Let us develop tan z in a power series about 
the origin. Such a development we saw is possible and the de- 
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velopment is valid for |.| < |. Moreover, tan* being an odd 

function, its development will contain only odd powers. We set 
therefore 


tan z = a t z 4- -f a 6 z 6 -f 


(i 


where the coefficients a v a s ... are to be determined. To do this 
we use the fact that 


tan 2 = 


3 8 Z 6 

z UZ 

sin z 3! 5! 


cos 3 


'1 

21^4! 


(2 


(3 


Let us equate 1), 2) and clear of fractions. We get 

+ •~)(«l Z + «8* 8 + -) = *- J+ • 

If we multiply out the two series on the left by 33, 2 we get 
the series “ s 

Comparing the coefficients of this series with the series on the 
right side of 3) gives 

a x bb 1 

„ a. 1 -• 

8 2! 3! 

a._®a + 5 l = l 

6 2141 5! 

a. — 2s. + 2a_2i = nl . 

7 21^4! 6! 7! 

Thus 

valid for | z | < ~ 

2 


a- = — 
8 15 

„ 17 

“'“SIB* 


tan z = z + 1 z a + -^ z s + -H. z 7 + 
8 15 315 

7 T 


(4 
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Example Let us develop 

cosec z = 

sm z 

about the origin. At first sight it would seem that our method 
would not apply. For the very first thing to do is to assure our- 
selves that the development is possible. The conditions of Tay- 
lor’s theorem, 109, are not fulfilled here, since cosec z is not even 
defined at z = 0, and for the theorem to hold it should be analytic 
in some circle about this point. However, a slight considera- 
tion enables us to proceed. We have 




P = z-Q. 


Now since P converges for all values of 2 , so does 

0 = 1-iL + i 

V 3 1 5 ! 


(5 


As P =3 sin z = 0, for z = ± 7 r, 
zQ = Q 


for z = ± 77- . 


Hence # = 0 for z = ±tt . On the other hand, <?=£(), within the 
circle £ about the origin of radius 7 r. For #=*=0 for z= 0 as 5) 
shows. If now Q = 0 for some z =?= 0 within £, P = zQ would = 0 
also. But P = sin z does not vanish at this point. Thus by 


104, 4 , i is an analytic function within g. 

Q 


It may therefore be 


developed in a power series by Taylor’s theorem, about 2 = 0. 
Moreover Q being an even function, this development will contain 
only even powers of 2 . We may therefore set 


3 ! 5 ! 


= a 0 + -f- agt + 


or clearing of fractions, 

1 = - |j + §7 — )o<> + V + + •••)• 
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Tiie multiplication of the two series on the right by 83, 2 gives 

Here the left side is to be regarded as a series c 0 + c±z + ^z 8 ■+• 
all of whose coefficients =0 except the first. Thus equati 
coefficients of like powers on both sides of 6 ) gives 


a„=l. 

_ On . On r\ 

“*-81 + 5 i = 0 - 

a. — “l — 0 

6 3! 5! 7! 


„ - 1 
On “ “ • 

2 6 


a, = 


a„ = 


360 ’ 
31 

3.7!' 


Thus 


31 


^ =- + -« + — ^-2 8 + ® A Z 6 4- 

sin z z 6 + 360 + 3 • 7 ! Z + 


valid for 0 < 1 2 I < w. 


_ Example 3. Division by Power Series. In the two foregoi 
examples we have divided by a power series. As this operation 
not infrequent, let us state the following theorem: 

JLet n 

P — a Q + a x z + aj2 2 H , a 0 =#= 0 

converge within a circle $ aiowt tAe origin and be =*=0 within 
T hen the reciprocal of P can be developed in a power series 

-5 = c 0 + CjZ + CjZ 2 + ... 


valid within $ and the first coefficient 


1 

c n = — . 
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For P being 0 within $ is analytic within $ and can be 
developed in a power series valid within $. The coefficients a 0 , 
a 1 -»- are found by the method of undetermined coefficients, and 
this shows that e 0 has the value given in 7). 

Suppose the first coefficient a 0 = 0. In general let us suppose 


We write 


P = a m z m + a m+1 z m+1 + • ■ ■ ■ • a m =£ 0. 

P = + a m+l z +•••) = 


(9 


Suppose now that P does not = 0 within $ except at the origin. 
Then Q =£ 0 within $. Therefore by what we have just seen 


Hence 


1 

Q 

1 

P 


— + c t z + c 2 z 2 + 


1 



z within $. 



+ c m + c m+1 2 -f- ... 


(10 


for any z^O within $. 

This gives the theorem : 

Let the series P in 8) converge within the circle about the origin . 
If P does not vanish within $ except at z = 0, the reciprocal of P 
can be developed in a series of the form given in 10). 


117. Laurent’s Development. 1. When f(z) is one-valued and 
analytic within some circle c about z = a, Taylor’s theorem asserts 
that / can be developed in a power series about this point. 

/O) = Oq + a x (z — a) + a 2 (z - a) 2 + . .. (1 

We call the point a a regular or ordinary point and we say f(z) is 
regular at a. If f(z) cannot be developed in a series of the form 
1) about the point z = a, we call it a singular point . 

Let us consider for example 

"s/ z -f“ 1 i 

Z J 1 + l0 g*- (2 

Here 3 = 0, 3 = 1, 2 = — 1 are singular points. For suppose 2) 
could be developed in a power series PCz') about one of these 
points. Now P being a power series is defined at every point 
within its circle of convergence is one- valued, and has a contin- 
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uous derivative. But the function 2) is two-valued about the 
point z = — 1, and is not defined at the points z = 0 and z == 1. 
Thus 2) certainly cannot be developed in a power series about 
these points ; they are therefore singular points. 

When Taylor s development is not applicable at a point z =a, we 
may often use another development due to Laurent, as we now show. 

2. Letf (z) be one-valued and malytic in the ring R determined 
by the circles E, F, whose centers are z = a. Then f can be developed 
tn an ascending and descending integral power series 

/(*) = «o + «iO -«) + a 2 (z - «) 2 + ... 

J_ ^1 _L ^2 I 


valid within R. 


+ - 1 +- + 
z — a (z — a) 2 


For let z be any point within R as in the 
figure. Then by Cauchy’s integral theo- 
rem, 106, 

/w = i /VM*.. 

Amjc u—z 

But by 105, 4, C — C (* 


But by 105, 4, CCr \ R / 

/ 

Hence „ 

f(z) = _JL rf(u)du 1 rf(u)du (2 

2 7riJ E u—z 2 7 rij F u — z ^ 

We now develop * in a power series as in 109, 3). We have 
u — z 

for _ u — a , 

u on F <1. 


u on E z a < 1. 

u — a 

Thus by 39, 10) we have for any u on E 

1 _ 1 h +»-*+(— «y+ 

u — z u — a [ u— a \u — aj 
while for any u on F 
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If we multiply these relations by f(% 0» the series so obtained are 
steadily convergent with reference to their respective circles -2^ F 
Thus we may integrate termwise and get 

/■/(»)*_ /vc-i *,+(.-.) 

./£ u — z J E u —a Je( u — a J 

+ (z - a ) 2 f + ... 

,h O - a r 

- rf(u)du = 1 r ' fCu)du+ 1 f(u- a)f (u)du + ... 

J F u — z z — aJ F ( z — ayJ F 


Putting these values in 2), we get 1) where 

a = — T 
“ 2 7riJ E (u — a) n+1 ’ 

= f “ ay~ l f(u)du. 
z irijp 


(3 

(4 


3. By 105, 4 we note that the circles jE7, ^ in 3), 4) may be re- 
placed by any circle $ in the ring R. 

For the integrand of 3) is analytic in the ring E — and that 
of 4) is analytic in $ — F. 

4. Let us now prove the important theorem : 

Iff(z) can be developed in a two-way power series 

/(*) = - «)", (5 

— 00 

this series must be the series of Laurent . 

For the function defined by the series 5) satisfies the conditions 
of Laurent’s theorem in 2. Thus / admits the development 

/O) = «)“ (6 


where the coefficients l n are the coefficients of Laurent given in 
3), 4). Subtracting 5) and 6) we get 


0 = j^5„0 ~ «)* 

—oo 


5 — a„ — l n . 


a 
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Let us multiply 7) by (a — a)~ (m+1) and integrate around a circle 
@ lying within the ring of convergence of 7). Then by 101, 11) 

0 = 2 tnb m . ■ b m = 0 , m = 0, ± 1, ± 2 ... 

Thus , 

a m — 'm 


and the coefficients in 5) are the coefficients of Laurent. 


118 . Zeros and Poles. 1 . Let /(a) be a one-valued and analytic 
function within a circle $ about a = a. Then Taylor’s develop- 
ment is valid within $ and we have 


fOO- a o + «1 («-«) + (z - ay + ... (1 

For a = a, this gives /(a) = a 0 . If a 0 = 0, / vanishes at a = a. 
We say a = a is a root or a zero of /(a). Suppose 

a 0 = «!=••• = a m _i = 0 , a m =£ 0. 

Then 1) becomes 

/(*)-(* - + <Wi (2 - a) + « m+2 (3 - a) 3 + ...) 

— (a ~ a) m g(z). 


Here ^(a) is analytic within $ and does not vanish at a = a. We 
say a = a is a root or zero of order m. 

Since g does not vanish at a it cannot = 0 in some circle about 
this point. We have thus the theorem : 


Let /(a) be one-valued and analytic about the point a = a, and 
vanish at this point , but not identically . Then there exists a positive 
integer m such that 


f (a) = (a - «)"£(» 


(2 


where g(z ) is analytic about z = a and does not vanish in some do- 
main about a. 


2. Suppose now that /(a) is one-valued and analytic within a 
circle $ about a = a except at the center itself. Such functions 
are 


In the first a = ± 1, in the second a = (2n + 1)^-. If we describe 

A 

a little circle £ of radius r about a, we get a ring $ — g and for 
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all points within this ring Laurent’s development will hold. Thus 
i 00 = a o d* a iC s — ®) + <*2 0* — a ) 2 + ••• 

(3 


+ bl + . b 2 + 


We call 


z — a (z — a ) 2 
= P+Q. 

Q= bl +, 

z~ a (z — a ) 2 


(4 


the characteristic of /(a) at a = a and write 

§ = Char /(a). 

z=a 


The coefficient h 1 is of great importance in some investigations. 
It is called the residue of f (s') at z = a and we write 

= Res/(a). 

z=a 

Since r may be taken just as small as we choose, the develop- 
ment 3) holds for all points within $ except its center. 

Looking at the characteristic 4) all its coefficients may be zero 
after the with. In this case, which is very important, we have 

Q= bl +-+- bm - 

z — a (z— a) m 

= + b m ~i(z — «)+■• 4 - b t (z — a ) m_1 „ 

(z — a) m ^ 

(z — a) m 


where jp is a polynomial of degree < m — 1. Thus # is a rational 
function of z. 

From 3), we have 


f(z) = 1(2 — a) +_■•• 

= ^ 0 ) 

(2 — a) m 


+ &iO — «) m ” 1 + a 0 O - «)" + •• • 

(z — a) m 


1 


(6 
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where g(z) is an analytic function in $ which does not vanish i 
z = a. Since 

lim (z — a) m = 0 , limy<Y) = 5 m + 0, 

x=a z=a 

the expression 6) shows that 

lim | /(a) | = + oo, ( 

z—a 

that is, as z approaches a, f recedes indefinitely from the origii 
This we will indicate by the symbolic equation 

lim/0) = oc, ( 

z=a 

so that 8) is only another way of writing 7). 

On the other hand, the reciprocal of / is 

1 __ (2 — a) m y 

?0) ~ g(z) 

As g does not vanish at a, its reciprocal is an analytic functioi 
call it A(a), about this point, and h does not vanish at a, as show 
in Ex. 3, 116. Thus, we may write 9) 

*=(*-«)**(*) 1 *(«)■* 0. (1 

/00 

This shows that the reciprocal of f has a zero of order m a 
z = a. The function / (is) and its reciprocal behave thus in oppc 
site manners like the poles of a magnet. As z = a, / = °o whil 
its reciprocal = 0. For this reason we say, that when the charac 
teristic of a function has the form 5), that z = a is a pole of f(z] 
and in fact a pole of order m. We thus have this result : 

If f(z ) has a pole of order m at z = a, it has the form 

(1 

(z — a) m 

where g is analytic about z = a and does not vanish at this point 
The reciprocal of f(z) has a zero of order m . Conversely , if j 
has the form 11), z = a is a pole of order m, 

3. Let f(z ) be one-valued about z = a and analytic except a 
z = a. If the reciprocal of f has a zero of order m at a , this poin 
is a pole of order mfor f(z). 
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For by hypothesis, i 
and g(z) does not vanish about z = a. Hence, 


and thus 


— — a) + ••• 

9\ z ) 


+ b^(z — a)H — 

^ ) (a -a)"* 

= \ m + - + K ~ l + ». + W*- -«)+••• 

(z — a) m z — a 

Thus the characteristic of / has the form 5). 

4. If z = a is a pole of order m of /(«), it u a pole of order 
m + 1 off (z). 

For about z — a we have 

/ (*)-, \ +••• + 5l +^( z ); 

(2 — a) m z — a 

here g is analytic about z = a, and J m =£ 0. 

Hence mh h 

f(z)=- +q'(z Y 

7 K } (2 -a )” 1 * 1 (z-d? 9K) 

As l m =£ 0, z = a is a pole of order w + 1 for /'(s). 

z 


Example 1 . 


/co- 


s 2 -! 


About any point 2 = a for which the denominator does not =5 0, 
f(z) is analytic. 

For 2 = 1 we have 

z 1 9(“) . 


/= 


Z + l Z — 1 2—1 


Now g is analytic about 2 = 1. Hence z — 1 is a pole of the first 
order. 

Similarly . z 1 

/= *-r*+i 

and this shows that 2 = — 1 is a pole of order 1 also# 
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Example 2. 


/(z)= tan z ■■ 


sin z 


cos z 


This is analytic except at the points 

( 2n + l)|. 

Let us call one of these cl. We have for z = cl -f- u 
cos z = cos a cos u — sin a sin u 
= ( — l) n+1 sin u 

Thus 1 _ 1 (_l)n + l 

cos z~ z — a ’ 1 _ (z — a ) 2 
3! 

_ ff( z ) 

— 1 
z — a 

where g is analytic about z = a and =£ 0. 

Thus . . , , , „ 

tan 8=s Bm*.yC) a _i(.) < 
z — a z — a 

But sin z does not vanish at a. Hence h(z) is analytic about 
z~ a and does not vanish at this point. 

Hence 

• -(2n + l)| 

is a pole of order 1, for tan z . 

5. Let us note that no point z = a which is a pole can belong 
to the domain of definition of an analytic function. For by defi- 
nition f (cl) must exist, and this requires that f (z) is continuous 
at a, by 84, 3 . Thus by 83, 6 

| / 0) I < some Q (12 

in D s (a), 8 sufficiently small. On the other hand, if a is a pole of 

lim |/(>)| = + co, 

z=a 

as we saw in 2. This contradicts 12). 
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6. If z = a is a zero or pole of order m of /(«), it is of order 

mn for the function , N )n . , . A 

g = j f (z) } n , n an integer > 0. 

For about z = a we have 

/(3) = 0- 0) m 4>O), 

where m> 0 for a zero and < 0 for a pole, and where <£( 0 ) 0. 

Thus <f> n (z ) = -yfr(z') is an analytic function which does not vanish 

at z = a. Hence / N 

g = (z — a) mn yjr(z), 

which proves the theorem. 

7. If f(z) is a one-valued analytic function in the connected region 
S, the poles of its derivative are also poles of f(z) and the residues 
of f(z) are all 0 in St. 

For at a pole 

(13 


/(*>= (2 :v + 


+ « „+*(•)’ 
z — a 


/(•)- 

where 


+ «i log (z - a) + (14 


where g is regular at a. If now we integrate, we get 

1 . a* 

1 — m (z — a) m_1 

h = J'gtydz 

is regular at a. As / ( 2 ) is one-valued in St the logarithmic term 
cannot appear so that ^ = Reaf(g)= 


8. As an example let us find the singular points and the resi- 
dues of the function . 

AOWO* r^Jy (16 

which we shall employ later. Here g (z) is regular in the connex 
S and has no zero in common with /(z), which latter has certain 
poles z = «, 6, ••• in £ but is otherwise regular. 

Let a; = <? be a regular point of / and not one of its zeros. Ob- 
viously c is a regular point of h. 

Let z = c be a zero or a pole of order m of /(g). Then 

/=(z- e )N>00> 
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where m is a positive integer if c is a zero, and negative if c is a 
pole. <j>(z) is regular at c and =£ 0. Then 


Hence 


f = m(z — +(z — c) m <p. 

/'(*)_ ™ & 
f(z) Z C </> 


m 


Z — 0 


+ ^ 0 )» 


where i/r is regular at <?. 

On the other hand, by Taylor’s theorem 


9 (?) = KO + <?iO ~ <0 + <? 2 0 -«)*+ — 


Hence 


*0) -"*'> + * W, 

z — e 


where A: is regular at z = c. 

From 16) we see that z = c is a pole of order 1 and that 


Res A(z) = mg(c). 

Z=c 


(16 


(17 


At a zero m is a positive integer, at a pole it is negative. 


9. Before leaving this topic let us show that the relation 89, l 

or dw __ dw dz 

dt dz dt 
dz 

holds even when — = 0, provided z is an analytic function of t. 
dt 

As we observed in 89, 5 we have only to show that Az ^ 0 as 
A = At = 0. But z = <f>(t) being an analytic function of £, 

Az = $(t + A) — </>(£) 

considered as a function of A is regular at the point A = 0. It 
therefore does not vanish for 

0 < I A I < some 8 

by l. 

10. Let u = a 0 4- a x z + a 2 z 2 + a 0 =£ 0. Then w = logu con- 

sidered as a function of z is regular at z = 0 and 
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g(z) is regular at z = a, and takes on the value - at the points 
a n . This contradicts 2. Thus, z = a is not a pole of /(«). 


Example. 



z 


This function is regular at each point except z = 0. Now = 0 

for j 

z — — , — 1, 2, 3 ••• 

riir 


and these values =0. Thus by 3, the origin is an essentially 
singular point. 

4. Let f(z ) be regular about z = a except at a and at a set of 
points a^ > a^ ••• which = a. If each a n is a pole , the point z = a is an 
essentially singular point. 

The point z = a cannot be regular, for f(z) is infinite in any 
domain It cannot be a pole, for the reciprocal of f (&) 

would be regular at z = a and vanish at the points a ft , which is 


impossible by 2. 


Example . 

/0)= V 

sin - 
z 

Let us set 

g(z) = sin - . 

z 

Then if we set 

z 

Jin COS — 

dg^dgdu z 

dz du dz z 2 

about the point 

and hence g(z) is 

a ~7mr' ^ us 9*00 is continuous about 
regular at a. Hence by Taylor’s theorem 


g(z) = g(a) + ( Z _ a)g'(a) + ^ “^V'O) + •• • 
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Here 

Thus 

Hence 


g(a) = 0 , ^'(a) = (-l) ,n+1 m 2 7r a . 

g(z) = (z — a) {( — l) m+1 rn a 7r 2 -f- ••• 


/(•)■ 


mV 2 


z — a 


+ c o 4" — <0 + 


where we do not care to know the values of the coefficients e. 

This shows that the points — are poles of order 1. Hence 

WITT 

2 = 0 is an essentially singular point. 

120 . Point at Infinity. 1 . In seeking to characterize an analytic 
function of 2 , it has been found extremely important to study its 
behavior for large values of 2 . 

Let us change the variable by setting 


Then a function as 


2 = -• 
u 


goes over into a function of w, 

g(u ) = u + u s . 


a 

(2 

(3 

To learn how / behaves for large values of 2 , we need only to see 
how g behaves about the point u= 0. We see it has a zero of 
order 1. 

Let us look at the geometrical side of the transformation 1). 

If we set 2 = re i<f> , we have 

u = 

r 

This shows that as 2 describes a unit circle U in the positive sense, 
u describes the unit circle U in the w-plane in the negative sense. 

To a point a = pe ie within U corresponds the point a = 1 e~ ie with- 

P 

out U. As 2 = 0 along a radius as Oa , u = co along the corre- 
sponding radius Oa. To each point in the 2 -plane except 2=0 
corresponds a single point in the w-plane, and conversely to each 
point except u = 0 in the w-plane corresponds one point in the 
2 -plane. 
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To complete the correspondence, mathematicians adjoin to the 
plane an ideal point called the point at infinity and denoted by 
the symbol oo. They 
say that to z = 0 shall 
correspond u = oo, and 
to w=0 shall corre- 
spond Z = oo. 

Instead then of ask- 
ing how a function /(z) 
behaves for large values 
of 3 , they ask how it behaves about the ideal point z = oo. By 
such a question one means nothing more than this : 

Change the variable from z to u as in 1). Then if / consid- 
ered as a function of u is regular at u = 0, we say / is regular at 
z = oo. If f considered as a function of u has a pole of order m or 
an essentially singular point or a branch point at u = 0, we say f 
has this same property at z = oo. 

2. We must caution the reader to note that we do not introduce 
the symbol oo as a number; we do not define any arithmetical 
operations on this symbol. 

Also when we say f(z ) has a certain property for every z we al- 
ways mean for finite z unless the contrary is stated. 

3. Let us note that the theorems in 119 may at once be ex- 
tended to the point z = oo. 

For all we have to do is to replace z by - , and reason on the be- 
havior of f considered as a function of about u = 0. We may 
thus state : 



Iff QO is one-valued about z = oo and analytic for large values of 
z except at a set of points a v a 2 ••• which = oo ; or if f is analytic 
also at the points a n and has the same value at these points , then 
z = oo is an essentially singular point of f(z ). 

4. It is sometimes convenient to speak of the domain of the 
point z = oo. By this we mean all the points in the 2 -plane with- 
out some circle & about the point 2 = 0. We may denote it by 

D(oc). 
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If we apply the substitution 1), this domain goes over into the 
points within some circle about the point u = 0 in the w-plane. 

121. Integral Rational Functions. 1. Let us show how the ra- 
tional and integral rational functions can be characterized from 
the standpoint of the function theory. ^We begin by proving a 
theorem of great value. 

Letf(z) le regular for every finite z. If 

| /0)|< some G, (1 

however large z is taken , f is a constant . 

For let us develop f(z) about the origin, we have 

/(*) =/(0) + */'(<>)+ ^ /"( 0) + ... (2 

Now by Cauchy's inequalities, 107, 2, 

/ (n, (0) a 

n\ | - R n 

This relation holds however large R is taken. As the right side 
= 0 as R = oo we see that each - coefficient in 2) is 0. Thus 

/ ( 3 ) — / (0) , a constant. 

2. Iff ( 2 ) is regular for every z including z = oo, it is a constant. 
For let us describe a circle £ about z= 0. Then, f being continu- 
ous in 6, we have 

I / ( 2 ) | < some Q- 1 in S. 

Let us now set u = - ; this converts (S into some circle # about 

z 

u = 0. But by hypothesis / considered as a function of u is reg- 
ular at u = 0. Thus / is a continuous function of u in $, and 
hence 

| / 1 < some 6? 2 in $. 

Thus if Q- is > both C? 2 , 

1 /( 2 ) | < & 

for every finite z. Hence f ( z ) is a constant by 1. 
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3. Let f(z ) he regular for every z. If it has a pole of order m 
atz = <x>, ^ + ^ + + \.a n z n , a m ^ 0, (3 

and conversely . 

To see how / behaves for z = oo we set z = - and get 

.o m + a m _ x u 4- - + a 0 u m . 

* u m 

Thus / has a pole of order m. 

To prove the other part of the theorem : Since / has a pole of 
order w, / considered as a function of u has a pole of order m at 
u = 0. Hence by 118, 


f_£ I 4-^4- 
J u + u* + 


+5+K«) 




(4 


where ^ is regular at u = 0. 

We show ^ is a constant. For f has no singular points except 
at w = 0. Hence g has no singular point u=t=0. But by hypo- 
thesis u = 0 is not a singular point. Hence g(u), having no sin- 
gular point, is a constant c 0 by 2. Thus 4) becomes 

f = H h ••• H — ~ ’ 

J u u u m 

or going back to 2 , / has the form 3). 

4. We now establish the fundamental theorem of algebra: 

Every polynomial of degree m has m roots a v a 2 ••• some of 
which may be equal . 

In other words : 

If /=a 0 + a 1 2 -f-a 2 2 i 2 -f- ... +a m z m , a m ^ 0, (5 

exists m numbers a v • •• a m such that 

f = a m( z — (*i) ( 3 - «*)• (6 

lim /(«) = oo 


For since 


there exists a circle (7 about 2 = 0 such that 

l/0)l> # 


for every 2 outside <7. 
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Hence 0 outside C. Thus if / has any roots at all, they lie 
in 0, that is on or within it. Suppose / were =£ 0 in O. Then 

l/C®) I >; some •»? > 0 in O, 


for z outside 
for z in O. 

AX1US \g\ < some M 

for every z. Hence g is a constant by 1, which is absurd. Thus 
/= 0 for some z in C, say for z = /3 r Then by 118, 1, 

By 3, /j must be a polynomial. The method of undetermined 
coefficients, 115, shows that it is of degree m — m v 
We may now reason on /,(z) as we did on /(z). We thus get 

f=a m (z- 0!) m ' 0 - /3 2 ) m ‘ ••• (z- &)"*., (7 

where m = m 1 + m 2 + ••• m,. 

The factor a OT on the right of 7) is due to the fact that the 
coefficients of like powers on both sides of 7) must be equal. 

122. Rational Functions. 1. These have the form 


since f is continuous in C, by 83, 7. 


Let 

Then 

OH* n n 


<1 

~V 


/(*) = 


a 0 + a x z + 
\ H" + 


+ V* 
+ ’ 


&»=£0 


_ — «i) mi ••• (z — a,)”''. 

& n (« — ^i)" 1 ••• (z - /3,) n * 


(1 

(2 


We will suppose that numerator and denominator do not have a 
zero in common. 

Each zero of the denominator is a pole of /. For example, 

f = 1 . amCz-aj)” 1 ' ••• 

(z-£i)"t 6„(s -&)"* — 

= flrfO _ 

0 - /Sj)"*’ 


(3 
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where g is regular at /3j and does not vanish. Thus z = is a 
pole of f(z) of order n v 

Similarly at a zero of the numerator as we have 


/= 0 ~ a i) m 'h(z), 

where h =£ 0 at a v Thus z = a 1 is a zero of order m v 
At any point z — o not a zero of the denominator, / is regular. 

2. Let us now see how /behaves at z= oo. Setting z = -, we have 

u 


. a 0 u m + 
f> 0 M n + 


+ ^ 


'u n ~ m = u n ~ m h(u). 


(4 


As b n j=0,h is regular at u = 0 by 1. From 4) we have : 

The rational function 1) is regular at z == oo if n > m. It has a 
zero of order n — mifn>m . It has a pole of order m — n if m>n. 

If we count the zeros or poles at z = oo with their proper order, 
we have : 

The rational function 1 ) has p zeros and p poles , where p is the 
degree of 1), that is , p is the greater of the two integers m, n. 

3. Let us now establish the converse theorem : 

If a one-valued analytic function has only a finite number of poles, 
taking into account z = oo, it is a rational function of z. 

For let 2 = a, b , ••• be these poles. About z = a we have 
where f x is regular at z = a. 

As f has a pole at z = b and as k x (z) is regular at this point, /j 
must have a pole at b. Thus 

/lO)= ^ h y+ - + g ^ j + /l(») = h(?) + / 2 0) • 

Here / a is regular at z = a, and at z — b. Thus we may continue 
for all the poles of / in the finite part of the plane, getting, say, 

/(*) = frj(«) + & 2 (z) + ... + fc,(z) +/,(z), 


(5 
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where the lust term has no pole at z = a, b, ••• that is, has no pole 
in the finite part of the plane. 

We now consider the point z = do. Let us first suppose this is 
not a pole of the original function /(z). Then 5) shows it is not 
a pole of /.(z). Thus f„ having no pole even at infinity, is a con- 
stant by 121, 2. 

Suppose now z = oo is a pole of f (z), then 5) shows it is a pole of 
Thus f, is an analytic function whose only pole is z = oo ; hence 
by 121, 3 it is a polynomial : 

/» = Po +Pi z + ••• + Piz 1 - (6 


4. The foregoing section shows that we can write the fraction 

+Pfi l 


1) or 2) as follows : , 

/-J>o+W + 


+ 


in 

*-& 


+ 


_i_ 

0 -/ 9 1 )«* 


+ \+...+ ^ 

z-/3 a (z-/3) 2 "* 


+ 

+ 


+ ... + 4 "“ , 
z-& (z - &)“* 


(7 


where Z = m — n. When / is written as in 8), we say it is decom- 
posed into partial fractions . Knowing that / can be written as in 
8), the coefficients which enter in this expression can be deter- 
mined by the method of undetermined coefficients. 


123. Transcendental Functions. 1. The foregoing articles show 
us how the rational and integral rational functions are completely 
characterized by the nature of their singular points. 

All one-valued analytic functions which are not rational func- 
tions are called transcendental. Every transcendental function 
must have one essentially singular point by definition. The sim- 
plest transcendental functions are those which have only one singu- 
lar point, and that an essentially singular point at oo. Such one^ 
valued functions are called integral transcendental functions. 

2. It is easy to show that 

e* , sin z , cos z , sinh z , cosh z 
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are integral transcendental functions. For being defined by power 
series which converge for every 2 , they have no singular points in 
the finite part of the plane. 

On the other hand, if sin 2 = c for 2 = a, it = c for 

a + , a + 4-7r , a4-67r ••• 

But these values = 00 . Thus 2 = 00 is an essentially singular point 
by 120, 3. 

3. The same reasoning shows that any one-valued periodic 
analytic function which has no poles in the finite part of the plane 
must be an integral transcendental function. 

For if such a function has the period o>, it takes on the same 

value at , ^ , . 

2 , 2 + <w , 2 -f 2 a> , ••• which = 00 . 

4. A one-valued transcendental function which has only poles 
in the finite part of the plane is called a rational transcendental 
function. 

Such functions are . ^ 

tan 2 , 

sm 2 


5. As an example of rational transcendental functions let us 
consider the following, which occur in the elliptic functions. 

Let cd v a> 2 be any two numbers which are not collinear with the 
origin 2 = 0. With these we form the series 




(2 - m ^ - m 2 co 2 y 


(1 


where m v m 2 = 0, ±1, ± 2 ••• and p is a fixed integer >2. We 
show now that the function defined by 1) is a one-valued analytic 
function for every 2 except at the points 

= Wl*>l + m 2 (0 2 (2 

which are poles of order p. 

To show that F is regular at a point 2 = a not included in 2) we 
describe a circle $ about the origin exterior to a. We now break 
the series 1) into two parts 

F = F t + F e 


(3 



ANALYTIC FUNCTIONS 255 

where F e contains all the terms of 1) corresponding to values of 
eu m 1 m 1 which lie exterior to M. and Fi contains the other terms. 

In 99, 6 we saw that F e converges steadily in Hence by 
108, l, F e is an analytic function of z in St. On the other hand, 
F t consists of a finite number of terms of the type 

( z - a>y 

But each such term is regular except at z — w. Hence Ff is regular 
except at points included in 2). Thus 3) shows that F is regular 
at z = a. 

To show that F has a pole of order p at the point z = b 
— r<o j -+- «<m 2 , we take $ so large that the point b lies within it. 
Then as before F e is regular at z = b, while 

'-(.i ,).+ «■«• 


Now Q- is the sum of a finite number of terms of the type 4), each 
of which is regular at b. Thus F { has a pole of order p at z = b, 
and hence F has also by 3). Thus the points 2) are poles; as 
these points = oo the point z = oo is an essentially singular point 
by 120, 8. 

6. Let us show that co l is a period of the function defined by 1). 
The same reasoning will then show that o> 2 is also a period and 
hence the numbers 2) are also periods. We have from 1) 


*(.*+" ,)-5 
-2 


i 

(z -f (Oj — m 1 <w 1 — m 2 a) 2 ) p 
1 

(z - O x - 1) ©! - m 2 ( 0 2 y 


(5 


As m v m 2 run over all integral values 0, ±1, ± 2, ... we see that 
m 1 — 1, m 2 run over the same values. Thus the terms in 5) are 
identical with those in 1). As the series 1) is convergent, its 
sum is independent of the order of its terms and hence 5) has the 
same sum as 1). The points 2) are the vertices of a set of 
parallelograms as in the figure. Any one of them as P is called a 
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parallelogram of periods . In P , the 
function F(z) takes on every value 
it can take on anywhere. 

For any point z lies in one of these 
parallelograms as Q . Let z x be the 
point in P which is situated in P as 
z is in Q . Obviously, 


z x = z 4- wij©! + m 2 a> r 


But then 


^(»i) = F(z). 


(6 



Two points 25, 25 x which are related as in 6) are said to be con- 
gruent; we write 

z l = z mod a> v a) 2 (7 


which we read z x is congruent to z with respect to the periods 
eo v o) 2 . When no ambiguity can result, we do not need to mention 
the periods and we write simply 

z i = Zm 

7. The series 1) define therefore an infinity of periodic functions 
corresponding to p = 3, 4, ••• 

The reader will note that they differ from the periodic functions 
heretofore considered as e*, sin 25 in this important particular. 
Their periods do not all lie on one line, but are spread out over 
the whole plane, as in the figure. 

124. Residues. 1. We saw in 117 that if / is one-valued and 
regular about z = a, but not regular at a, it can be developed in 
Laurent’s series : 

f(z) = a 0 + afz - a) + afz - a) 2 - 1 


+ 

z 



O- a ) 2 


4- - 


(1 


The coefficient a x we said, in 118, 2, is the residue of / at the 
point a. These residues are of great importance in certain inves- 
tigations, for example in the elliptic functions. A fundamental 
theorem is the following : 
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Let /(z) be regular in the simple connex (£ except at the points 
z = a v a 2 a m which we suppose do not lie on the edge (5 of (£. Then 

I (2 

For simplicity suppose there are only / M 

two singular points a and b in £. Then by 1 I 

105 , 7) \ 

fj dz =fj dz + fj dz - (3 

Let 1) be the development of / about z = a. Then 

J* fdz = 2 Triaj by 101, 11) 

= 2 7nRes/(z). 


Similarly 


2 771^5 


- / = Res/O). 


These values in 3) give 2). 

2. From 1 we may deduce the following general theorem from 
which we shall draw important conclusions, especially in the elliptic 
functions. 

Let f(f) be regular in the simple connex £ except for certain poles . 
On the edge £ of £ let f be regular and ^ 0. Let g(z ) be regular in 
£ and have no zero in common with f. Then 

J—.fg (*)<* lo g f CO = ^ m r9 Or ) ~ ^ n >9 («.) (4 

2*V® 

where a„ a s are the zeros and poles of f(z) of orders m r , w, respect 
tively . 

The integrand in 4) is 

*(0-*(0y£J- 

Its singular points, as we saw in 118, 8, are the zeros and poles of 
/(z). The formula 118, 17) shows that at a zero 

z = a r Res h = m r g (a r ), (5 
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and at a pole z = a 8 Res h = — n s g (a,). (( 

If we now put 5), 6) in 2), we get 4). 


8. If we agree to count a zero or pole of order m , as m siinph 
zeros or poles, we can write 4) thus : 

2^jV lo g/= ^9 On)- %(«,,)• (7 

4. From 4) or 7) we have as corollary : 

Letf(z ) be regular in the simple connex £ except for certain poles . 
Oft the edge £ 0 / £ let f be regular and =£ 0. Then 

(8 

wAere AT are the number of zeros and poles of fin £ eaeA counted 
as often as its order . 

This follows from 7) on setting #(z)= 1. 

5. As a corollary of 8) we may prove the fundamental theorem 
of algebra, viz. : 

/ (X) ~ a o z7n + a i z 171 " 1 4* ••• 4- a m , a 0 ^0 


has just m roots, a multiple root of order s being counted 
simple roots. 


For as 


lim/(z)= oo 


as 8 


we can take a circle 0 about the the origin of radius JR so large 
that no root of / lies on 0 or without it. As f has no poles in <X 
JSTm 8) is 0. Thus 1 n 

But dlogf^ + (m- l')a x z m ~ i + ... 

dz a a z m + a x s m_1 -) 

»«.L + ‘* + ^ + 

Z l + \i + A-|- ... 


-jH + KOl. 
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where | <f> | < e on O if only JR is taken > some p. Thus 

M= - 1 . = 

2wiJ c z 2ir ij 0 z 

Now by 94, 4) J= m, while 

\K\<^L.±.2irB , by 92, 2 

< me. 

But this says that r = o. 

J2=oo 

Hence passing to the limit R = oo in 9), we get 

M= m, 

that is, / vanishes m times. 

125. Inversion of a Power Series. 1. If 

w = w(z) 

is regular at z = a, it can be developed in a power series : 
w = a 0 + afz — a) 4- a 2 (z — a) 2 + ••• 


(i 

(2 


It is sometimes convenient to develop the inverse function z in a 
series whose terms depend on w . This is called inversion of the 
series 2). 

If we replace a — a by z and w—a Q by w , the series 2) may 


be written 


w = a x z + a 2 z 2 + flgZ 8 + 


(3 


and without loss of generality we may suppose this is the develop- 
ment of 1) instead of 2). 

In inverting the series 3) there are two cases which must be 
distinguished. 

Case 1. a^O. This condition expresses the fact that w ! (z)=fr 0 
for 2 = 0. Let z range over some circle © about 2 = 0; then w 
as given by 3) ranges over some connex $ whose edge does not 
pass through w = 0 if © is sufficiently small by 118, 1. Also, 
if © is sufficiently small, w will not take on the same value twice 
in © by 119, 2. 
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Thus it follows by 88, 2 that the inverse function z is regular 
at w = 0 and hence can be developed in the power series 


z=sb 1 w+b i w 2 + b s w s + -• (4 

valid in some 2) about w = 0. 

As dz _ 1 

dw dw ' 

dz 

we have for w = 0 



2. Case 2. = 0. In the series 8) suppose that a m is the first 

coefficient =£ 0. Then 


w = z n (a n + a m+1 z + ...) , * 0. 

Let us set 

w = u m . 

Then J 

u = z(a m + a m+1 z + ...)* 

i 

= 2(c 0 + c 1 2 + c 2 2 2 + ...) , e 0 = V" 

by 118, 11. We are thus led back to case 1. 
Inverting, we get 

z = — • u + d 2 u 2 + ••• 


(6 

(7 


Putting in the value of u in 7), we get finally 

if 1 1 1 

a = w n .1 — + d 2 w m + ... I. . (8 

J 

3. Let us show how to get the coefficients of the inverse series 
using the method of undetermined coefficients. Let us suppose 
that the original series is 


v=b 0 + b 1 (t-b)+b 2 (t-by+... b x * 0 . (9 

Let us set 

W = v-b 0 Z = b 1 (t-b). 

Then 9) takes the form 

w = z — c^z 2 — a z z z — ... 


(10 



ANALYTIC FUNCTIONS 


261 


where we have introduced the minus signs for convenience later. 
Then the inverse series has the form 

z = w + c 2 w 2 + c Q w z + • •• (ii 

Raising 11) to successive powers gives 

z 2 = w 2 + 2 <%uP + (c$ + 2<? 8 )w 4 + (2 c 4 4* 2 c 2 Cz)ufi + ... 
z* = w* + 3 <? 2 w 4 4. (3 + 3 ^^5 4. ... (12 

2 4 = w 4 4- 4 (? 2 w 6 4- ... 


All these series may be denoted by 

z m = c ml w + c m 2 w* 4- ... (IB 


Putting these series for z, z 2 , z 8 in 10) gives rise to a double 

series n , 0 , « , 

JJ = W 4- + ••• 

^ 2 ^ 21 ^ ^ 2 ^ 22 ^ ^ 2 ^ 28 ^ * # * ( 1 ^ 

^ 3 C 81 W ^ 8 C 82^ 2 ^ 8 ^ 88^ 8 ““ 


If we sum this series by rows, we fall back on 10). The sum of 
D by rows is thus w. If the series 14) be summed by columns, we 
get a power series in w , and this is what we want. Now by 42, 2 
if 14) is convergent, its sum is the same whether summed by rows 
or by columns. To show that 14) is convergent we shall show 
that its adjoint is convergent. Let us denote this adjoint series by 

TT4- 72^ 2 + 7 3 ^+ — 

+ a 2 7 21 W 4- «2722 ^ 2 + “2^28 H ( 15 

4- ••• 

Now 11) is valid in some circle I, it thus converges absolutely 
for all W < some W 0 . Then 

Z=W+y 2 W* + y B W* + - 
converges for W<W 0 . 

The series 10) converges absolutely for all Z < some Z 0 . Thus 
the adjoint of 10) z + ^ + ^ + ... (18 

converges for all Z <_Z 0 . 
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Returning to the adjoint series 15), we see that if we sum this 
by rows we get 16). As this converges, D is convergent for all 
I w | < Wl, by 42, 3. We may thus sum D by columns, getting a 
power series. As the sum of D by rows is w as we saw, the sum 
of this power series is also w by 42, 2. 

Thus we get, replacing the o nn by their values in 12), the identity 

w = w + (c 2 — a 2 )uP + (c 3 — 2 a 2 c 2 — a s ~)uP + ... 

Hence all the coefficients on the right are 0, except the first. The 
resulting equations give 

c 2 “ a 2' 

<? s = 2 a 2 c 2 + a z , 

€ i = HiA + ^ tf 8 ) + 3 a s c 2 + a 4 , 

c 5- 2 a s( e 4 + c 2 °s) + 3 a 3 (c| + C s ) + 4 a 4 e 2 + a £ , 

etc. 


4. Example . We saw that 

Hare , ' 8 , 4 

a 2 \ , a s £ , a 4 = | 

These values in 17) give 

6 2 = 2 ’ c 3 = J 9 ~ it * 

Hence, inverting the series 18), we get 

+ ... 

2 ! 8 ! 4 ! + 

Now from 18) we have 

1+z=e '°=i+^+~+~+ 


M< i. 


(18 


(19 


which agrees with 19). 
iae. Fourier's Development. 1. When the real (unction ffy) 

j“velo~d?naf !r ’ F °” ier Sh ° Wed * hat 
ueveioped in a trigonometric series 

/ (*) = a 0 + cos x + a 2 cos 2 x + ... 

+ 5 i sin x + b 2 sin 2x + ... 


(1 
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ivelopment is of extraordinary importance in mathemati- 
sics and in some branches of pure mathematics. Let us 
>w this development appears in the function theory, 
egin by proving the theorem : 

(z) be a one-valued function having the period a>. If it is 
in a band B whose sides are parallel to Oco , we have 

2 niz 

ao m . 

“ ( 2 


«« = - r + “f(v)e-™^dv (8 

any point m B. 

et us set . (4 

ias co as period. 

id the image of the band B in Fig. 1, let us begin by find- 
image of a line l a parallel to Oco and cutting the real axis 
. When z lies on such a line, we have 

z = a + rco. 


ranges over all real values, 
s set 

(O 

) gives 

V (a+ra>) = e 2 7r(a'+a"«) e 2 nir = Trt(r+a") # 



hen z ranges over Z a , u moves over the circle C a in Fig. 2 
us e 2ira \ When r increases from r = 0 to r = 1, u has 
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moved once around this circle. Hence when z moves on l a over 
a segment of length = | to |, u has moved once around O a . Sim- 
ilarly when 2 ranges over l p in Fig. 1, u moves over the circle 
in Fig. 2. Thus the image of a line L going from b to b a> is a 
circle lying between C a and C 0 . 

' The image of the parallelogram $ = (ABA'B 1 ) is the ring B. 
To a point within ip corresponds a single point within B, and 
conversely. As/( 2 ) has the period to, f takes on every value in 
that it can take on anywhere in B. Since f(z ) is a one- 
valued analytic function in ip, it is considered as a function of u, 
a one-valued analytic function of u in B. Hence, by Laurent’s 
theorem, 117 

(5 

—oo 


where 


__ 1 rfdu 

2 7 rijcu m+1 


(6 


and 0 is any circle in R whose center is u = 0. 
Now from 4) 

du = udz. 


Hence 


du 

u m+1 


2 7 ri dz 
(o u m 


2 iri 
co 



Thus 5) goes over into 2), and 6) into 3). To avoid confusion 
we have changed the variable of integration from z to v. 


2. The development 2), which is known as Fourier’s develop- 
ment, may also be written as follows : 


/( z ) = ^ f f(y)dv + - J T f(v) COS 2 - m (2 - V)dv. (7 


For we may write 2) 


2iriz 


N irtt _ 2 jrte 2 .2 n* „ twit 

/(*)—« o+CWje" + a_ x e “ ) + (a 2 e " 4-a_ 2 e (8 
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Now from 3) 


if it%z h 2 iriv 2 friz 

m 1 /■ , . —m • m ■ 

vji 


2 iri, . 


dv 


Similarly 

Their sum is 


= i f 'f(v')e~ m ^*~ v) dv. 

1 /%/ \ f , -»£f m] , 

- I /(v) i e » + e “ - at; 


1 


or using Euler’s formula, 55, 11) 

= — f f(y ) cos m (2 - 


This in 8) gives 7). 


v*)dv o 



CHAPTER VIII 
INFINITE PRODUCTS 


127. Introduction. In the theory of the gamma function and espe- 
cially in the theory of the elliptic functions, both of which will be 
treated later, infinite products play an important part. They are 
also useful in other parts of analysis. We therefore propose to 
give a brief account of them here. 

It is easy to see how mathematicians were led to consider them. 
Every polynomial, 

« 0 + a l Z + • ' + a r? n = f (1 


can be written in the form 

-«i)0- «a) — (a - «„) = ajl (z - O* (2 

where « v <%■■■ a n are the zei’os of 1). 

Since a power series, 

/(*) = a 0 + a 1 z + a^ + ... = | a m z n , (3 


is the limit of a polynomial of the type 1), it is natural to expect 
that the function f(z) defined by the series 3) can be expressed as 
the limit of the product of type 2), that is, as an infinite product 


0(Z - ^>(3 - ttg) ••• = CTJ(z - a m ), 

where the a v a 2 ... are the zeros of /O). 

As an illustration let us take 


/O) = sin z = jj 


3® Z® 

3! + 5I 


whose zeros are 0, ± tt, ±2 tt, .... We shall show directly that 


sin z 
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We notice that each factor 


= -£3 0 - nir') (z + rwr), 


v?tt 2 nbr 1 


vanishes at two of the zeros of sin 2 , viz. at ±mr. If we set 
2 = ^ in 4) we get 

tt224466 ,r 

2 " 1 * 3 ’ 3 , 5 ‘ 5 , 7 ’“ ( 


one of the earliest infinite products considered, due to Wallis. 

As examples of other infinite products we notice 

<2=n(l + ? 2 »), 91 = 1,2,3... (6 



0(V) = 2 q*Q sin ttzU(1 — 2 q 2n cos 2 7r2+ g 4n ). (8 

Here Q is an elliptic modular function, T is the celebrated gamma 
function, and 0 one of the theta functions which are so fundamental 
in the elliptic functions. All these we shall consider in the course 
of this book. 

128. Definitions. 1. Let us now define infinite products more 
precisely. Let a v a v be a sequence of complex numbers. 
The symbol « 

A = • a a • a 8 — = n«„ (1 


is called an infinite product. As in infinite series we set 

A n = * A n = ^n+l ’ ^n+2 (2 

If ‘ lim A n (3 

n=oo 

is finite or definitely infinite, we call it the value of the product 1). 
As no ambiguity need be feared, we denote an infinite product 
and its value, when it has one, by the same letter. When 3) is 
finite and =£ 0, or when one of its factors a m = 0, we say A is con- 
vergent, otherwise divergent . 
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Let us oousider j 12 6 4 

A “i'2lT5 

Here , 1 

A * ™ »’ 

andhenoe limA.-O. 


(4 


Thus according to our definition tiie value of 4) is 0, although 
no factor of this produot is 0. For this reason we do nut care in 
this book to consider infinite product* which m0 although no 
factor is 0. We have therefore put them in the claw of divergent 
products. 

The infinite product in 2) is called the co-product. Obviously 
if Tin is convergent, so is A, and conversely, when zero factors 
are not present. 

In a similar manner we define infinite products whose factors are 
functions of *. Thus if /,(«), /,(*) are functions of s defined 
over some point set 9, 

,<•>•■• -&/.<*> (6 

is such a product. Giving s a value in HI as s m a reduces A) to a 
product of the type 1), the factors being now conatauts. If .">) 
converges for this value of s, we aay it converges fur s m a, etc. 

2. Just as we have double series 

(1 

so we can have double produett 
With 2) we associate a simple product 

n<J„ (8 

where eaoh factor a mn of 2) is some factor a, of 8). and conversely. 

Analogous to double series we will say 2) is convergent when 
8) converges absolutely, otherwise 2) is divergent. When 2) is 
convergent, its value shall be that of 8). From these definitions 
wo may build up a theory of double products in much the same 
way os we have developed the theory of double series in 
Chapter III. 
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129. Fundamental Theorem. In the infinite product 


let us set 


A. — J • #2 * a s • • * 9 0 

a m = 


(i 

(2 


where we will agree to choose so that 

“ 7T < 0 m < 7T. (3 

We now introduce the real series 

© = 0i + 0 a + 0 8 + — (4 

and the real product 

* R = P X - P 2 - P S — (5 

and prove a theorem on which our treatment of infinite products 
will rest : 


For A to converge it is necessary and sufficient that ® and R are 
convergent. When A is convergent , 

A = Re™. (6 

For A 

A n = a 1 a 2 ... a n 

=pi •••+*») 

° r A n = H n e^. (7 


If now R and ® are convergent, 

lim A n = lim R n - lim 
or A = jRe <e . 

Hence -4. is convergent and its value is given by 6). 

Conversely, if A converges, 

R n and e i9n 

must obviously converge to finite values =£ 0. Thus in the first 
place R is a convergent product. 

As e™ n converges to some number =£ 0, we can denote it by e xT \ 
we have therefore lim g je „ = ^ ( g 


Now from this we cannot say at once that 

lim ® n = T 


since 


gt(t*f2 7r ) 5— 
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The relation 8) however shows that 

I e iT — e i9n I < e for all n > some wi, 


or that 


e iT \ 1 — | < €> 


This requires that aside from multiples of 2 7r, © n shall = T \ 

that is ^ 0 T N — 

lim (@ n — 2 k n 7r) = T Jc n an integer. 

n=soo 

ThUS ® n =T+2k n ir + Vn , (9 

and however small rj > 0 is taken, 

| rjn | < V for all n > some m. (10 

Prom 9) we have e _ @ _ @ 

u n — w n w n~l 

= 2 w(* B -A n . 1 ) + (ij n (11 


1c — Jc n — 1 


is some integer or 0, while 


v' = V n - Vn-l 


is as small as we choose. Thus 11) shows that 

6 n = k2 7T + V* 


Hence the value of 1 6 n j is not far from k ■ 2 it. But from 3) 

|0»|<7T. 

To reconcile these two facts we must take k — 0, since | k | is 0 or 
a positive integer. From this it follows that all the k n in 9) after 
some k, are equal. Hence denoting the constant k, by k we have 

® n = T+ 2 K7T + t) n n> a. 

As 7f n = 0 by 10) we have, passing to the limit n = oo in 9), 
lim ©„ = T+ 2 kit. 

n= oo 

This shows that © is convergent. We have thus shown that when 
A is convergent, so are R and @. 
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130. The Associate Logarithmic Series. To study the conver- 
gence of the infinite product 


we introduce the series 


A = a 1 -Oj. a 8 — , a n ±0 
L = log + log a t + 


where using the notation of 129 we take 

log a n = log p n + id n , (3 

that is, the principal branch of log a n . We call L the associate 
logarithmic series. Let us prove the theorem : 

For A to converge it is necessary and sufficient that L converges. 
When A is convergent , A — e L (4 

In fact = log p 1 + ••• + log p n + i + ••• + 0„) 

= log R n + i@ n (5 

= log A n + 2 s„m (6 

where s n is some undetermined integer. 

From 6) we have A __ i n 

JLn — e . 

Thus, when L is convergent, A is convergent and its value is 
given by 4). 

Conversely, suppose that A converges. Then by 129 we know 
that It and ® converge. Hence passing to the limit in 5) we 

have L = log R 4- i® (7 

and L is convergent. 

131. Absolute and Steady Convergence. 1. In analogy to series 
one would be tempted to say that A is absolutely convergent, if 


the product 


— P 1 P 2 P 8 * 


formed of the absolute values of the factors of 

A = a 1 a 2 a 8 "- , a n ± 0 (1 

is convergent. This is not admissible, as the following example 
shows. Let * 

a = ri(-i)*. 


(2 
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The product formed of the absolute values of the factors is 

J2= 1 • 1 • 1 • ••• 


As R n = 1, we see that R converges and has the value 1. On the 
other hand, the product of the first n factors of 2) is 

A = (-l)" 


which has no limit as n== oo. Thus 2) is divergent. We could 
thus have divergent products which converge absolutely. Such a 
definition is therefore useless. 

We shall therefore say : 

The product 1) converges absolutely when the associate loga- 
rithmic series 


L = 2 log a n 


(3 


is absolutely convergent. Hence if L converges absolutely, L is 
a fortiori convergent and thus A converges by 130. 

From this it follows that when an infinite product converges 
absolutely, its convergence may be determined by considering the 
convergence of a positive term series, viz. the adjoint series 
of 3). 

For L to converge, it is necessary that 


As 

this requires that 


log a n = 0. 



(4 


We have already seen in 129 that 


0n=O. 


(5 ■ 


2. If the factors of an infinite product 

- yr =/i( 2 ) •/*(*) ••• ( 6 

are functions of z defined over a point set 21, we shall say that F 
converges steadily in 21 when the associate logarithmic series 


Z=21og/ n (» (7 

converges steadily in 21. 

Thus when L converges steadily, the factors f n (z) all differ from 
1 by an amount < e for n > some m. Thus if each / n (z) is one- 
valued and analytic in some circle $ about the point «, i m (») will 
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be one-valued and analytic when L converges steadily in $?. 
Hence : 

F(z)=e^=ffz)ff 2 ) ... (8 


18 a one-valued analytic function in whose logarithmic derivative is 

(9 


— TJ C z \ 

F(z) ~ L (Z) - 


132. 1. Example 1. Let us consider the analytic character of 


F=zTl(l--i-\ 
i \ wV/ 


(1 


We shall prove in 136 that F= sin z . 

Let $ be a circle of radius R described about 2 = 0. We take 
die integer m so large that 

Then for any z in $ 


mir > R. 


*»>»• ( 2 


We consider now the co-product 


(3 


vhere m is now fixed. Obviously if F n converges absolutely in 
;o does F. 

The associate logarithmic series of 3) is 


(4 
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Now q n < q m since n> m. Hence 


or as m is fixed 

is a constant, and thus 


\k i<. % , 


c = 


7T 2 M 2 ” 7l 2 


, 7 . . eJ? 2 1 n 1 

K»| <«?»< — • Zi=°-2- 


Thus each term of the adjoint of 4) is < the corresponding 
term of the convergent series 



Thus L m is absolutely and steadily convergent in Hence by 
131, 2 the product 1) defines a one-valued analytic function of z for 
any z. 

This function vanishes for 

2 = 0, ±7 r, ±2 tt, ••• (5 

and for no other z. For being convergent, the product 1) cannot 
vanish unless one of its factors vanishes. 

Each of the zeros 5) are simple. For we have 


where 


F=(z — mir) 6r, 

< f ~ JU * + * ,r)n '( 1 


g 2 \ 


where the dash indicates that the index n does not take on the 
value n = Now #, being a convergent product, does not vanish 
for z = rmr , since none of its factors vanishes at this point. 

2. Let us note that the foregoing reasoning establishes the 
theorem : 

n=l 

converges absolutely for all values of z^ utt. It converges steadily 
in any connex not containing any of the points mr . 
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133. Example 2. The T function is defined, as we shall see, by 


ro)= 


t-Cz 


71 = 1, 2, • •• 


where 


n (i + i),-i 


is the Eulerian constant considered in 20, Ex. 4. 

We show that the infinite product in the denominator 




(i 

(2 


(3 


is an analytic function of z which has 

z = — 1, — 2, — 3, ••• (4 

as zeros of order 1. 

To this end we describe a circle $ of radius R about 2 = 0. We 
take the integer m so great that m > R. Then 


q n = - < 1 n>m 
n 


for any z in $. We now consider 

< 5 


vhich is the associated logarithmic series of the co-product F m of 
3). 

Now 1 1 z s 

n 2n* + 3n s 


Hence 


i K I <ql + ql + ••• 


<* < 
1 - % 


!<■ |<f- 

n l 


ql 

1 - 9rn 


Hence 
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This shows, as in Ex. 1, that the series 5) converges steadily in $. 
Hence, as before, F is an analytic function which has 4) as simple 
zeros. Thus the function T defined by 1) is a one-valued analytic 
function having z= 0, — 1, — 2, ... as simple poles. By 120, 3 
z = ao is an essentially singular point. . 


134. Normal Form. 1. We have seen that if the infinite product 

““ * Ct 2 * Ag • • . 

is convergent, then .. 

ci n — i. 

It is natural, therefore, that many infinite products present them- 
selves in the form 

^=(i + W + 5 2 )- =n(i + i B ). (i 


We call this the normal form of an infinite product. Since we can 
always. «„ _ 1 + _ 1) = l + 


we can always reduce an infinite product to the normal form. 

We prove now : 

For the product 1) to converge absolutely , it is necessary and suffi- 
cient that the series D t . » , 

B = 0 1 + + ... (2 

is absolutely convergent . 

Suppose that A is absolutely convergent. Then the associate 
logarithmic series of 1) is absolutely convergent, that is, 

8= 2 | log (1 + 8.) | =2\„ 


is convergent. Thus \ B = 0 and hence b n = 0. Thus 
b n | < 1 for n > some m. 


Thus 

Hence 

Thus 


Hence by 20, 2 


log(l + &„) = , f 1_ 6, , 1 

K "12 8 + "’| 

lim^ = lim lo sO + £») =1> 

OO P n n= ao b n 


n>m. 


@i + £2 + 


is convergent, that is, 2) is absolutely convergent. 


(3 

(4 
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Conversely, suppose B converges absolutely ; then 4) is con- 
vergent. Then 3) holds once more and hence by 20, 2, 8 is con- 
vergent. But then by definition the product 1) is absolutely 
convergent. 

Definition . The series 2) is called the normal series of the 
product 1). 


2. From 1 we conclude that if 1) is absolutely convergent , the 

ierie8 2 log (1 + /3 n ) , &=|M (5 

is also absolutely convergent , and conversely . 

For when the product A converges absolutely, the series 2/8 n 
converges. But this series and 5) converge simultaneously as 

Um^ + AO-l. 

n =oo Pn 


3. In 131, 2 we have seen how the analytic nature of 

F(z) = n :/.(•) 

nay be determined from that of the associate logarithmic series. 
Let us now show how it may be inferred from the analyticity of 
;he normal series. We prove in fact : 

The product p = n(l + /«(*)) (6 

'.8 a one-valued analytic function of 2 within a circle St about 2 = a, 
if the corresponding normal series 

(7 

■g steadily convergent in St and each f n (z) is one-valued and analytic 
■n jf. 

For 7) being steadily convergent in each term f n is numeri- 
sally < some c n for any z in and the series 2 c n is convergent. 
L'hus c n = 0, or c B < e for n > some m. Hence 

|/» 0 )|<« n > m 

or any 2 in St- 

We show now that the logarithmic series 
Z - £ log (1 +/,0)) = 

»n+i 


(8 
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converges steadily in For 


Hence 


ln ~~T 'F + T _ 

K| <|/»| + |/n | 2 + |/n| S + 

<|/»| {l + e + f+ 


<, B =yc n . 
1 — 6 


Thus each term of 8) is numerically < the corresponding term of 
the convergent series 


Example 1. The product 

^ = £•1 = «i«2«s- 

is convergent. For consider the product 

p=nfi-iL 22 - 1 42 -l 6 2 - 1 

V 1 n 2 ) 22 42 > 62-' 

= <*• m-txi ■*)•” 

The normal series belonging to P is 

-2% 

^ n 2 

As this converges, P is convergent. 

Now - _ p P 


Thus 


(9 


A =« p_2m+l p_^p 

& m -p l 


lim A^= -P, 

n=oo 

and A is convergent. 

« W _n(i + ^) (io 

converges steadily in any circle Si about s = 0 of radius It < 1. 
For the normal series corresponding to 10) is 

2 Z 2«. 


(11 
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But each term of 11) is < the corresponding term of 

which converges since B < 1. Thus Q converges st eadil y in $. 
The proof also shows that 10) converges absolutely for any 

M<i- 

The product 10) is the product 6) in 127, q being replaced by 
z. The function Q (z) is thus an elliptic modular function. It is 
a most extraordinary function, since every point on a unit circle g 
about z = 0 is an essentially singular point. It admits therefore 
no analytic continuation outside g. Here then is an analytic 
function whose domain of definition, instead of being the whole- 
zs-plane, certain isolated points excepted, as is the case with all the 
elementary functions, is the interior of g. 


135. Arithmetic Operations. 1. Let us now see whether the 
usual transformations of finite products hold for infinite products. 
We have in the first place: 

Let A = IIa n , B = Iib n 

be convergent. Then the products 

Q = IIa n 5 B , 2 )=II ^2 (no5„ = 0inD) 

are convergent and C— A B JD — ^ 


Moreover if A, B converge absolutely , so do 0 and 2). 


For 


C n = A n B n . 


Hence letting w = ao we have 

lim O n = lim A n • lim B n = AB , etc. 


To show that 0 is absolutely convergent when A and B are, we 


set 


= 1 + , K=l+K |«»| = «n > |^| = £„. 

Since A and B converge absolutely, 

2 log (1 -f a n ) , 2 log (1 + /3 n ) 
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converge absolutely by 184, 2. Hence 

2 flog (1 + «„) + log (1 + A.) { = 2 log (1 + a„)(l + A.) 

is convergent. Hence C is absolutely convergent. 

In the same way we may reason on D. 

2. An absolutely convergent product is commutative . 

For let A = Ua n 

be absolutely convergent. Then 

L = 2 log a n 

is absolutely convergent. As by 130, 

A = e* 

and as we may permute the terms of L without changing its value, 
we may do the same with the factors of A. 

3. A convergent infinite product is associative , that is , we may 
insert parentheses at pleasure. 

For let a — „ „ „ 

.A — ••• 

be convergent. Let us consider 

B = (a x ••• a mi )(a mj+1 ••• <0 - 
= • & 2 ••• 

Now B n = ••• i n = a 1 -a 2 - .. a m ^ = 

As n = oo , A m ^ = A, 

hence lim i? n = A. 

n=oo 

Example. The following infinite products occur in the elliptic 

functions n , ,„ N 

11(1 + 

Q 2 = 11(1 + 5 ’ 2 ™- 1 ) n = 1, 2, — 

<? 8 = n 

They are obviously absolutely convergent for | q \ < 1. As an 
exercise, let us prove an important relation which we shall need 
later, viz.: p = Q^Q^l. (1 
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P = n(l + 9«»)(1 + (1 •- J2-1) 

= n(l + 2 2 »)(1 - , by 3 . 

Now all integers of the type 2 n are of the form 4 n — 2 or 4 m. 
Hence 

n(i - 3 s ") = n(i - ^-xi - ^»- 2 ) = n(i - 3*")n(i - 3**-®), 

or . n(l - ? 4 "-2) = - 9 2 ’ 1 ). 

v * ' n(i - 3 *") 

Thus p = n ^ 1 + ^"X 1 - ? 2n ) = n 1_?4B =i. 

1 — <f n 1 — 3 4 " 


Circular Functions 

136. The Sine and Cosine Products. 1. Let us show how sin z 
may be developed in an infinite product. This product is useful 
in various transformations and gives rise to many useful relations. 
W e wish to show that 

sin z = zll^l - , n = 1, 2, 3, ... (1 


We begin by showing that 1) holds for real x lying in the interval 


a = (a, b') , 0 < a < b < ~ ; 

it will then be easy to show that it holds for complex z. 

In 6 we saw that sin nx is a polynomial of degree n in sin x 
when n ie odd , or 


sin nx = a 0 sin n x + a x sin"' 1 x + ••• + «n-i sin x . 

If we set t = sin s, 

this gives s j n nx _ jpq^ _ a ^n a ^n-i a n _jt. 


(2 

(3 


There is no constant term here, since when t = 0, F = 0 also. 
Now JF, considered as a function of t , has n roots. On the other 
hand, considered as a function of x , it vanishes when 

sin nx = 0, 
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that is, when 


* = o , ±2: , ±2.2: , ...± n - 1 . z . 

n n 2 n 


Putting these values in 2), we see that F = 0 when 
t=s 0 , ± sin^ , ±sin2-^ , ••• ±sin 

Thus 


n 


2 n 


F(f) =a 0 t(t — sin— + sin— 

= % «(*-sm° -sin***- 1 . 1). (4 


Dividing through by 


sin 2 - ■ sin 2 2 • - ... sin 2 w_ 1 •- 
n n n n 


and denoting the new constant by <7, we get 


sin nx=0 sin x 1 — sin2 x ... 1 _ - sin!ia; 

sin 2 w ~ 1 . ZT 
n j w 2 n d 


sin 2 — 


(5 


To find O we have from 5) 
sin nx 


sina: 


= O 1 - 


sin 2 a? 1 

sin 2 - 
n j 


Let now x == 0, the last relation gives n = <7 which in 5) gives, on 
replacing x by-, 


sin x = w sin - P(x , w) 
n 


(6 


where 


-P(a;, ti) = II 1 — 


sin 2 - 

n 

sin 3 — 
n ' 


r =s 1, 2, ^ (7 
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As n = oo we have 


wain- = -- — = x. 
n 1 


n ^ oft 

sin «rE~ W 
n 


It seems likely, therefore, that on letting n = oo in 6) and 7) we 
shall get 1) for values of x lying in SI. To prove this let us set 


L(x , 7i) = log P(x , n) = 2 log l — 71 

r=i . o tit 

sin 2 — 
n 

£(aO=logP(*) = 21og(l--^). 


q ^ 1 ( Q 

8 


We then have 


provided 


lim P(x , n) = lim n) = e L{x) = P, 

n=oo n=oo 

limZ(#, w) = L(x). 


Thus we need only to prove 11), which we easily do as follows. 
Let us denote the sum of the first m terms of 9) by L m (x, n ) and 
the rest of the sum by L m (x , n ), Then from 

L(x , ri) = L m (x, n) + L m (x, ft), 

L (a?) = L m (x) + L m (x ), 

we have 

\L(x, n)-L(x)\ <\L n (x, ti)~ L m (x)\ + \L m (x,7i)\ + \ L m (x) |. (12 


Now for 


we have 


0 < - < f ’ 


■ < sin x < x. 
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we have, by the law of the mean, 

0< — Iog(l— «)< — log(l— /9)</S+ Gf-fl 2 , G- some constant. (14 
Thus 13), 14) give for any value of n 

o< !£.(», 

m+l' m+ 1 ' & 

if m is taken sufficiently large. 

Also by 132 on taking m still larger if necessary, 

|AnO*0|<§- 

Finally if n is > some v 

\L m (x, ra) — L n (x)\ <|. 

Thus 12) gives 

\L(x, n)-L(x)\< | + | + | = e , n>v , 
which establishes 11). 

Thus 1) holds for z in 21. To extend it to all values of z we 
need only to observe that the right side of 1) is an analytic func- 
tion of z, as we saw in 132. Thus by the principle of analytic 
continuation 1) holds for any complex z. 
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Hence 

Thus 15) gives 


lim <?„(z + tt) = - lim <? B (z). 


JL iUij XU I tfiYOO • / , \ 

J 6 sm (z + 7r) = — sin z. 

Thus 2 7r is a period of sin z. 

3. From the product expression 1) we may derive 


For from 


we have 


OOM "?l 1 — ( 2 «-l)vJ 

sin 2 z = 2 sin z cos z 


1 2z 

COS Z = s • 

2 z 




n(i- 


1 _ 1 
(2»)VA (2m-l)V; 


which gives 16) at once. 


n l- 


11 1 1 C2i»-1)m)’ 


137. Infinite Series for tan z, cosec z, etc. 1. From 136, 1), 16) 
we have , „ „ 


log sin z = log z + i log ^1 - 


log cos z= ^ log (1 - J 


(2 n - 1) 2 ^; 


Differentiating these, we get 




00 2 

tanz=2V /2 1n2 ’ 

1 ~ ) 7 t 2 -z 2 


(4 
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valid for all z for which tan z, cot 2 are defined, that ia for all * 
which do not cause a denominator to vanish. 

The relations 8), 4) exhibit cot 2 , tan 2 as a scries of rational 
functions whose poles are precisely the jwles of the given func- 
tions. They are analogous to the representation of a rational 
function as the sum of partial fractions as shown in 122, 4. 

2. As an exercise let us show the periodicity of out 2 from 8). 
We have , j 

cot 2 = lim ^( 2 ) * lim V , z + mw. 

n— « **■* h 2 + HIT 


Letting » * 00 we get 

lim F n ( 2 + it ) » lim f.(z), 

01 cot (2 + 7 T) ■ cot 2 , 

and thus cot 2 admits the period ir. 

138. Infinite Series for sec z, cosec z. 1. From the relation 
cosec 2 =■ tan £ z + cot » 
we have, using 8), 4) of 187 


cosec 2 


Jz 


+ »-** *— 
2 r « v* - ^ 


-1 + y 4 2 _ 0 v * _ 

z ^(2n- 1 )V»- z* ^nhr*-* 


(1 


2. To get sec 2 wo use the relation 


cosec 


From 1) we have 


(1-4 


COHCC Z = - + V ( _-])«•! 
2 1 


* sec z. 

1 1 I _ ' 

MT — 2 »7T + 3 , 
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Hence 


COSec(|-z)= 1 +2(-l)" +1 f 1 — 1 \ = S 

V2 J w „ ' 1 *■ . _ , v „ ■ 


2" Z 


717 T — Z U 7 T + — — Z 
A A 


Let us regroup the terms of S , forming the series 

[ 1 + 1 | - | 1 + 1 

if- i + »J l¥- ¥+* 


SL-T m l=, 


2n—l 


= 0 as n == oo, 


7T + 2 


we see that T is convergent and = S. Thus 

secz-NV-lV+i C 2 * 1 - 1 )”- 
secz-^C i; /2 m -IV , 


tt 2 -z 2 


valid for all z for which sec z is defined. 


139. Development of log sin z, tan z, etc., in Power Seines. 
1. From 137, 1) we have 

O 

If we agree to give sin -- its limiting value 1 as z = 0, the rela- 

Z 

tion 1) holds for |z| < v. For such z 

, A, z 2 \ z 2 , 1 z 4 , 

Hence * »% i «t 1 z 6 


, sin z z 2 , 1 z 4 , 1 z 6 . ... 

- 1o « , =s + s + M + 

+ 2 2 7r 2 + 2 2 4 7r 4 32® tt 6 

, 2 2 _ I I z — 4. 1 J 4- 

+ 32 7r 2 2 3 4 7r 4 3 3 6 7r« 


(2 
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provided we Hunt this double series by rows. As this serial 
all its terms positive for a real positive value of t < w, say for i 
and as this series summed by rows is convergent, since the reh 
2) holds for this r, we may sum 2) by columns for all |>|< a 
42, 2, 8. 

Doing this, we get 


-log 


sin s 
2 



1 

8 



1*1 <*. 


where as usual 


H. 


I +1+1+ 
1 " ^ 2 " + 8 * + 


2. In a similar manner we find 


- log cos 2 - a t ** + + 1 <V - : + 


**' 


1*1 < 


where ^ 1 1 1 

" 1" 8" 6" T 


We observe that 


This in 5) gives 

-logcos2-(2*-l)tf,^+?(2«-l)^ + l(2'-l)J5r < ^ + . 
valid for |z| < ^. 

«w 


If we differentiate 8) and 0), we get 
tan z - 2(2* - I > H t £ + 2( 2* - I )H + 2( 2* - 1 + .. . 

valid for | z | < ^ • 


cot 2 

valid for 0 < |s| <ir. 


1 _ •» // z _ •» // 2* o ;/ l 6 

2 V -"v 
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3. Comparing 7) with the development of tan z given in 116, 
4), we get 

Tf _1 , 1, 1_ , _’T 2 _1 27rf_/7T 2wf 

-“2 ' r 2 a " r 3 2 " r '" 6 6 *2! 1 * 2! 


2 a 3 a 


5'4=l+^ + i+ -=^ = 


2 4 3 4 


77f = J L 2 3 7T 4 _ rp 28tT 4 

90 30 * 4 ! 8 ‘ 4 ! 


-S« = l + ?S + ^+ ••• = WVT = 


2® 3® 


7T® _ 1 2 6 7T®_ y 2® 7T® 

946 42 ‘ 6 ! 6 ' 6 ! 


etc. Here 


— i ’ ^8 = A » ^6 = ?V ’ ^7 = sV ’ = A 


In general we may set 


Then 7) gives 


_22"-l 7r 2» 

jH2n_ (2 m)! i2n - r 


«,„». 2, ^- i >n» + 2 ‘^ 4 r 1) v+"^r- > -v+ - <“ 

vaZicZ /or 1 2 1 < ~ • 

A 


From 8) and 10) we get 


1 00 
cot 2 = - - V 

2 1 


t ( 2«)! 2n_1 ' v 

The numbers jT x , 5T 2 • •• are called the Bemoullian numbers. 

140. Weierstrass’ Factor Theorem. 1. We have seen in 136 
how the integral transcendental functions sin 2 , cos z may be 
developed as infinite products whose factors vanish at the zeros of 
these functions. Weierstrass by generalizing these developments 
arrived at the following theorem of great theoretical value : 

Let the one-valued integral transcendental function F(z ) have a v 
a 2 , ••• as zeros which we suppose arranged so that | a n+1 1 > | a n \ = 00 
as n = oo, an m-tuple zero being repeated m times , and the a's 
being =£ 0. Then 

F(z)=e™Tl( 1-IU , (1 


where T is a n undetermined integral function. 
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Before proving this theorem we wish to make a few explana- 
tory remarks. We note that corresponding to each zero a n there 

is a factor 1 — — in 1) which vanishes at this point. Since the 

exponential function never vanishes, the right side of 1) will not 
vanish except one of the factors vanishes, provided the product 
on the right of 1) is convergent. 

The infinite product 


n(i-±) 


C2 


will not converge in general. For example, the zeros of — — , as 

r (z) 

we saw in 133, are 0, —1, — 2, •••. The product corresponding 
30 2) is here 

sn ( i+ i> 

This does not converge, since 

21og(l + *) 

\ n) 

s divergent. 

To make the product 2) converge, Weierstrass has added the 
lactor 

£ 1 /• t \n 

e <*n + " . 

This introduces no zero into the product, but does make it con- 
verge, as we shall see. 

Finally the factor ^ T{z) 

las to be added, since, however the integral function ^is chosen, 
he resulting function 1) has the assigned zeros a n . 


2. To prove 1) we begin by showing that 

# O) = n (l - et n + • (3 

n=l\ aj 

s an integral transcendental function which vanishes only at the a n . 

For take z large at pleasure and fix it. About the origin we 
Lescribe a circle $ of radius It including z . We next take m so 
arge that 
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O) denote the product 3) after deleting the first m factors, 
i, the product 3) when n takes on the values 

w = m+l, m + 2, ... 

now show that the corresponding logarithmic series 

£<Y>= (4 

n=m+i l \ aj a n n\aj j v 

rges steadily in ft. For 

set |z|= ^ , |; n | = \„ , —=p<i, 

" x.< 1 (rr+ 1 (£T+~ 

^-n+lUj »+2V«J 

<(»)“{i + 4 + (ay + ..i 

<p n (l + p + p i + •••) 


is each term of the adjoint of 4) is < the corresponding 
of the geometric series 



Ly z in SH. Thus H converges steadily in $ and is, by 131, 2, 
alytic function of z which vanishes only when one of its 
s vanishes. 

,urning now to 3), we see this differs from H only by m 
■s which are analytic and vanish only at a t , a 2 ••• a m respec- 


The function defined by 3) is an integral function 

i has the same zeros as F(z). Let us find the most general 
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integral function </> (z) which has these zeros ; we shall see that it 
will have the form given in 1). For the quotient 


K») 

<*00 


= Q 


(5 


has no singular points in the finite part of the plane and does not 
vanish for any z. Thus by 118, 10, log Q is one-valued and has no 
singular points in the finite part of the plane. Hence 


T(z) = \ogQ 


is an integral function of z. This with 5) gives 

4>(z)=e r « G(z), 

which is therefore the most general expression of a one-valued in- 
tegral function having the assigned zeros a n . 

4. The exponent in the nth factor in 1) is a polynomial of degree 
n, and this n increases indefinitely. Weierstrass has shown that : 

When the zeros a n are such that 

’ «»=l«n| (6 


converges , we may replace the exponential factor in 1) by 

1 (-)' 

' — 1 \aj 




+ 


\v-l 




where the polynomial is of fixed degree p — 1. 

To establish this we need only to show that the corresponding 
logarithmic series 


L(z)=% flogfl --) + -■ 

n= 2 + l ^ V. a J <*n 


converges steadily in 



a 
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This is indeed so, for here 


Hence 






q_ 

< 


Each term of the adjoint of 7) is thus < the corresponding term 
of the convergent series 

for any z in Thus 7) converges steadily in 



f>. Let us apply Weierstrass’ theorem to the sine function. Here 
we set 


a 8 = 2 7r 


a 4 = — 2 7r 


The series 6) becomes here ^ 




t n*> 


which converges for p > 1. Thus 

sin z = ze T{9) Tl ( 1 — — n = ± 1, ± 2, ••• (8 




nirj 




(9 


Thus Weierstrass’ theorem enables us to write down the product 
expression at once aside from the unknown exponential T. The 
determination of T is attended with grave difficulties. To avoid 
this, we have developed sin z in 136 by another method. 


6. From Weierstrass’ theorem l we may write down the most 
general rational transcendental function with assigned zeros 


#1 ’ ^2 ’ 

and assigned poles j j 

where a zero (pole) of order m is repeated m times. 


(10 

(ii 
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Let us suppose that the points 10), 11) are arranged as the a n 
in l. Then 



< 

i 

i 

N 

II 

a 

— 5.y- + - 


(12 


aj 



and 

ffOO-nfi 


■*5(k>" 

(13 


will vanish at the points 10), 11), respectively, and nowhere else. 

Their quotient _ , . 

00 

&00 

will thus have the assigned zeros and poles. Let K(z) be the 
most general one-valued analytic function having these zeros and 
poles. Then 

O = K 00 

v bqo 


behaves as the quotient in 5). We have therefore as before 

Q = e T . 


Hence the most general function of the kind sought is 

•""?$ <14 
where T is an integral function. 

7. Let us note that the zeros 10) and the poles 11) of a rational 
transcendental function considered in 6 must both = oo, on being 
properly arranged. 

For if in 10), for example, we could pick out a sequence 

a[ , al 2 , a f 3 ••• which = some point a\ 

this point would be an essentially singular point of our function K. 
Thus K having an essentially singular point in the finite part of 
the plane is not a rational transcendental function by the defini- 
tion in 123, 4. 



CHAPTER IX 


THE B AND r FUNCTIONS. ASYMPTOTIC EXPANSIONS 


11. Introduction. 1. In advanced integral calculus one treats 
wo functions called the Beta and Otamma functions which are 
ned by the definite integrals 


5 ( 3 , y) =£ 1 u x ~ 1 (l-u)»- 1 du= £ 

r(s) = j*e~ u u Xr - 1 du 


x > 0 . 


vT^du 
(1 + u~) x+v 


x, y > 0 (1 

(2 


se functions enter many parts of mathematics and on account 
aeir great importance we shall devote a short chapter to their 
e important properties. The B and T functions are not 
•.pendent functions ; in fact, as is shown in the calculus, and 
ire shall see in the next §, 


»<*»>£«>+*> ’ x ' y>6 - 


(3 


s of the two functions we shall devote most of our attention 
ie T function, which is a function of a single variable, whereas 
a function of two variables. 

istead of employing the definition of the B and T function as 
(finite integral, we can define the T function as an in nite 



(4 


re (7= .5772157 ••• is Euler’s constant. We shall see directly 
the integral 2) and the product 4) have the same values for 
0. For the function theory, however, the product definition 
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4) is vastly to be preferred. In fact, if we allow the variable x to 
take on complex values, the right side of 4) defines, as we saw in 
133, an analytic function of z for the whole sj-plane except at the 
points 2 = 0, — 1, — 2— where it has poles of the first order. 
We may thus regard this function as giving the analytic continu- 
ation of an analytic function which for real x > 0 has values given 
by the integral 2). 

Instead of the integral definition 1) of the B function we may 
now take 3) as a definition where T is now defined by 4), the 
variables y being now of course complex. 

From these product definitions of the B and T functions many 
of their properties follow very simply, as we shall show. If we 
prefer, however, to start with the definitions 1), 2) it is merely to 
preserve the continuity of the reader’s knowledge. The justifica- 
tion of the steps we shall take in dealing with the integrals 1), 2) 
in the next two articles we must leave to the reader for lack of 
space. 

2. The integrals 1), 2) may be given other forms on changing 


the variable. Thus in 1) let us set 




V 

u = 

I — V 


We get 

B(z, y) 

= — v)r~ l dv. 

(5 

If we set here 


v = 1 — w, 


we get 

BO, y) = 

1 — w^^dw. 

(6 

In 5) let us set 


v = sin 2 0, 


wc get 

B(z, y) = : 

n 

2 C sin 2 *" 1 6 cos 2 *'" 1 6d6 . 

Jo 

0 

Finally, if we set 

u = log - 

V 


in 2), we get 

TO) = 


(8 
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142. B(jr, y) expressed in T Functions. We wish to establish the 
relation 3) of the last §, the variables being real. If in 141, 2 we 
replace u by au, we get 

- = _* f e~ au u x ~ 1 du , a >0. (1 

a? T(x)J 0 v 


From this follows that 

1 = 1 
(i + V)* + v ro + 3/)./ 0 


0-a+v)u^a;+i/-l^ 


Hence by 141, l 

B 0>y)= f n V * = r * ,f dv f u^y-h^e-^^du, 

Jo (1 + vy + » T(x + y)J o Jo 

or inverting the order of integration, 

-j /JM y#00 

= „ . / u x+ v- 1 e~ ii du I v x ~' 1 e- uv dv. (2 

ro+y)J 0 Jo 


In the v integral let us set uv = w; it becomes 

/»ao 

vr x J w^er^dw = vr^TQx ) . 


Thus 2) becomes 

B< * “ r<* < +y)/ Vw “ 


= rcaorcy) 

T(a: + y~) 

which establishes 141, 3. 


x, y >o 


(3 


143. r(jr) expressed as a Product. From the calculus we know 
that 



Putting this in 141, 2) gives 

r(V) = lim f u^fl — du . 

n=ccJo k 
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Setting u = nv, this gives 

ro) = lim n x I (1 — v^v^dv. 

n=oo Jq 

Integrating by parts, we get 
j* (1 — v') n v*~ 1 dv = ^ j* (1 — v) n ~h) x ~ l dv 


Cl 


n n — 
x + n x + n 


n 


x+n x+n 
n i 1 

x + n x + 1 x 

We may thus write 1) 


^ — v)"-V~y» 

i i r 1 

.... I t)»-l dv 

— 1 X + 1./0 


Now 


IYa;) = lim i • 1 . 2 ... (n- 1) _ . 

n=oo 27 + 1)(® +2) ••• ■+■ n — 1) 


C2 




Also 


0 + 1 ) ... (x + n-l) = (M-l)! (l + f)(l + |) — + 

Putting these in 2) gives 


r<» 


= ln ( 1 


+1 -T 

n) 


X 1 


= -n e 


i+- 

n 

* io *(i+i> 

i+- 

n 


(3 


arlog^j+l) -2 

=In e - " e _ B 

1 M‘ J 

= i n/ |log(l+ »H* 
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Thus 



where 

is Euler’s constant. 
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(4 


(5 


144. Properties of T(z). In the foregoing articles we have 
seen that the B and T functions may be expressed as infinite 
products, the variables being real and positive. We propose now 
to start afresh and define these functions for complex values by 
these same products. Thus we say 


roo- 



= i, 2, 


(i 


where O is Euler’s constant 


and 


C'=S(--log(l + -) 

tl In \ nj 


.5772157 ... 


B(«, t>) = r(fi)r(«) _ 
r(w + v) 


(2 

(3 


Then the foregoing shows that these functions reduce to the B 
and r functions of the calculus when the variables are real 
and > 0. 

From the definition 1) we may obtain two other expressions on 
using the transformations employed in 143, viz. : 


r (z) = lim <7„(z) = lim - 

7J=oo Z 


1 . 2 ... (71-1) 

(z -f l)(z + 2) ••• (z + n — 1) 


n* (4 


due to Gauss, and 

r(z)=l n 



w = 1, 2, ••• 


(5 


where in 4), 5) we take that determination of n z and 
which is real and positive for z =a 1. 
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The expression 1) shows, as already seen in 133, that: 

1° TO) is a one-valued analytic function of z whose domain of 
definition is the whole z-plane except the points z = 0, —1, — 2, • •• 
which are poles of the first order. The point z= oo is an essentially 
singular point. 

Since the factors in 4) are positive for z real and positive, we 
have : 

2° r( 2 ) is real and positive for z real and positive . 

A very characteristic property of T is : 

3° ro + i)= zr(z). (6 


As 


For using the product C? n (z) in 4) we have 

+ l)= wz ^»0). 

z ■+- n 


t nz 
lim = z, 


7Jr=oo n -f- z 

we get 6) on letting n = oo. 

By repeated applications of 6) we get 

T(z + ri)= z(z-f- 1) ••• (a + » — l)r(z). 

From 5) we have r(l)— 1 

Let us set z = 1 in 8), we get 

r<>+l)=1.2.3 n = n\ 


o 


(8 

(* 

(10 


This relation gave rise to the T function. In fact Euler proposed 
to himself the problem : 

Determine a continuous function which when x is an integer 
x = n shall have the value 1 • 2 • 3 ... n = n ! The relation 141, 2) 
shows that such a function is 


u(x)= r 

e/0 


e~ u u r du = Y(x -h 1). 


(ii 


The relation between T and II may be extended to complex values 
by defining IK» by n(z) = T(z + 1} . (12 
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The functions II and T are of course essentially the same function. 
The n notation was used by Gauss, the T notation by Legendre. 
Both notations are currently used to-day. The fact that 

n (») = « I instead of T(1 + n) will often make it convenient to 
use II instead of T. 

Another important relation is : 

4 ° r( Z )r(i - z) = J 

For 


sin 7 tz 


(13 


<*. 000 .( 1 - 0 -- 


1 


MHH 1 - 


z 2 \ 

(» - 1)V 


n 

n — z' 


As 


lim — = 1, 
n=o° n — z 


we have, letting n= 00 , 

r(z)r(i-z) = 


zn 


t-J)' 


7 T 

sin 7 rz 


by 136, 1). 

In the calculus the relation 13) is established by using the 
formula 

V?~ l du _ 7T 

1 + m sinwaj’ ^ 


whose proof is not simple. 

If we set z = £ in 13), we get 

r 2 a)=w 


or 


F(^)= +Vtt. 

The + sign of the radical must be taken by 2°. 
From 8) and 15) we get 


5° 




(15 


(16 


Since the exponential function vanishes for no value of z, the 
expression 1) enables us to state: 

6 ° The r function vanishes for no value of z. 
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145. Expression for log T(x) and its Derivatives. From 144, 1) 
we have 

L(z) = log r<» = - Gz - log z + % ( - - logfl + *-)}. (1 

i l w \ nj 

Differentiating, we get 

=- 0+ |{K + »_i}- 


In general we find 


Thus 


^(2)=(-l)»(m-l)!V- 1 , »>1. 

" (s + n — l) m 

L'{ l)=-0. 

L^(V) = (-rro-l) IJ 1 = (-!)"*( m-l) ! H n 


(2 

(3 

(4 

(5 

(6 


146. Development of log T(z) in a Power Series. We saw in 
144, 6° that T(z) has no zeros, thus log T(z) is a one- valued 
analytic function about 2 = 1, whose nearest singular point is z = 0. 
Thus Taylor’s development is valid, and we have 

log TO) = = L(l) + z “ 1 i'(l) + (z “ 1 ) 2 J7'(1) 4 - ... 

Replacing z— 1 by z and using 145, this gives 

log T(1 + Z) = _ Cfe + V 1 >" J 3 ; z » , I a I < 1. (1 

Sk n 

Legendre has shown how we can make the series 1) converge 
more rapidly. We have 

log(l + 2 ) = 2- J(_l) n - , |z|<l. 

2 n 11 

This when added to and subtracted from 1) gives 

log T( i + z) = - log (1 + 2 ) + (1 - oy + V ( - 1 ) n (jsr n - 1) !! . 

9 * n 
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Changing here z into — z gives 

log T(1 -z) = - log (1 - z) - (1 _ 0)z + J (5; - 1)1“. 

2 ^ 

Subtracting this from the foregoing gives 

log T(1 + z) - log T(1 - z) = - log* +? + 2(1 - (?)s 


From 144, 13) we have 



g2n+l 


log r(l + z) + log T(1 - a) = log _ .« 

sin ttz 


This in the preceding relation gives 

log T(1 + z) = (1 — (7)z — 1 log ^ z + 1 log .**_ 

L 1 — z 2 sin irz 


2) (-®2w+l — 1) 


j-j2n+l 
2 1 


(2 

valid for | z | < 1. 

This series converges rapidly for 0<x < £ and thus enables us 
to compute log T(®) in the interval 1 < ® < |. 


147. Graph of (T)jr for Real x. By virtue of 144, 8) the value of 
T(®) for any positive x is known when its value is known for 
values of x in the interval (0, 1). By virtue of 144, 13) the value 
of T is known for x < 0 when it is known for x>0. This rela- 
tion also shows that the value of T is known in (0, 1) if it is 
known either in (0, £) or indeed in any interval of length 
Gauss has given a table of log II (®) for 0 < x < 1 calculated to 
20 decimals. This gives us the value of log T(®) for 1<®< 2. 
A four-place table is given in the Tables of B. O. Peirce * for 
l<x< 2. 

Since T(l) = T(2), the curve has a minimum between x == 1 and 
x—2. This point is found to be 

x = 1.46163 


* See reference, p. 91. 
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From 14f>, 4) we ace that 

L'\x ) >0 , for x > 0. 

Hence the graph of r(j ) is concave for x >0. 



Thu adjoining figure will give the reader mi idea of the graph 
for real x. The vertical iinua x m «, « m 0, — 1, — 2 ••• are naymp- 
totcH to the curve, and the maxima ami minima of the curve lie 
on oppoaite aidea of the .r-axiH. The diatance of the dhowa from 
the jr-axia increiiaca uh we go to the left. 
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Thus 


&= I e~*u‘ 

= 12 + iK. 


Site 

cos (y log u)du 4 ij e~^u x ~~ 1 sin ( [y log u)du 


Now H and K are convergent since x > 0, hence the integral 2) is 
convergent for all z for which x > 0. 


2. Let us show that #( 2 ) is an analytic function of z. To this 
end we use 86, 1). Now 


as 

dx 

bH 

by 


/jqo zs 

= j e~ u u~ l u x \og wcos(y log u)du = — 

/-»*> 

= — 1 r^w^ 1 sin (y log u) • log udu = — 


BK 

dx 


As these derivatives are also continuous functions of x , y for 
x>0 , we see that # is an analytic function of z for all 2 lying to 
the right of the imaginary axis. 

Since #( 2 ) as defined by the integral 2) and T(z) as defined 
by an infinite product 144, 1), are analytic functions which have 
the same values along the positive half of the real axis, they also 
have the same values for any z = x + iy for which x > 0. 


149. r (z) expressed as a Loop Integral. 1. In the foregoing 
article we have expressed the T function as an integral which 
converges for all z = x + iy for which x > 0. Let us now show 
that it may be defined as a loop integral which is valid for all 
values of z for which T(z) is defined, that is, for all 2 =£0, — 1, 
— 2 , •••• 

To this end let us consider the integral 



'u^du, 


(1 


the path of integration being the 
loop L extending to oo as in Fig. 1. 

Let u = re •* , 0 < <£ < 2 7T. 



Fig. 1. 


As value of u*~\ we take 

u *-l = g(*— 1) logM ^ ^(*~l){log r-f-#}. 
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The integral 1) is thus defined fur all values of s and ia a on< 
valued analytio function of z by 104, since its derivative 

m C log udu 

dz Ju 

is a continuous funotion of z. 


2. We now show that 

<H*y > 


.(^-Dr(s). 


To this end we need only 
prove 2) for * m x > 0, by vir- 
tue of the principle of analytic 
continuation, 118. Let us re- 
place the loop L by the loop 8 as in Fig. 2. 
oircle aj3y converges to 0. Tims 




( 


Kio. a 


The radiue r of the 


f - r+ f + r* 


(* 


Now on the segment (oo, «), <p m b, hence 


f. 


e~ u u'~ l dum — T(jr) 


as r A 0. 


On the segment (<y, oo ), <f> m 2 v. For when w (Misses over the 
oircle afiy, $ increases from 0 to 2 ir. Thus u* 1 has on the seg- 
ment (7, oo ) the value 


Thus 

as r ■ 0. 
Finally 


jC*- 1 «p<* !•♦*»<) m u *~ 1 . ,*•*<#-!> 

£ e H u* *du •*«*'<*£ « *«' 'du * 
C m i r /'-i««sr r f 

*' «4y *'m0y 

\ r i. K ! r< ^ 

+* *fiy I zj o i 


< 2 irr 1 1 r '■ | 
« 0, as r — 0. 


Hence 
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Thus passing to the limit r = 0 in 3) we get 2) for real x 
But as the two sides of 2) are analytic functions of z and as 
relation 2) holds for real x > 0, it holds for every z . 


3. Let us show that 



^u^~ l du == 


2 t He”** 

r(i -«) 


For 2) may be written 


a= 


But by 144, is) 


2 i 
= 2 ie™ 


? — friz 

• 2 • r( Z ) 

sin 7 rz • r(a), by 58, 8). 


This in 5) gives 4). 

Since e™ is an integral transcendental function having no ze 
and since T(1 — z) has poles of the first order at z = 1, 2, 3. 
and no other singular points, we see that the function Gr{z) defii 
by 2) is an integral transcendental function whose zeros are z = 
2, 3, ••• each of order 1. From the standpoint of the funct 
theory, the & function is simpler than the T function. 


150. The B Function as a Double Loop Integral. 1. In a simi 
manner we can show that 

j* z u_1 (l - zy-'dz = - (1 - e a,ri “)(l - e^'OBO, u), 

Wh6re B(m)- T ™ r(v l 

w, v being any complex numbers for which the quotient on i 
right of 2) is defined. The path of integration L is so chos 
that the many-valued integrand in 1) 
returns at the end of the circuit to its 
original value. Such a path is 

T, — 7 7 7 - 17-1 
— e, o e 'ro 6 i ’ 

where Z 0 , l x are loops about z = 0, z = 1 
in the positive direction as in Fig. 1. 

It is easy to see that L may be replaced 



Fig. 1. 
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by the loop 8 in Fig. 2, without 
changing the value of the inte- 
gral 1). The loop 8 in a dovble 

loop. 

Finally we must specify which 
of the many values of 

2«- M ^ (1 - Z) v 1 ■ f tw 4 *, 

we start with at the point z ■■ e. We taka 

log o ss log r + »« » h»g ( 1 — c) — log s + iff, 

as indicated in Fig. 1. The values of 

log * - log p + iff , log(l - a) - log or + iif>, 

at any point of L depend only on ff ami since lug p , log a are 
the arithmetical logarithms of the positive real numbers p, or. 

To prove 1 ) we shall first show that l ) is true when m - x, 
v m, y are real and positive. Then reasoning as in 114, e we see 
that 1) holds for complex values of « and v. 

2. Let now a run over the loop l 0 . When a first reaches a, 
0 mt a; on reaching a after the circuit about a ■■ 0, the value of 6 
is « -(- 2 ir. Thus when a returns to a m c, the value of 6 is 
a + 2 -nr. On the other hand, the value of $ is unchanged. 

Similarly when a passes over the loop the value of 6 is un- 
changed, while <f> goes over into ff + 2 w, etc. 

We may thus write 

C — C (<*, £) + / ( « + 2 tt, (3) + C (a + 2 w, ff + 2 *•) 

J l Jit J\\ Jtr* 

+ /"(«, fi + 2tt) (8 

J\ * 

where the numbers in the jmrentheiwm indicate the value* of 0 * <t> 
at the beginning of the curreNjamdiiig circuit. 

Ah 

■ rv ” f(x-I){|ogp* S3J fir 
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Similarly 


f (a + 2 tt, /3 + 2 tt) = C (a, yS), 

Jir 1 Jit- 1 

j* (a, /3 + 2 7r) = e 2 ^ £(«, /9). 

r («, /3)= r+ ** r= («*•*• - 1) r, 

*Jlo *s c */ 0 «/ o 


since the integral over the little circle about z = 0 is 0. 
Similarly, 

f («, yS)=(l- e 2 "*0 H 

*/fl t/ft 


Now 


r («. £) = o'***- 1) r 

Jir 1 Jo 

f <«, /3)=(i-e-^> r. 

c/^r 1 c/c 


Putting these values in 3) we get 1) for real positive w, v . 


Asymptotic Expansions 

151. Introduction. In various parts of mathematics it is impor- 
tant to have the approximate value of a function for large values 
of the argument. For example, when a? is a large positive integer 
w, we shall see in 157, 9 that T(1 + x) or n! is nearly equal to 


V2 mre~ n n n , 


(1 


a result of great value in the theory of probabilities and the 
kinetic theory of gases. 

Another approximate expression of this type is the following. 
Letting J n (x ) denote the Bessel function of order n, its value 
for large positive values of x is approximately, as we shall see in 


253, 2, 



(2 n + 1) 
4 



(2 
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This asymptotic expression shows at once that J n (x ) has an infinity 
of real roots, a result of utmost importance in the mathematical 
theory of heat, etc. 

Connected with these approximate values of a function for 
large values of the argument is a class of divergent series 

Z7=^ + m 2 + % + ♦•• (3 

which have this remarkable property: — 

The sum of the first n terms U n gives the value of f(x) with 
great accuracy for values of n not too large, although the series U 
itself is divergent. 

For example, we shall see in 156, 6) that Euler’s constant 

<7= lim ( 1 + i + i + — + - — log n ) = .57721566 ••• 

«=w> 12 3 n 1 


is given rapidly and with great accuracy by using the divergent 
series 


_L_m J_ 

2 n 2 2 n* 


T, 




where 


4 4n* 


C4 


are the Bernoullian numbers introduced in 139, 3. 

Divergent expansions of this type have long been used with 
utmost advantage in astronomy. On account of their growing 
importance even in pure mathematics we shall give a brief sketch 
of them as far as they relate to the T and Bessel functions. 

We begin by developing a few properties of the Bernoullian 
numbers and a class of polynomials also named after Bernoulli. 


152. Bernoullian Numbers. 1. In 139, 12) we saw that 

1 oo 2 2n 

co1, * = ^ “ 2 (2 „) : T -^" 
r,-! , SJ- A , s ’, -a — 

are the Bernoullian numbers. Now 


;md 


cot z = + ^ 

sin z e xz — e~ u 

coth z = i cot iz . 



Thus 
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coth Z = i — V ( _ ^ - m _2n— 1 

2 “T J (2ra)I 
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=- +r - = 1 


e* — e 


e 2 * — 1 


If we set 2 z = u, this gives for \u\ <2w 

= — \ i ~ B 6 = -B 7 = ••• = 0 
•8»» = ( — l) n+1 2 T 2n _ 1 n > 0. 


where 

and 

Thus 


where as usual 


B^ =(- l)«+ l -C 2 n l! jg: 

V * (2w)*» *" 

ATj- = 1+ — -1.-L4._L4.... 

2,1 2 s " ^ 3* ^ 4** ^ 


a 

(2 

(S 

(4 

(5 

(6 


Instead of T n we may with Lucas regard the B n as Bernoullian 
numbers. They may be defined therefore as the successive deriv- 
atives of 


at u = 0. 


u 

e"- 1 


2. Let us introduce with de la Vall6e-Poussin the symbol 
by the relation 

i.i--n.*5 + *j} + *j; + ...... ( 7 


lYe observe that the series in the middle is obtained from 

3! 


'»-l + B±+B>g + B>£+... 


1! ' " 2! 
by replacing in it, B n by B n . 

This new symbol has an addition theorem analogous to the 
exponential function. It is expressed by the relation 


e tu \e\ Bu = 


= l + ( J B + 0jy + (5 + 0 2 | f + 


(8 
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From 7) we have 

u = <V*- l)*e}*“= e u \e} Bu -\el Bu , 

or using 8) (9 

Expanding and equating coefficients of the different powers of u 
on both sides, we get the symbolic relations : 

OB + 1)- J? = l 

(B+ 1) 2 _52 = 0 (10 

( i?+ l) 3 — B z as 0, etc., 

where (2?+l) n stands for the expression obtained by replacing 
B m by B m in the development of (2? + l) n by the Binomial for- 
mula. Thus: 

1 = 1 

2 B j + 1 = 0 (11 

3 B% + 3 jBj +1=0, etc. 

From these recursion relations we find readily the values of the 
T 2n - 1 given in 139. 

The relations 11) show that : The Bernoullian numbers are all 
rational . 

153. Polynomials of Bernoulli. 1. Instead of the function on 
the left of 152, 2) let us develop 

e u -l u ^ 


in a power series about u = 0. Since 


we have 


e u *=l + — + ( wa 0 2 _j_ 

1! 2! 




uz uh 2 
II + 2! + 



(2 



ASYMPTOTIC EXPANSIONS 


313 


On the other hand 1) gives 

F= -{«!*“ 

u 

Comparing this with 2) gives the symbolic equation 

«0-< * + (3 

These fi n which enter as coefficients in power series 2) are the 
polynomials of Bernouilli. 

From 3) we find 

£ 2 0)= i z O- 

/3 s (z-)=iz\z-iy, 

/3 s ( z )=i z2 ( z -l)V-^-J), 

etc. 

2. Let us set a = m a positive integer in 1). We get on per- 
forming the division indicated in the middle member 

jF = l + e u -M 2t4 + ... +«(•»-!)• 

= 1+ ( 1+ “ + fr + ir + -) 

+( 1+! * +< 2f +( sf + -) 

+ (l + 3 u + < 8 2 “) 2 + f3 + ...) 

+ 

+( 1+ o»-i>+o-f ) 2 “ 2 + C«-W + ...). 


Comparing the coefficients of u n in this expansion and 2) gives 

1 + 2» + 3» + ••• + O- 1)» = /3 n (m), (4 
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which connects Bn with the sum of the wth powers of the integers 
1, 2, 3, •• •. 

3. The polynomials & n (z) have 2=0 and z = 1 as roots. 

That /9„(0) = 0 follows at once from 3). To show that /3 n (l) = 0 
we set 2 = 1 in 3) and get 

O + 1) A, (1) = C-B + l)"* 1 - B n+1 

= 0 by 152, 10). 

4. If we differentiate 3), we get the derivative of /3 n : 

A O) « (A + 2 )» = n/3 n _fz) + JB n . (5 

We recall that An+i = 0 when n > 0. 


5. We now show that : 




\2J n+l\ 2 n+1 
+ le} B * =(1 + J) \e\ B * 


2 -Bz 

— 9 $ o\* Z 


- . -aj.r. 

e*-l 

Now the coefficient of z n+1 in the development of the first member 
is in symbolic notation 

(A + J)" +1 + A" +1 - (n + 1) &(*) + 2 B n+1 , (7 

using 3), while that in the development of the last member is 

afir-s.*s. 


Equating 7), 8) gives 6). 

Since B 2m +i = 0 for ra > 0, we have from 6) that 

&*($■)= 0. (9 

6. polynomial d°Q8 not take on the same value at more 
than two different points in 21= (0,1). 

For then its derivative would vanish at least at two different 
points within 81. But by 5) 

Aa,+i(A) = (2 s + V)^ u (x). 
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Thus /SfcOr) vanishes at least at two points within 21 ; hence by 8, 
Pb vanishes at least at three points within 21. But by 5) 

#2,0) = 2 iO) + #2*- (io 


Hence takes on the same value at least three times in 21 ; 
hence fiu-i , , - fit . A 


each take on some value at least three times in 21. But 

A( a, )=K :r2 - *) 

is of the second degree, and can take on the same value but twice. 

7. No Bemoullian number with even index B 2 « can equal 0. 

For by 6) /3 2a _i(a) would vanish at x = This is impossible 
by 6. 

8. The polynomial y8 2 «+i(^) does not change its sign in 21 = (0, 1). 

For then it would = 0, at three different points in 21, which 
contradicts 6. 


9. The polynomial /3 2s (x') vanishes at x = 0, 1 and at no 

other point in 21 = (0, 1). 

For suppose = 0 at two points within 21. Then = 0 

at least at three points within 21. Then 10) shows that/8 St . 1 takes 
on the same value at least three times in 21 and this is impossible 
by o. 

154. Development of p n (jr) in Fourier Series. 1. Let us develop 
the polynomials ft n (x) in a Fourier series, valid in the interval 
21 = (0, 1). We begin by showing that 

AO0 = f O ~ 1 ) = ~ 0^1 2 V 1 ~ 008 2 niTX ) 

u a 7 T i n 


^ = 1 + 2! + 8 S 


I 

1 , 


cos 2 nirx 
n* 


(1 


where 
as usual. 
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Let us denote the right side of 1) by F(x). Since ^(0) =_F(0), 
we need only show that /3j and F have the same derivative in SI. 
The left side of 1) gives at once 


On the other hand, from 110, 8) we have 


1_ ^sin 2 nirx 
7r n 


(2 


But differentiating the series J 7 , that is the last member of 1), we 
get precisely the series on the right of 2). This establishes 1). 


2. From 1) we can express all the other y8’s as Fourier series 
by using the relations 158, 5). Thus for n = 2, we have 


#(») — 2 


Integrating, we get, using 1), 


Q /ywi \ , 1 ^ sin 2 717TX , D 


n* 


The constant of integration is 0 as /S 2 (0)= 0. Using 152, 5), the 
last relation becomes 




3. Let us now set 


s \ V* COS 71 2 7T2? 

<*.(*) = 2i n . ’ 

«=i n 

^ sin w 2 tt# 


= s ! 


7T 


Also as before let 


*- i+ s + s + 


(3 


8 an even integer, 
8 an odd integer. 


(4 
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(5 


Then, by using 153, 5) and reasoning from n to n + 1, we have for 
any integer « > 0 

A^O-c-iy £2i<W.>, 

valid for 0<z<l. 

We notice that for m an integer or 0, 

<**<»)= = (- ir i2 !rtT^ 

(2»)! 


* = 1, 2, 


and 


jr #.(*) = (- !)* +1 • 2 tt Q-^^x) 
f Qr,(x)dx = G, +l (x) + const. 

c/0 ^ TT 


(6 

(7 


4. From 5) we see that in the interval 21 = (0, 1) the signs of 

» $8 » $6 
are 

— + — 

respectively. 

5. Also we see from 5) that at any point x in 21, the sign of B u 
is the opposite of that of Bu+i- 

6. In passing let us prove a formula we shall need later. Let 
m < n be positive integers. Then by partial integration we have, 
using 7), 


■» G x (x)dx = _L n 0 2 (aO>_ J_ r n G*(x)dx 


r* 

j m i 


+ x 


Now 


2t_1 + 2j, 


£ 

TT 2 


(1 -f z) 2 


G*(m') = G 2 Cn) = IT 2 = ^ 


by 6) and 139, 9). Thus 


6 


G r dz ^ 7T 1 

1 + x 12 m 


As this == 0 as w = oo we see that 


is convergent. 


f 


Cr, (x)dx 
1 + x 


(8 


(9 
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155. Euler’s Summation Formula. 1. To derive this important 
formula we employ an elegant method due to Wirtinger.* Let 
/ (x) be a real or a complex function of the real variable x, having 
a continuous derivative in the interval 21 = (a, a + rib), where }>0 
and n is a positive integer. Let m be a positive integer <n. 
Then as in 93, 1 we have 

f(a -fwi) — /(a) f f ( a + bx)dx 

fC a -\-nb)— f(a + 5) = i / f f (a+bz)dx 
f(ct-\r Mb') — /(a + 2 b) = b C f r (a+ bx)dx 


f(a + nb)—f(a+ nb)= b C f r (a + bz)dz 

J n 

where the last equation is added for symmetry. Adding these w+1 
equations gives 

(n -b l)/(a + wi) — 2 / (a + si) = 5 ^ C f r (a + bx)dx . (1 

n °’' r-f M+ s M *-*r- 

J* Js Jn-l 

If this is put in 1), we see that every integral of the type 

r 


* 9+1 


occurs just « + l times. Thus the sum on the right of 1) mav be 
written J J 


§r (« + l)/' (& + bx)dz (2 


Now within the interval (s, 8 + 1) 

s + 1 = E(x ) + 1 


*Acta Matematica , vol. 26 , p. 256 . 
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where U (a;) is the greatest integer contained in x. Thus the sum 
v2) equals 

n-l /‘«+l 

XI \E(z)+l\fXa + bx')dx= f \JE(x)+l f f(a+6x)dx. (3 
*=o Js *A> 


Now 

where 


J2(x ')=&(x') + x — ~, 

# O) = V sin 2 mrx = i (*), 

5i nv * 


being given in 154, 4). Thus the right side of 3) equals 

J* f G-(x) + x + \\fXa + bx)dx 

= f Q-(x)f(a+bx)dx+ C zf(a + fa)dx-hl f n f'(a + bx)dx. (4 

Jo Jo * J o 

But by partial integration 

b j xf ( a + bx)dx = n/(a + nb ) - / / (a + bx)dx, 

Jo Jo 

f f'(a+to)dx=£{f(a+bn)-f(a)l. 

Jo 

Thus 1) and 4) give 

(n + 1) / (a + nb ) - £ f (a + *6) = b C " &(z) f (a + bx)dx 

Jo 

+ nf(a + nb )— C f(a+bx)dx+l\f(a + bri)-f(a)\. 

Jo 


Hence 


where 


2/(a + «ft)=i{/(a + in) + /(a)}+ C* j (a + bx)dx - R (5 

f_0 c/0 

R — bC G-(x)f(a + bx)dx. 

Jo 


(6 
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2. The remainder R may be transformed by partial integration. 
Thus 


f Q’f (a 4- bx) dx = ~^.f (p)f ( a + bx) dx 

= ~ 2~2 («+**) (a+bx)dx. 

^aCO) = <*,00 = J i = 5, = 

- fit 

m=l 

-® = ““ 2 + -®ii (7 

-®1 8=8 2^2 ^ # 2 0*0/" 0* + J#)^- (8 


Now 

Thus 

where 


3. Thus by repeated partial integration we get JEuler's formula 
of Summation : 

/C«) +/(« + ») + /(a + 2 »)+ ... + /(a + wi) 

= jf V(«+ bx ) dx /( a + K) +/(«)} + & {/'(« + -/'(a) J 

+ J2,+1 (2 f+ 2)! {/(2>+1)(a + ^)-/ <2 * +1) («)} +-B. + 1, (9 

where 

J 2«+2 

-®«+i = (~ 1)* +1 22«+i 7 r 2«+2 &2*+2(. x ) f {2a+2 \a + bx)dx. (10 


If we integrate partially in 10) we get, since 

0&+iOO = 0, for x = 0, x = n, 

A +1 = ^ + 3(^)/ (2s+3, (a + Jz)cfe. (11 

4. In 10) and 11) we have expressed the remainder R t in 
terms of the functions # 2 «+2 and (S^a+a ; let us now express it in 
terms of the yS polynomials. 
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From 11) we have, setting for simplicity b = 1, 

( X + £ + "■ + XI } (12 

= S r^.(*){/ ( * r - 1 , (a+*)+/a^>Ca +z + l) + 

— - 7r */ 0 

Now 

f / <2,_1) (a + X + m)dx 

= / <2,-1) (« + s + wi)] J 

~ X + x + m ^ dx = A ”- B ™' ( 13 

Bat by 154, 5) 

( — l) i+l (jr ( x \ _ £*-i(») i ( — l)* +1 jy 
2 2 *-V 21 2,1 J (28 — 1): 2 2f - 1 7r 2s 2 *' 

Thus ( — \ v +1 

= v^^i/ <2M> («+ » + i)-/ <2j - l, (« + *oi, 

-Bm = ( 2 8 - 1) ! X + x + m ^ dx 
+ + 25 + m )^- 
Here the last integral is J. m . Thus 12), 13) give 

r/uc) !/*(«+.) 

* ” 1) • i/0 

+ / <!i * ) (a+z+l) + ••• +/ (24) (a+a;+M— 1)}^- (14 

5. Let us return to Euler’s formula 9). We may write it, 
setting 6=1, 

*»-/(«)+/(« + l) + /(« + 2) + - +/(«* + ») 

= £{/(« + ») + /(«) } + JT/0* + *)<& + A + i2., 


(15 
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where D, is the sum of the first * terms of the series 

+ *> - /'<«)! + f.‘ )/"'(« + »>- /"'(a) I + ... 

2. 4. (lt j 

= <fi 4- </ a + tfg + ••• 


As the Bernoullian iminhers if,, increase very rapidly ns h ™ », 
the series 1(!) is in general divergent. Stip|Hwu, however, that 
f {t,ri) (x), have the same sign in («, <i + »). As 

AaK-O* £»+>(«) have opposite signs in (0, 1), the relation 14) 
shows that ft, and R ltl have opposite signs. Thus 

|ft.l < I ft. - ft.. 1 1 « I </„, |. 

We have therefore tn this case the reumrkalde result : 

Although the series It!) is divergent, the sum of its first s terms, />,, 
enables us to calculate the sum f i/i 1 <i ) with an error numerically 
less than the (# + 1 )st term in 1(5). 


156. Asymptotic Expansion ofl + * + J + ... + 1 . I„ ][>[>, 1/i) 


let us set 
Then 
where 




2 3 n 

I* "S 1 , H m m — 1 . 


1 + l + l + + h " 2m + l + loR m + !K - /f - Cl 


- to - z) + to - i) + •" + £0 - >)• < 2 


ft. -(2« + 2 > /*jj*.,(x) J- L— + 1 t 

+ , 1 , . , ■ dx. (3 

Now the Eulerian constant '* + m ' 

C a* lim 1 1 + ^+ ••■ + — — log m ;> . 
m-« 12 m n 


Let us therefore keep s fixed and let in = <x> in 1); we got 
n . 


i . r a ^ ft* . ft* 
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g to 1) we have, using 4), 

+ l + " + S" C ' + ^ +log " , -{t -b + T^‘ 

+ -^'i:} + £r ” (e 

u. = (2 « + 2) f l y A.+iO)<fe _ ( 7 

./ 0 p^+i O + 

he derivatives f (2s+2) (x)^ / (2,+4) (a?) have the same sign, we 
e case considered in 155, 5 . The formula 6) is thus an 

ic development of 1 4* \ H — 4 — . 

2 m 

r ) we see that U 9 has the form 

= (8 


= 0 as m = oo . For in the interval (0, 1) 

(2 8 + 2) ® Gr some constant. 

V \x + p) M p* +3 

00 

u.<a X t +s 

P = m + ip i+ 


b * 22 ’ *> 


<- a - i ■ 

2 $ 4 2 7n 2 * +2 

lolds since 

€ t 0n)<- »'—• 

2 s + 2 m L 
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157. Stirling’s Formula for nl. In 155, 5), 6) let us set 
a = = 1 , /(« + X) m log (1 + Z) , H «i W — 1. 


'J'hen 

TO—’ 


2\og(l+«)=: Jlogm + f *log(l +x)dx- C" ' G{r)~* . (1 
*=o Jo Jo * + r 

By partial integration 

I log(l + x)dx -mlogm — m 4* 1. 

Jo 

Thus 1) gives 

log (1 • 2 • 8 •■•»»)» ^(2 j» + l)logw-n«4-l- f* ' . (2 

Jo 1 + 1 

We now transform 2) by using Wallis’ formula, 127, ft) 


- ■* i ** 

2 * 1385 ’ 5 ’ 7 


(« 


From 2) we have 
2 log (2 • 4 ••• 2 m) » log( 2* ■ 4 s • 8 3 ... (2 m)*) 

= (2»i + l)log m + 2wi log2- 2m + 2 -2f m ' Q(x) -- (4 
Also if we replace m by 2 m + 1 in 2) we get 

log (1 . 2 • 8 ... 2 m + 1 ) a, (2 w» + 1 + | ) log (2 m + 1 ) 

from 4), t5) we get, on subtracting, 

lo g , 2 ' 4 * *’ 2 = 1 log 2 • 2 4 • 4 ... 2 m 2 m 

1 • 8 • 5 ... 2 wi 4- 1 2 " 1 • 8 • 3 • 5 . 5 ... 2 m + 1 < 2 m + 1 

= - (2 m + 1) log 2 ™ ±i - I log (2 » + 1 ) 

4-2 to log 2 + 2 — 2 f * 1 4. /**" 

«Ai ./« 

— C2«i + l)log(l +;i 1 J_J|og ( 2 w+ i ) + 2 _, lw2 _ /- » + p 

* '«• #'.* | 
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Thus 


2 • 2 • 4 • 4 ••• 2 to • 2 to , ..... /, 1 \ 

2 1 g l .3-8.6.-2m-l-2m + r ^ w + 1 ) lo s( 1 + 2^) 

-log 2 + 2- r m_1 + r . (6 

f / 0 tJ m — 1 

Mm(2„ + l)log(l +5 l-)=l, 

' = I , lim I = 0. 

0 «/ o wi= Q0 #/m— i 


Now 


Thus letting to = oo in 6) and using 3) we get 


(7 


This in 2) gives 


log to ! = A( 2m + 1) log to — to + log V2 7r + f . 

^ ^ «/m-l 


If we use this relation in 154, 8) we get Stirling's Formula : 

log m! = |(2m+l) log m — m + lo g V2 ~tt + 12 to’ (8 

where 


This may also be written 


0 < # < 7T. 


m ! = V2 7rw( — ) 




(9 


158 . Asymptotic Development of r(jr). 1. In Euler’s summa- 
tion formula, 155, 5), 6) let us set 

6 = 1 , a=x , /(a + s) = log(> + x), 

then we get, as in 156, 1), taking the principal branch of the 
logarithm, 

m 

2 logo + 0 = (» + *» + i) log (* + «»)- (a? - i)log* 

4=0 

_ m _ r m ^du (1 
Jo * + W 

valid for any complex z =+ 0, — 1, — 2 •••• 
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From 157, 2), we have 


log 1 • 2 • 3 ••• m 4- 1 = (m + fV 0 f>O + 1) — m ~ C . (2 

\ 2/ Jo 1 + « 

Subtracting 1) from 2) and then adding 

(a -1) log (»i + l) 

to both sides, we get 


log 


1 • 2 • 3 ••• »i + 1 


* ■ .+ 1 ...«+« ( “ + 1 ) '“ — (" + * + l)'°CH 

V 2/ */o 1 -|- u x 


+ u 


(3 


Now 


lim fm + x + ^)log w + 1 = 1 - : 
*»=* \ 2/ m 4- x 


where 


(5 


Thus letting m = no in 3) and using 144, 4) and 157, 7), we get 
log T(a) = - x + (a— |) log x + log V2 tt + 7(a), (4 

7 (x)=r a(u)du - 

Jo x + u 

In this relation let us set 

x = y + n u = v — n. 

Then since G-Qui) admits the period 1, 

7 (y + »)« f a( ~f> dv = 0 as m = 

Jn y + V 

We may thus write 

7 (a)= r+ r+ r + ... = t r *00*.. 

Jo Ji J2 j = 1 J, -1 a + M 

In these integrals let us change the variable setting 

« = » + (#-l) , 8 = 1,2,... 

Then the limits of integration become 0, 1. But in this interval 

&(v)=}-v. 


■ 00 . 


(6 

(7 
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r , &(u)du = r i G(v)dv = r 1 <^-v)dv 
J— 1 x + u Jo v + x+e — 1 J 0 V + X + 8 — 1 


-(* + .-|)log(l +,- + i_ T )-l. 


This in 7) gives a development of y(x) due to Gudermann. 

2. In 5) let us integrate by parts. W e get, using the functions 
— of 154, 4) and the relations 6), 7) of that article, 


>-ir 

7Tj o 


G r (u)du = _ 1 _ 1 r°°G 2 ( u )dU' 

x + u 2 tt 2 _x + u _ u=0 2 7rvo (a+w) 2 ' 


we have 


a: + M 2 7r 2 _ a: + m _ l4=0 2 7 r 

^aC 0 ) = #a = 

LfW« 

W 2 a: 2 Wo O + w) 2 


Integrating again by parts, we have 

/*" G^u)du _ _ 1 _ ^ (? 8 (m)-” 

Jo (x+uy 2 7T _(x + 


1 /*" 

7r,/ # (a: + w) 8 


= 4-1. r& a (u)du 
nJo (x + m ) 8 ’ 


as #8(0) = 0. ,t/0 

Integrating again by parts, 

r x G B (u)du = 1_~ __3_r x G i {u)du no 

Jo (x + w) 8 2 7T _(z + w) 8 _„=o 2 7rJ 0 (a; + m) 4 * ‘ 

A “ 

9) and 10) become 

y(x) = -^ 2 _. - -f ^4 . 2 . 4 ^ GiCu^du /jj 

7W 1.2. + 3.4^ + 4W 0 O + n) 4 ^ 

3. If we continue integrating by parts we get Stirling's 

Series : — 

log T(x) = logV27r — x + (x — £) log x 

4- ^2 . 1 4 . J_ . ^6 . 1_ I i J? 

1 • 2 rr 3 • 4 ^ + 5 . 6 a* + + 2n 1 


(12 
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where 


2? = (-l)»(2«-l)! r&*(u)fo 

2 8n -V 2 » J 0 (x + u) 2 ”-' 


(13 


Since here /*"(* + u), / (2n+2) (x + u) have the same sign, we are 
under the case considered in 155, 5, and the series 12) is in fact 
an asymptotic development of F(x). 

From 13) we see has the form 


Rin — 


e»(aO 


(14 


where e n = 0 as x == oo . For if we integrate by parts we have 


C Q m 2 n(u)du _ 1 G^ 2 n+l(w) “ , » /*“ 6 t 2b+ i (u)du 

Jo (x + m) 2b 2 7 r (a; + m) 2 " jo tt j 0 (a: + w) 2n+l 


Now 


Hence 


- + 2* 


|«7|< 1 du = _LJ_y' 1 

Jo Pi p in+1 (x + u) 2n+1 2 n x 2n pi p 2 " +1 

a 

< ^9 where (7 is a constant. 


e n (a;) < — 

X 


M a constant. 


(15 


159. Asymptotic Series. 1. In the foregoing articles we have 
been led to divergent series 

-*>(*) = « 0 + J + 5 +- (1 

such that the sum of the first n terms _Z) n (z) gives a very good 
approximation of some function f(z) for large values of z, pro- 
vided n is not taken too large. More specifically we may say that 
the series 1) is so related to the function f(z) that 

/(2)=-0n +1 (3) + ^ ( B 2) - , 6„ == 0, 

as z = oo along the positive real axis. 

Such a series is called an asymptotic series, and we write 


(2 
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Hereby we will not restrict z to move along the z real axis, but 
permit it to = oo along any radius vector so that 

z = re ie , r = oo , 6 = constant. (4 

This we call the asymptotic vector . 

Asymptotic series figure quite prominently in astronomy and 
also in some parts of the theory of linear differential equations. 
We shall meet them in this latter connectiqn when we come to 
study the Bessel functions. 

We wish now to see how the ordinary operations on conver- 
gent series may be extended to these divergent series. We shall 
suppose that z =^= oo along the same asymptotic vector unless the 
contrary is stated. 

Let us first show that : 


/ ( z ) does not admit two different asymptotic developments along 
the same vector . 


For from 


/(*) = « 0 + ^ + 


.+ «» + £» 

z n z n 


e„=0 


we have 


= 6 0 +^+-+^+^ , Vn= 0 , 

u z z n z” 

0=(a 0 -6 0 )+ ... + 

v 0 0/ z z n z n 


Letting z = oo we get a 0 = b Q . Thus 

a 1 -b 1 + a ^~ bi + -.+ e »-^=0. 

1 1 2 z n - 1 

From this we get as before a x = b v etc. 


2. Addition 


Then 


and Subtraction . Suppose 
/(z)~a 0 + ^+ ••• 

ff(z)~6 0 + ^+ ••• 

Z 

f±ff~(a 0 ±b 0 )+ ai * bl + — 


(5 

(6 
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For 5) stand for 


where 


f=a 0 +-+ - +^ + ? ; = /n + i ;, 

^=i 0 +| + ... + £ + £-*. + £, 

€„ , 77 - == 0 as 2= 00. 


Thus , „ .a , ,«»±&» *» 

/±^ = «o± 5 o+ z + - + zB + 

where >»n = e* ± *?n = 0 as 2 = 00. 

Hence 6) holds. 

3. Multiplication . The functions /(*), #(V) admitting the 
asymptotic developments 7), let us show that 


where 


f-g~* 0 +J+J+ 


<?0 — ^0 ’ C 1 — Vl + Vo ’ = a 0^2 “h a l^l + #2^0 • • • (9 

as in the multiplication of series. 

For 7) gives -t 

fff = fnffn + - Onffn + Vn f n ) + e -0 . 

But jy C, C n 

fnffn- C 0 +-+ — , 

where #„ is a polynomial of order <n- 1. Thus 8) is valid. 


4. Division . Since 


/ = ,.I 

9 J 9' 


the problem of dividing one asymptotic development by another 
may be reduced to finding the reciprocal of an asymptotic devel- 
opment. 

Let us suppose in 5) that =£ 0. We will write 


/=/.+§—( i+a •£+ 


a n z n J 


= «o(l + An) + J. 
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I = _l 

f /.+& /. *•//.* 


1 1 


In « 0 ‘ l + A n “«ol ^ + +(-l) B+ Y? 


AS +1 ) 


Hence 1 


where 


, C, , Oci c ft 1 

C°+ g + g2 + ". + -2 + _2 , C 0 =— , 


^» == 0 as a == ' 


5. Integration. We show that : 

Aw asymptotic development of f(z) may be integrated termwise 
along the asymptotic vector when the function /(z) is integrate along 
this vector as indicated in 12). 

For from 7) we have 

f f(z)dz=£ f n+1 dz + J £ "dz . (11 

Now along the asymptotic vector 


f dz < — * = 0 , 

Jt z n+1 r n n ’ 


as z = oo. 


Thus 11) may be written 


jf («»>-«.-?)* 

-r^ d ’ + r> + ■■■£& 


where 


Thus from 
we can infer that 


0 n = 0 as z = oo. 

/(o~<.+?+5+." 


X ^ dz+ i 5* + ” 
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6. Differentiation. Suppose that we know that f (it) has an asymp- 


totic development 


S oo~?+3+“" 


(IS 


also that f 1 (si ' ) has an asymptotic development of the form 

< 14 ) 

Then the asymptotic development of f(z) may be obtained from that 
of f(z) by termwise differentiation . 


For from 14) we have, using 6, 

f. 1 *+/ ?*+•■• 

/(oo) = lim/(z) = 0, by 13), 


Since 


we have, from 15), 


05 


G« 


Since by l, a function admits but one asymptotic development 
along the same vector, the comparison of 13), 16) gives 

J 2 = “ ? J 8 = — 2 ^ * * * 

These in 14) establish the theorem. 



CHAPTER X 


THE FUNCTIONS OF WEIERSTRASS 

160. Limiting Points. 1. At this point it is convenient to in- 
troduce a notion which is fundamental in many parts of mathe- 
matics, that of a limiting point. 

Let 21 be a point set. If in any domain J?(S) of the point b, 
there lie an infinite number of points of 21, we say b is a limiting 
point of 21. The point b may or may not lie in 21. 

Example 1 . Let 21 = 1, •••. Then the origin 0 is a limit- 

ing point of 21. It does not lie in 21. 

Example 2. Let 21 denote all the points within a circle $. Then 
any point of 21 is a limiting point of 21. Also any point k of the 
circumference $ is a limiting point of 21, although k does not lie 
in 21. 

2. A set of points 21 which lie in some square 3 is called limited, 
otherwise unlimited . 

A set of points which embraces an infinity of points is called an 
infinite point set, otherwise a finite set. 

Thus the point set formed of the points corresponding to the 
positive integers s>l = 1 2 3 

is an infinite unlimited set. For obviously no square contains 
them all. 

The set of points on an ellipse form a limited point set. 

We now prove the fundamental theorem : 

Every infinite limited point set 21 has at least one limiting point . 

For 21 being limited lies in some square ©. Let us divide © 
into 4 equal squares. Since 21 contains an infinite number of 
points, at least one of these squares contains an infinite number 
of points belonging to 21. Call this square © v This we divide 

333 
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into 4 equal squares. At least one of these must contain an infinite 
number of points of SI. Call this @ 2 . Continuing in this way we 
get a sequence of squares 

©! , ©2 , @3 - (1 

each contained in the foregoing. As the sides of these squares 
= 0, the squares 1) shut down to a point a which lies in all of 
them. Since each square contains an infinite number of points 
of 31, any circle about «, however small, will contain an infinity 
of points of SI. Thus a is a limiting point of 31. 

3. Suppose the point set 31 is not limited. Then there are an 
infinite number of points of 31 without any circle $ about 3=0; 
that is, there are an infinity of points of 31 in any domain of the 
point z = oo. It is convenient to say that z = oo is a limiting 
point of 31. 

We may thus say that : 

Every unlimited point set admits z = oo as a limiting point. 

Putting this in connection with the theorem in 2 gives : 

Every infinite point set has at least one limiting point . This may 
be the ideal point z = oo. 

4. Let the one-valued analytic function f (z) take on the value cfor 
the points of some set SI. Any limiting point of SI is any essentially 
singular point of f(z ), provided f is not a constant . 


161. Periodicity. 1. Let the one-valued analytic function /(a) 
satisfy the relation 

f(z -1- ©) =/(2) , co constant =£ 0, (1 

for every 2 for which / is defined. We call oo a period of f and 
say/ admits to as a period . We shall of course exclude the case 
that/(s) is a constant. Thus 


e* , sin 2 , tan z 
admit respectively 2w< , 2 7 r , tt 

as periods. 

Obviously if ® is a period of /(a) so are 

•••, — 3 Cl), — 2 ft), — CD, CD, 2 CD, 3 CD, ••• 


(2 

(3 


(4 
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Thus if / admits one period, it admits an infinite number of 
periods. Sometimes these lie on a right line as in the case of the 
functions 2) ; sometimes they are spread over the plane as we saw 
in the case of the functions 


X 


i 

(z -f m x (o x -|- m 2 (o 2 ) p 


P - 3, 4, 


(5 


considered in 123, 6. 

It will be convenient to say that two points a, b are congruent 
when their difference a — b is any period of /(s). This we write 


a = b 


and read a is congruent b. If we write more specifically, 

a==b , mod <w, 


read a is congruent b with respect to the modulus g>, we mean that 


If we write 


a — b = mco 


a = b 


m some integer or 0. 
mod (o v g) 2 , 


we mean 

a — b = m ^ + m 2 co 2 , m v m 2 integers or 


0 . 


If ojj, co 2 are any two periods of /(s), so are obviously co 1 + o> 2 , 
and ft) x — co 2 periods and still more generally + m 2 a> 2 are 
periods, m x , m 2 being integers or 0. 

If a, b are not congruent we say a is incongruent b and write 


a^b. 


2. Let $ denote the totality of all the periods of /(z). The 
point set $ must have z = oo as a limiting point as it always con- 
tains a set of points as 4), and nco^cc as n = oo. On the other 
hand, we now prove the important theorem : 

The point set ^3 has no limiting point in the finite part of the plane . 

For suppose rj were a limiting point. Then within there 

are an infinity of points of % however small 8 is taken. If fi 
are two of these, y = a — fi is a period and | y j < 2 S. As 8 is small 
at pleasure, this shows that f^z) has periods which are numerically 
< any given e > 0. But/ (z) is an analytic function and cannot 
have such periods. For if z = a is a regular point and f(a) 
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we know thatyXX) cannot = c in some Dj*(ci). Buty^z) having 
periods y numerically < <r, we have 

/O 4- v) =/(«) = c 

and a -f n lies in D/O), which is a contradiction. This shows that 
every point z is a singular point of /(z), and /(z) is not analytic. 

3. Let (d be any period of /(z). On the line l passing through 
the origin and oo will lie an infinity of periods, for at least the 
periods 4) will lie on l Since the origin is not a limiting point, 
there are two periods ± X on l nearer z = 0 than the others. 

All periods on l can he expressed as multiples of X. 

For let (o be any period of /(z) lying on i. We can write 

oo = rik -f- v 

and take the integer n so large that | tj | < | X |. If now rj^= 0, it is 
a period on l which is nearer 0 than X, which is contrary to hy- 
pothesis. We call X a primitive period . 

Thus the periods 3) are primitive periods of their respective 
functions 2). 

162. Jacobi’s Theorem. 1. If the one-valued analytic function 
f(z) has more than one primitive period co v there exists a primitive 
period co 2 such that every period off has the form 

m^ i + (1 

where m v m 2 are integers or 0. 

For let oo be any primitive period other than oo v In the 
parallelogram Q whose sides are Ooo 1 and Ooo there are but a 
finite number of periods. None of these can fall on the edge 
of Q . For if r) were such a period tji = V would fall in ( 0, oo t ) and 
as 7j 1 is a period, ©j cannot be a 
primitive period. 

Let now oo 2 be that period in Q 
for which the angle oo 2 Ooo x is 
least. Then every period of f 
has the form 1). 

For let P be the parallelogram 
whose sides are Ooo v Ooo 2 . If 
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there is a period oo of / not included in 1), let a> f be that point of 
P which is = a>. Then co f is a period and 

Angle eo f Oco l < Angle a> 2 0a> 1 , 

which is contrary to hypothesis. 

2. An analytic function /(Y) which has more than one primi- 
tive period is called a double periodic function. 

Two primitive periods a> x , a> 2 such that all other periods of the 
double periodic function /(&) can be expressed linearly in terms 
of them, as in 1), form a primitive pair of periods. 

The functions e*, sin 2 , etc., are simply periodic. All their 
periods are multiples of a primitive period. 

As examples of double periodic functions we may take the 
functions 

jp( z \ = y 1 (2 

*4 (%- h m l co 1 + m 2 © a )» 

p an integer > 2 considered in 123, 6. 

These functions have 

moo 1 + m 2 a> 2 (3 

as poles of order p. All other points in the finite part of the 
plane are regular. The point z = 00 is of course an essentially 
singular point. 

3. Let f(z) be a double periodic function having a> v a> 2 as a 
pair of primitive periods. Let a be another point. The parallelo- 
gram P whose four vertices are 

a , a+o) x , a + fl) 2 , a -h oo 1 -f a> 2 

is called a primitive parallelogram of periods . By drawing par- 
allels to the sides of P through the points 

a -h co t -1- m 2 (o 2 

we may divide the whole plane into a set of parallelograms 
similar to P . 

Any parallelogram Q built up on two periods tj v rj 2 not neces- 
sarily a pair of primitive periods will be called a parallelogram of 
periods. We shall often have occasion to integrate over the 
edge of such parallelograms, and in such cases we shall suppose 
the point a chosen so that the edge of the parallelogram does not 
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pass through a singular point of the integrand. To indi 
what periods rj v i i are used we may denote Q by Q(rj v *7 2 )- 
The fact that f(z) admits co v co 2 as a primitive pair of per 
we may indicate by the notation 

/(z, a v a> 2 ). 

4. From one primitive pair of periods a> v a> 2 it is possibl< 
form an infinity of other pairs. 

For let 

h = m x a> x + m 2 ® 2 , 

V z =n x co x + n 2 a> 2 , 

where the m, n are integers. Obviously w Vz are also peri( 

For them to form a primitive pair it is necessary that the de 

minant t. 

1> — OTjW 2 — m 2 n j 

is ± 1. In fact, solving, we get 

(O, = n ^l ~ m 2 r l‘i 

1 D 


a - m iV2- n lVl. 

2 D 

Hence when D = ± 1, a> 1 . a> 2 are linear functions of v X i Vi v 
integral coefficients. 

Let us call the set of points 

1 + ^2®2 h' ^2 = ^ ± li ± 2 ••• 
a network . We may denote it by (co v w 2 ). 

We now see that the (rj v 7? 2 ) network is the same as (g^, 
when and only when D = ± 1. 

5. Let P be a parallelogram formed by the points 

0 , COj , a) 2 , g>i + o) 2# 

If , 

0 0 1 =a 1 + ib 1 o > 2 = 

we know from analytic geometry that 


a, b. 
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Thus the area of PQnv %) is 

+ m 2 a 2 m l b 1 + m 2 b 2 _ m l m 2 a 1 6 X 

n x a x + n 2 a 2 nf> x + n 2 b 2 n x n 2 a 2 b 2 


Henee Area P(j)v %) — A * Area <s> 2 ), 

where A= I 2)1. 


(7 


163. Various Periodic Functions. 1. From a periodic function 
/(z) admitting co as period we can form an infinity of others ad- 
mitting this period. For example 

g(z) = cffQs) m an integer, (1 

admits the period co. For 

g (z + g>)= cf*(z + co) = cf m (z ) = g(z). 

If to is a primitive period of/, it does not need to be a primitive 
period of 1). For example 2 tt is a primitive period of sin z, but 
it is not a primitive period of sin 2 z, whose primitive period is n r. 

2. g(?) admit the period co, their sum , difference , product 
and quotient will also admit this period . 

For example let 

h(z)=f(z)g(z). 

rhen A(z + ®) =/(z + + ®) = /( z M z ) = K z )- 

We must, however, guard against the case that h reduces to a 
constant. Thus /= sin 2 z, g = cos 2 z admit the period tt. Their 

sum h = sin 2 z 4- cos 2 z = 1 

is not properly periodic at all. 

From the above it follows that any rational function h of the 
periodic function /(z) is also periodic, guarding against the case 
of course that h is a constant. 

3. Let / 1 (z),/ 2 (z) •••/ n (s) be one-valued analytic functions ad- 
mitting co as a period. Then the analytic function w satisfying the 
equation 

W n -\-ffz)W n ^ +/*(*) W n - 2 + *•* +/nO)=° ( 2 

will admit co as period . 
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For let w(z ) be a value of w corresponding to a value of w at z. 
The value of w at the point z -f go will be w(z + go). As the co- 
efficients of 2) have the same value at z + go as at z, we see 

w(z + a>) = w(z). 

4. If the one-valued analytic function f(z) admits go as a period , 
so does its derivative f (z). 

For f(z) is the limit of 

^ (z)= /0 + *)-/< (*). 

h 

But ff(z + <o)= f(z+a> + h) h - f( - z + a> l = g(z). (8 

Passing to the limit h = 0 in 3) gives 

/(*+•)-/(*). 

5. If y (V) admits the period o>, we cannot say that the primitive 
function F(z) admits this period, as the following example shows. 

/(z) = cos z + 2. 

F(z)= f 1 (cos a + 2)dz = sin z + 2 z + (7 

is not periodic although /(z) admits the period 2 77. 

There is, however, an important case when the primitive func- 
tion F(z) does admit the period g>, viz.: 

Let the derivative f(z) of the one-valued function F(z) admit the 
period go. If F is an even function , F admits the period go. 

For from 


Then 


we have, on integrating, 


/(*+©)=/(*) 


F(z + w) = F(z) + O. 


In this relation set z = — - , then 

£ 


As f(^ — I j^, this gives 0=0; thus 

F(z + £o) = F(z), 
and F admits the period a>. 



341 


THE FUNCTIONS OF WEIERSTRASS 

<i. From a one-valued periodic function /(z) having no essen- 
tially singular points in the finite part of the plane let us show 
how to construct a periodic function having z = a as an essen tiall y 
singular point. 

To fix the ideas let us take 


/ (z) = cot z. 

This has the period ir and the poles 

p m = mtr m = 0, ±1, ±2, — 

Let us set 

/» O) = — : cot (z - a - a n ), 
n I 

where a v a 2 ---is a properly chosen sequence which =0. For 
example we may take here 



Consider now 1 . . 

.9(z)=2/„(z)=^ — cot^z-a-ij- (4 

The poles of/ n (z) are 

& n ,m=a + -+^ m «t = 0, ±1, ... (5 

n 


No two terms f T ,f, have a pole in common. Let $ be the set of 
points formed of the sets 5) and their limiting points 


L = a + Pm • 

If z=b is not in % we can describe about it a circle $ which 
contains no point of ty. Then each and every f n in 4) is nu- 
merically < some fixed Or for any z in Thus each term of 4) 

is numerically < the corresponding term in the convergent series 



Hence the series 4) converges steadily in $ and as each term of 
4) is analytic in the function g(z ) is regular at z = b. 

On the other hand, each pole q of any term/, of 4) is a pole of g . 
For we have K*)=/.(*) + *(«> 
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where h is the series obtained from 4) by omitting the term f 9 . 
From the foregoing reasoning h is regular at q . Thus g has a 
pole at q and of the same order as f 8 . 

The point z = a is an essentially singular point, since it is the 
limiting point of the set of poles 

?»,« = #+-* 
n 


Finally g(z ) admits the period n r since each term of 4) does. 
This shows that not only a but also l m = a + mir are essentially 
singular points. This is as it should be, since the l m are limiting 
points of the poles 5), and g(z ) has the period tt. 

7. Instead of the function cot z we can take a double periodic 


function as 


/(*)=s 


(z + m jtwj + m 2 co 2 y 


With this we can construct a series of the type 4) which will de- 
fine a double periodic function having a given point z = a as an 
essentially singular point. Of course all points == a will also be 
essentially singular points. 


164. Elliptic Functions. 1. Having now an idea of some of the 
singularities a double periodic function may possess, let us pick 
out a class of great importance called the elliptic functions. These 
are defined as one-valued analytic double periodic functions which 
have no essentially singular point in the finite part of the plane. 
The reader will recall that, as we saw in 123, every periodic 
function must have z = oo as an essentially singular point. Thus 
the elliptic functions are the simplest double periodic functions, 
in that they are one-valued and the number of their essentially 
singular points is the least possible. 

Such functions are 


Ti(z) = -' 2 X 


_ 1 

(z — 2 ni l co l — 2 m 2 <w 2 ) 8 


(i 


M z ) = ( - + !) ! X 


h®! - 2 


wnere 2 a> v 2 co 2 are any two complex numbers not collinear with 
the origin and m 2 range over all positive and negative integers 
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and 0. We notice that p 2 is the derivative of p^, p^ the derivative 
of p v etc. These functions are essentially the functions con- 
sidered in 123, e ; we have replaced co v a 2 by 2 2 ® 2 to avoid 

writing the fraction as we shall see. 

2. From p x (z) we can get by integration another elliptic 
function of fundamental importance. In fact let us write 

PiO)=- J + K*)* (3 


where the first term on the right corresponds to the values m,=0, 
m 2 = 0 in 1). 

The function g(z ) is regular in any part of the plane which 
does not contain one of the points 

2 m 1 G) 1 + 2 m 2 co 2 , m 1 = m 2 = 0 excluded. 

In particular it is regular about 3 = 0. Thus 


jTVo)d2 = - 2 X'£ 

= ^ { (z - 2 - 2 m 2 a> 2 ) 2 ~ (2 + 2 m 2 a> 2 ) 2 } = 


dz 

(3 - 2 m l co l - 2 m 2 <o 2 y 


where the dash indicates that in effecting the summation the 
combination m x = m 2 = 0 is excluded. This dash we shall often 
employ in this sense. Let us now set 


Then 


/( Z )=~| + K Z ) = ?i(2)- 


(5 

(6 


Thus 5") is the primitive of 6). Let us now show that h(z) is 
even. For to the term indicated in 4) there corresponds another 
term in which m v m 2 have the same values but with opposite signs. 
Thus — 3) = h(z) and h is an even function. Hence by 163, 5 
the function f>) is double periodic admitting the same periods 2o) x , 
2 <o 2 as p x ( 3 ). 
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Thus the function 



1 

— 2 m 1 <o 1 


2 m 2 co 2 y 


1 _ 
(2 m x (o x + 2 ?w 2 <y 2 ) 2 . 


0 


is an elliptic function admitting 2 co v 2 a> 2 as periods. It is the 
fundamental elliptic function in Weierstrass’ theory. To denote 
it, he has invented a modified viz. the symbol p, and this 
has been generally adopted. We shall, however, retain the 
ordinary p. 

By virtue of 6) we see that the functions defined in 1), 2) are 
the derivatives of p(u ). 


165. General Properties of Elliptic Functions. 

1. Every elliptic function has at least one pole in any parallelogram 
of periods P . 

For having no singular point in P, it has no singular point any- 
where in the infinite plane. It is thus a constant by 121, 2. 


2 . 

Then 


Let f(z) be an elliptic function admitting 



and eo 2 as periods . 


(i 


P being a parallelogram of periods not passing through a pole off. 
For 


Now 


/=/ + / + / V - 

P «/ 12 c/23 */ 34 «/ 41 

f fdz = C fdz 

• '43 J 12 


(2 


since f has the same value at z f 
of its periodicity. Hence 


Similarly 



= z-\- co 2 as it has at 2 , by virtue 



Thus the right side of 2) vanishes. 



THE FUNCTIONS OF WEIERSTRASS 345 


3. The mm of the residues of f(z) in any parallelogram of periods 
P, not passing through a pole off is 0. 

For this sum is by 124, l 

J-. f '/(z) dz, 
l tnj P 

which = 0 by 2. 

4. The sum of the orders of the poles of an elliptic function in any 
parallelogram of periods not passing through a pole is at least 2. 

For if the sum is 1,/ can have but a single pole z = a in P and 
its development must have the form 


Here 


/= c + C 0 4- <?i (2 — a) + 
z — a 


c = Res/(s). 

z=a 


(3 


As the sum of all the residues in P is 0 by 3 and as there is but a 
single pole, we must have c = 0. But then 3) shows that / has 
no pole at a, which is contrary to hypothesis. 


5. Definition . The sum of the orders of the poles in a primitive 
parallelogram of periods not passing through a pole is called the 
order of an elliptic function. 

From 4 we have : 


There is no elliptic function of order less than 2. 

By means of this theorem we can often show that a pair of 
periods of an elliptic function form a primitive pair, as the follow- 
ing theorem shows : 

6. Let a> v <o 2 he a pair of periods of the elliptic function f(z). 
This is a primitive pair if the sum of the orders of the poles of f in a 
parallelogram P(<o v o> 2 ) not passing through a pole is 2. 

For if not, let rj v tj 2 be a primitive pair. Then 

= m \Vx + w 2 ? 7 2 , co 2 = n x v x + n 2 rj 2 

and A i i 

A = | m x n 2 — m 2 n x |, 

is > 1 by 162, 4. Now by 162, 5 the area of P(co v g> 2 ) is A times 
that of P(r) v >; a ). From this it follows geometrically that there 
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are y parallelograms which either contain no pole or a pole of 
order 1. As/(3) behaves in all parallelograms of periods just as 

it does in any one parallelogram, we see that / violates the 
theorem 4 . Hence <o v a> 2 must form a primitive pair of periods. 

7. From this we see that 2 co v 2 co 2 form a primitive pair of 
periods of the function p(u) defined in 164, 7. 

For as we have seen, its poles are the points of the network 
(2 oo v 2 cd 2 ) and each is of order 2 . 

From 118, 4 and 163, 4 we also see that 2 2 a> 2 form a primi- 
tive pair for the derivatives p n (u) ••• 


8. On account of periodicity an elliptic function takes on the 
same values at a and b == a + q> where © is a period. Thus in 
counting up the points where an elliptic function takes on the 
same value in a primitive parallelogram of periods we agree to 
consider only one of the two opposite sides. Also if f(z) — c at 
z = a the function g(z)—f(z)—c will have a zero at a . If this 
zero is of order s, we will say that /(a) takes on the value c at a, 
8 times. 

This being agreed upon we now prove : 


An elliptic function /( z) of order n takes on any given value c just 
n times in a primitive parallelogram P. 


For choosing P so that no zero or pole of f(z) lies on its edge, 
we have, by 124, 4, 


J_ /TO) 

2 mJ P f(z') 


dz= m Q — 


(4 


where m 0 is the sum of the orders of the zeros and m * the sum of 
the orders of the poles of f(z) in P. 

Now P being a parallelogram of periods of /(a), it is also for 

■f-f / jr) 

the function • Thus the integral in 4) vanishes by 2. Hence 


Mq = moo. 


But moo = n by definition. 
Consider now 


Thus/ vanishes n times in P. 

#0)=/0)-c- 


This vanishes when/=c. On the other hand, P is a primitive 
parallelogram for g as it is for/. Finally, g having the same poles 
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as/, and to the same orders, the order of g is n. Hence g vanishes 
n times in P. 

9. A theorem of great use in the elliptic functions is the follow- 
ing : 

Two elliptic functions having the same periods , the same zeros , and 
poles to the same orders , can differ only by a constant factor. 

hor let/(s), g(z) be two such functions. In the vicinity of a 
zero or a pole z = a we have 

/=(2-«) m 0(z) 9 = O - <0 m *00 

where <f>, yfr are regular at a and do not vanish. Hence in the 
vicinity of a zero or pole 

„ = /( z ) = <K*> 

* 9(z) *00 

is an analytic function. If we give to q at a the value 

<K«) 

q is regular at a. Thus q has no singular points in the finite part 
of the plane. It is therefore a constant. Thus 

/CO = Cg(z ). 

10. A similar theorem but not so often used is the following : 

If the elliptic functions f(z ) g(z) have the same periods and at 
each pole the same characteristic , they differ only by an additive con- 
stant. 

For at a pole z = a, let 

f(z) = cf>(z) + F(z'), 

^00 = <K*)+ ^0)> 

where <j> is the common characteristic at a. The functions F. Q- 
are regular at a by 118, 2. 

Thus f(z) — g(z)= h is regular at a as it is the difference of two 
regular functions. Thus the function is regular everywhere, and 
is therefore a constant. Hence 

f(z) = g(z) + O. 
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11. Abel' 8 Relation. Letf(z)be an elliptic function of order n. 
Let P be a primitive parallelogram of periods not passing through a 
zero or pole of f. If a v a^--- a n are the zeros and p v p 2 ... p n the 
poles which fall in _P, then 

(a l + a 2 + ... + a») - CjPi + P% + - + Pn) = period. (5 

Before proving this theorem let us see its significance in the 
function theory. It is often convenient to construct functions 
having assigned properties, and it is therefore necessary for us to 
know which such functions are possible. 

For example we know it is possible to construct a one-valued 
analytic function which vanishes at a v a 2 • •• a m , which has poles at 
Pv p 2 " m P* an( l which has no essential singularity even at oo. 
Such a function is 

0-0 ••• 0-0 
O — Pi) - 0-0’ 

Now if we were asked to construct an elliptic function having 
these zeros and poles in a primitive parallelogram of periods P we 
would say at once that this is impossible unless in the first place 
m — n by 8. This is the first restriction. Abel’s relation 5) is 
another restriction. It says that having chosen 2 n — 1 of the 
zeros and poles in P, the last one is no longer free to choose ; it is, 
in fact, completely determined by 5). Are there any other con- 
ditions to inpose? We shall see in 166, 4 that there are not. 

Let us note that we may write 5) 

^a m = ^p m , mod (Wji ^ 2 . (b 

We turn now to the proof of this relation. 

From 124, 2 we have 

2Vif p zd lo g/( 2 ) = - 2p m . (7 
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Then 


/ 3<21og/(s) = P +, “\u + co s )dlogf(u) 

«/43 Jo 


Jf* ~ ~ C+(i>i 

ud log/(M> + a> 2 lo g/(«) . (9 

12 _ c 

Now if the reader will remember that an integral is the limit of a 
sum, he will see that the letter chosen for the variable has no 
influence on its value. Thus 

f ud\ogf(u) = f zd\ogf(z) = C . 

J 12 J 12 J 12 

Also if log/(w) has the value log /(<?) at u = c, its value at c + co x 
is one of the many values log /(<? + co x ) has at this point. But 
f(c + a^) = /(<?) ; thus the value log / has at c + ^ is 


Thus 9) gives 
Similarly 


l°g/(<0 — 2 mtfri, ra 2 an integer. 

J + / = 2 m 2 mco 2 . 

12 ^84 

( + C = 2 

J 28 */41 


2 n m P. 
(10 


Thus 7) gives 

= m- i o3 l + m 2 a) 2 

= a period. 

12. From Abel’s relation we have : 

Let the elliptic function f(z ) =c at the points z l , 2 2 

Then _ 

2z m = 2^. 

For . . N 

ko -/(*>-« 

has the same poles as /(z), and its zeros are Zj • z n . We thus 
need only to apply 6) to the function g. 

Remark. In Abel’s relation 5) the a's and jt>’s lie in one and 
the same primitive parallelogram. We can give this relation a 
slightly more general form as follows. Let us say that any set of 
points form an ineongruent set when no two of them are congruent. 
Let then , , , 

«1 «2 a n (11 
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be any incongruent set of zeros, and 

Pi A - P'n Cl 2 

any incongruent set of poles of /(a)- Then 5) may be written 

a[+ ••• — +pi (13 

For each a f r must be congruent to some a m , and no two of the 
points 11) are congruent to the same a m , since then they would be 
congruent to each other, in which case 11) would not be an incon- 
gruent set. Thus 

a[ + ... -f a f n = a x + ••• 4- a n + a period. 

Similarly ^ +K = Pi + + p 2 + a period. 

Thus 13) is a consequence of 5). 

A similar remark holds for the relation 10). Here it is not nec- 
essary that the z 1 ••• z n all lie in the same primitive parallelogram ; 
they can be any set of incongruent points for which /(z) = c. 


13. In case of an elliptic function /(z) of order 2 Abel’s relation 
enables us to solve the problem of finding all the values of z for 
which f(z) takes on a given value as follows : 

Let p v p% be incongruent poles of an elliptic function/ ( 2 , ©j, © 2 ) 
of order 2. If f takes on the value c at z = z 0 , then all the roots of 


are given by 


where 


/ 00 = c 

z 0 + m 1 co 1 -1- m 2 o) 2 

Pi + P% - 2 o + + ™2*> 2 , 

m v m 2 = 0, ±1, ±2 


(14 

(15 


For if z 1 is the other value of z for which /= c in the primitive 
parallelogram P (© x , o> 2 ) in which z 0 lies, we have, by Abel’s relation, 


Thus 

as stated in 15). 


z o + z i ““ ( Pi + P 2 ) = a period. 
z i = Pi+P2-*o 


Remark. In case/(z) has a double pole p we replace p x 4- p 2 
in 15) by 2 p. 
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14. Between the poles of an elliptic function of order 2 and the 
zeros of its derivative there exists a remarkable relation which is 
expressed in the following theorem : 

If the elliptic function f (z, co v g) 2 ) of order 2 has p v p 2 as incon- 
gruent simple poles , its derivative f (z) is of order 4 and admits the 
incongruent points 


_JPl_+A 


I = 2 1 + TT , Z 3 = 2 1 + TT » Z 4 = Z 1 + 


Q) 1 + Ct) 2 
2 

(16 


as zeros . 


That /'(z) is of order 4 follows from 118, 4. That the points 
16) are incongruent is easily seen. For suppose 


Then 


*2 55 *3 = *1 + 
°°1 

*2 - *3 = Y 



9 


is a period, which is not so, since co v g> 2 form a primitive pair. 
From 13 we have 


f(Pi +P2 -2) =/(«)• 

Hence /'(2 z x — z) = — /'(a). 

As z x is incongruent to or jo 2 , it is not a pole of /'(z). 
therefore set z = Zj in 17). We get 

/'( z i) =-/'(%). 

or, 2/'( Zl ) = 0. 

This shows that z x is a zero of /'(z). 

Again, set z = z 2 in 17); we get 

/'( 2 Z 1 - 2 2> = -/'(*»)• 


Now 


2z 1 -z 2 = » 1 --J = 2 1 + -^ = z 2 . 


(17 
Let us 


(18 


Thus 18) shows that/'(z 2 ) = —f (z 2 ) or 

2/'(z 2 ) = 0. 

Hence z^ is a zero of /' ( 2 ) . Similarly we show the other points 
of 16) are zeros. 
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15. Similar reasoning applied to 17) gives : 


If the elliptic function /(a, a v a> 2 ) of order 2 hat the double pole 
p, its derivative is of order 3, and it admits the incongruent points 


G>1 , ©O ©1 + (On SI Ck 

» h=p+ 1 2 2 ’ <^ 19 


as zeros . 


Remark . The reader may ask : Why does not the same reasonin g 
prove that ^ is also a zero of/'(s) ? As we know that a pole of f 
is also a pole of /'(z), our reasoning would then be quite fallacious, 
since p cannot be at once a zero and a pole of an analytic function. 

The fault in such reasoning on p would lie in setting z = p in 
17). Since we know that z—p is a pole of /'(&), this latter is 
not defined at this point. The relation 17) holds for values of z 
near p but not at p . 


16. An elliptic function of the second order having simple poles 
satisfies a very simple differential equation, as the following theo- 
rem shows : 

Iff (z) is as in 14, it satisfies 

(SI = °U- *!>(/- «*>(/“ C20 


where /(z m ) = e m , m = 1, 2, 3, 4, and z m are the numbers 16). 

Let us first show that the e’s are all different. For if e x = 
for example, then 

/Oi) =/(*»> 

and either z 2 = z v 

or, z 1 + z 2 =p 1 +p 2 , by 13. 

Neither is true. Let us now set 


9mOO =/0) - e m , m = 1, 2, 3, 4, 
and 9(*)=9i9*9*9v 

We show that g admits © 2 as periods and has the same zeros 
and poles, and to the same order as (/'(s)) 2 — h. Thus h and g 
differ only by a constant factor by 9. 
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For in the first place f and g obviously have the same periods. 
Next g being the product of four factors of order 2, is of order 8. 

As g m = 0 for z = we see that g vanishes at the four points z m . 
Each of these points is a zero of order 2 for g(z ). In fact 

9'(z) = ff'i • ffifftfft + 9*2 ■ 9i9s9i + 9s • 9i9s9i + 9* * 9i9s9s- 
Let us set z = z x in this relation. The first term on the right 
vanishes, since the factor 

^i( z i)=/'( z i) = ° by 14 - 

The other three terms = 0, since each contains the factor g v 
Thus g\zf)~ 0 and hence z x is a zero of g(z ) of order 2 at least. 
Hence g(z ) and h(z) have the same zeros to the same order. 

The poles of g(z ) are p v p 2 each of order 4. The same is true 
of A(z). Hence by 9 , h = C • g. 

17. When the elliptic function of order 2 has double poles, we 
have : 

If f(z) is as in 15 , it satisfies the differential equation 

(f J= 0(f- e,Xf~ *.), (21 

where /(z m )= e m , m = 1, 2, 3, and z m are the points 19). 

The proof is entirely analogous to that in 16 . 


18. Application to the p function . This function is defined 

K z ) = ^+^{( z _-> 2 - = 2 }, 


where 


S = 2 m 1 co l + 2 m a a> 2 


Here p = 0 is a double pole, and the periods are 2 ® 1 , 
Thus 19) becomes 


and 


2?! — GJj , 2>2 — ’ 2 3 — ^2 

K®l) = «l . K®2>=«2 » K®l + ®2)= e 8* 
Hence 21) shows that ^(z) satisfies the differential equation 

(ST = ^ “ c i)(P “ 


by 

(22 


2 a) 


2- 


(23 

(24 

(25 
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From this follows that 

s- f , dp ■ (26 

J V C\p - ej)0 - e 2 )(p - «,) 

Remark . The reader can now see why we have denoted the 
periods of p(z) by 2© x , 2© 2 instead of © 2 . It is the half 
periods which enter in the definition of the e 1 , e 2 , e 8 , and these 
quantities are of fundamental importance. Also in many other 
relations the half period figures. If we call the periods 2 © 1 , 2 © 2 , 
we avoid the fraction £ when using the half periods. 

The reader will also note that the period of sins is denoted 
by 2 7r. 

19. It will greatly simplify our equations, as the reader will 
see later, if we introduce a half period co 3 by means of the relation 

0) 1 -h © 2 + G)g = 0. (27 

Then p being an even function we see that 

K®1 + ® 2 )=P(® 8 )=*3- 

Thus the three equations 24) can be written 

_K®«)= e s * = 1, 2, 3. (28 

Also the zeros of • p'(z) are 

= ®1 6 “2 > ®S- (29 

166 . Elliptic Functions expressed byo-(z). 1 . Let the elliptic 
function /(z) of order n have P( 2 m v 2 ® 2 ) as a primitive paral- 
lelogram of periods. Let its zeros be 

®1 » ®2 > "* (1 

arranged so that | « n+ i \ > \ a n | =# 0 ; let its poles be 
6i , 5 2 » ^8 ’■* 

arranged so that | J B+1 1 > | b n | ¥= 0. Then by 140, 4, and 6, 


(2 
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converge. 

To determine T let us observe that 
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(4 


sOO-* 1 ' |{w 

also admits 2^, 2a> 2 as periods. Thus 

g(z) = r"(2) - X { (z _ fln) 2 - a* } + S { (z J j b) 2 ^ ^ 

is double periodic. . 

Now each 2 here admits 2 co v 2 a> 2 as periods. Hence 
T"(z) = g(z) 4 - 2-2 

a b 

admits 2 2 o> 2 as periods. As T is an integral function, so is 

T n . But then 

P (. z ) = 2c, a constant. 

Hence m 9 

T = a+ 02 + <?2 2 . 

The infinite products entering 3) can be expressed as the 
product of m simpler products as follows : Let 


C i ’ (5 

Pi . Pi -‘Pm V 

be the zeros and poles which fall in the parallelogram P. Let 

’ c i2 ’ c \z 

be all points 1) which are = <? 1 . Let 

Pn » Pn i Pis — ( 7 

be all the points 2) which are =^> r If we treat the other points 
in 5) in a similar manner, all the zeros 1) will be thrown into m 
classes, the points in each class being = some zero in 5). A 
similar remark applies to the poles 2). 

Let us therefore set 

<( z , Cj )= 


(8 



S56 


FUNCTIONS OF A COMPLEX VARIABLE 


Then the numerator and denominator in 3) are each the product 
of m factors of the type 8). We have, in fact, 


} t(z , p{)t(z, p 2 ) ••• t(z, p m ~) 


(9 


2. The simplest t function is obtained by taking c x at the 
origin. It is denoted by <r(z) and is called Weierstrass’ sigma 
function . Thus / \ % \s%\i 

o-(z) =*mi-*W*= ; , (io 


where co = 2 -I- 2 ^ 2^2 = ra 2 = 0 excluded. 

By 140, the zeros of cr(z) are 3 = 0 and the points co. They are 
of order 1. By using the cr function the formula 9) can be much 
simplified. To show this we make use of the fact that 


cP log (r(z ) __ _1 , ^ f 1 
dz 2 ~ z 2 ^ l (a — co ) 2 



From 10) we have 

log <r(z) = lo g*+X{ K 1 - S' + • + K3 


(11 

(12 


The derivative of this function is so important that it has a 
special symbol ; we set with W eierstrass 


Thus 


Hence finally 


£(z)= dlog °'( z )= cr '( z ). 

dz <7 ^ 2 ! ) 

?(z) = l+s{ 1 +i + - 2 |- 

Z l Z — CO (0 CO 2 ) 

?(z) = -p(z). 


Let us note that <r(z) is an odd function. 

For replacing z by — z in the II in 10) it becomes 


n 



_i + i(?y 

o m 2 ''iii' . 


(13 

(14 


(15 


As co and — co give the same network of points, we can replace co 
by — co in 15); but then 15) goes back to II in 10). Thus this 
product II is an even function. As <r = zH we see <r is odd. 
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As o-'(z) is now seen to be even, the definition of %(z) given in 
13) shows that f is also an odd function. 

We have introduced these relations at this point in order to see 
how <r(z) behaves when % is replaced by 

z- f- 2 C 0 J or z + 2 o> 2 . 

We start with the relation 


Integrating gives 


p(z+2ft) 1 )=^(2). 

-1-2 0 )!)= f(z) 4- C. 


To determine the constant (7, we set z = — co x ; we get 
f(a>i) = £( — o) x ) + 0 = — COO 4- 
since C is an odd function. Hence 

c=n K). 

Let us set for brevity 

Ul =?(•!) , ^=?0 2 )- ( 16 

These two constants are of constant occurrence. Then we have 

f(z + 2 Wj) = ?(z) + 2 H7 

f(z + 2 <b 2 ) = ?(z) + 2 ?; 2 . 

Integrating the first equation of 17), we get 

log <r(z + 2 Wj) = log o-(z) + 2 ^z + <7 
or <r(z + 2 e^) = c^aQs). 

To determine o we set z = — oq, and remember that c(z) is an odd 
function ; we get 

o^oq) = ce' 2 **' <r(_- <»i) = - oe~^ ^(co^. 

Hence 


Thus 


(18 


<r(z + 2 oj) = - g 2 ’h(* + “i><r(z), 

<r(z + 2 g> 2 ) = — e 2 ’’» ( ' + “s ) o-(z). 

3. Using the relations 18), we can now simplify 9) as follows. 
We saw from Abel’s relation that 

c x + c 2 + ••• + — (Pi + Pa + •" + Pm) = a period. (19 
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Let us therefore pick out a set of incongruent zeros a v ••• a m 
and a set of incongruent poles b v ••• b m so that 

+ #2 -f + a m = h + 5 2 + **• + (20 

From 19) this can be done in an infinite variety of ways. Let us 
now form the function 


K*) = 


<K a-fli) ••• «■(*-<). 
<t(z - 6 X ) ••• o -( 2 - 6 m ) 


We show that g admits 2 2 co 2 as periods. For from 18) 


(21 


g(z + 2g> x ) 


But by 20) 

Thus 

Similarly 


n <r(z - a n ) 
^ l2 (*-6 n+Wl ) n <r(z _ 




2a B = 2J„. 
g(z+2a> 1 )=g(z). 
g(z + 2q> 2 ) = ^(z). 


b = 1, 2 ••• wi 


On the other hand, the zeros and poles of 21) are the same as 
those of f(z), and to the same order. Thus by 165, 9 f and g dif- 
fer only by a constant factor. Hence the theorem : 


Let f(z) be an elliptic function of order m having 2 a > l , 2 ® a as a 
primitive pair of periods. Let a x ,---a m -, b v • • • b„ be a set of incon- 
gruent zeros and poles such that 2a n = 25„ . Then 


m = o 


a(z - a x ) 

«■(*- b i) 


K') 


(22 


4. From this we conclude that elliptic functions exist having 
assigned zeros and poles provided : 

1° the sum of the orders of the zeros in any parallelogram of 
periods equals the sum of the orders of its poles, and 

2° the zeros and poles satisfy Abel’s relation. 

In fact these functions are all given by 22). 

5. The relation 22) shows that every elliptic function can be 
expressed by means of the a function, which thus dominates the 
theory of elliptic functions. 
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It is interesting to note how naturally we have been led to con- 
sider this function. By Weierstrass’ factor theorem, 140, 4, 6, every 
elliptic function must have the form 3). The products in 3) can 
be decomposed into simpler products, each vanishing for one of the 
m classes of zeros or poles of the given function. Of all these 
simple products 9) the simplest is the product 10). It is an in- 
tegral transcendental function like sin s, and as the circular func- 
tions can be built up on sin z as a fundamental function, so the 
elliptic functions can be expressed by means of this new transcend- 
ent. It is natural to denote it by <r(z) where a reminds one of 
the first letter 8 of sine. 

The first logarithmic derivative of sin z gives cot z which has, as 
poles of order 1, the zeros of sin z. The first logarithmic deriva- 
tive of o-(;z) gives a function which Weierstrass has denoted by 
f(z). This also has, as poles of order 1, the zeros of o-(z). It is 
not periodic since 

£0+ 2O=t00+2if< i = l, 2. 


Its first derivative is periodic, and this leads to the jp-f unction 


p oo= - 


d£. 

dz 


The minus sign is inserted so that the term i in the expression 

164, 7) has a positive sign. The letter p reminds one that the 
most essential characteristic of this function is its double periodicity. 


6. If in 10), 11), 14), defining the functions <r, £ p, we replace 


by 

we see that 


z , ( » 1 , w 2 

A* » /*®i , A*® 2 ’ 

<r (/*z, fut v /t© 2 ) = pa- (z, <o v © 2 ), 

?(>Z, /xtoj, /ao> 2 ) = - ?(z, eo v ® 2 ), 
A* 

pOz, fieo v = — 2 p (z, a> v © 2 ), 
A* 


(23 


which shows that <r, p are homogeneous functions of z, ©j, © 2 of 
degrees 1, — 1, — 2 respectively. This property is useful at times. 
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The relations 16) show that 

Vr 0®i i M® 2 ) = ~ VrC°>v “a) r = l,2. 
f 1 

Since e a =p(a> a ') we see that 

«.0®i , l*a> a) = -5 e,( 0 D v a> 2 ) a = 1, 2, 3. 
A* 


(24 

(25 


167. Elliptic Functions expressed by p(z),p ! (z). 1. We sup- 

pose first that the elliptic function f(z) is an even function of 
order 2 s . Then if z = a is a zero or a pole of /( 2 ), so is z = — a. 
Let a set of incongruent zeros and poles be 


of orders 
so that 


±a 1 , ±a 2 , ; ±b x , ± b 2 , 

% i w 2 * S n \ > w 2 i 

2m 1 + 2m 2 + ••• = 2 Wj + 2 + ... = 2 s. 


TPe consider first the case that none of these zeros and poles is 
= 0. Let p(z) have the same periods as /(z), we consider the 
function ^ _ ( pz - pa^ipz - pa ... _ 

(pz —pb{)\(pz —p\) n i ••• " 


It has the same zeros and poles and to the same orders as /(z). 
As g admits the same periods as /, we see that it can differ from 
/(z) only by a constant factor. 

Next let us suppose that z = 0 is a zero of /(z). Since/ is an 
even function by hypothesis, the order of this zero must be an 
even integer, say 2 m. Suppose now 


0 , ±a x , ±a 2 ... 

form a set of incongruent zeros of orders 


2 m , m x , ... 

respectively. Then as before 


2 m + 2 m 1 + 2 m 2 + ... = 2 s. 

Let us now form the same function g as before, where no factor, 
however, corresponds to z = 0. 'The numerator is of degree a - 1 
in p and the denominator of degree a. As z = 0 is a pole of order 
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2 f.or p(z~), it follows that 2 = 0 is a zero of order 2 m for g(z). 
Thus as before g has the same zeros and poles and to the same 
orders as It can differ from f only by a constant factor. 

We get the same result if z = 0 is a pole of /(z). Thus in all 
cases when /(a) is an even function, 

/(z) = 0 ( - pz ~ P a i) mi ( P z -pa*)” 1 ' — n 

where we use a set of incongruent zeros and poles, always omit- 
ting that one which may be =0. 

Case 2. f ( 2 ) is not even. Let us form 

Kli) =/(»)+ A - 2) , 


which give 


h r z)= /(2)-/(-z) 
^ ^ 2 p'(z) 


f(z) = g(z)+h(z)p'(z). 


As g and h are even functions, they may be expressed as in 
Case 1. We have thus proved the theorem: 

Any elliptic function is a rational function of p(f), p f (f)- 


168. Elliptic Functions expressed by 1 £(*). 1. In 166, 167 we 
have learned two ways of expressing an elliptic function. Both 
require a knowledge of the zeros and poles of the function /(z). 
When these are not readily found, it is convenient to have another 
representation. Such is the following, which depends on the 
knowledge of the characteristic at each of the poles. 

We will suppose, therefore, that a, i, ••• are the poles of/(z) in 
a primitive parallelogram of periods, and that its characteristics 
at these points are 


+ 

(z — a)\ 

... -|- 

z — a 

for z = a 

I 

o-ay 

... + \ 
z — b 

for z = b 


(1 
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We now construct a £ function on the periods 2 2 ®, of f(z ) 

and then the funotion 

g(z)= A^(z — a) — A£'(z — a) + ^?"(z — <*)+ ••• 

+ “ «) + W* " *) “A?' - 5) 

+ |^"( z - 6 ) + - + + - ( 2 

As roo — i>( 2 > , roo — yoo - 

all the terms in the 2d, 3d ••• columns on the right of 2) are 
periodic. 

On the other hand, 

+2 fflj) = £( 2 ) + 2 tj v etc. 

Thus < 7(2 4- 2 c^) = 2 ^ 1 (A 1 + + •• 0 + ff00 m 

But A v B 1 ••• are the residues of /(z) in a parallelogram of 
periods. Their sum is 0 by 165, 3. Thus 

g(z +2^) = g(z). 

A similar relation holds for 2 co 2 . Hence g also admits 2 g^, 2 © 2 
as periods. 

Let us now show that g has at each pole as 2 = a the same char- 
acteristic as/. For from 166, 14), we have obviously 

£(*-«)- 1 +*(*), 

2 — a 

where A is regular at 2 = a. Hence 

re— )— 

(z-a)= 1 y _1 ( X “ ^ ! + A< A -«(z). 

(2 — a) A 

Thus the characteristic of ^( 2 ) at z = a is given by the first row in 
2 ). Thus / and g have the same characteristic at z = a. The 
same is true at the other poles. Thus by 165, 10 

/(z) = ^(z)+ constant. 


(3 
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2. From the foregoing we have : 

Any elliptic function can be expressed in terms of £(z) and its 
derivatives . 

169. Development of <r, £, p in Power Series. 1. We have now 
seen that the three functions 


where 


<r(z) = zii(i - £^= + Ks)’, 

?(») =-+X 1 

i?(z) - - 2 + X { _ w)2 - 


(» = 2 TO, 


'‘i w i -r 2 w 2 t» 2 TOj = m 2 = 0 excluded 

may be taken as the basis of a theory of the elliptic functions. 
We propose in the articles which immediately follow to develop 
some of the properties of these three functions. 

We begin by developing them in a power series about z= 0. 
Since 

pQ0~3-<K*) 

A 

is regular at z= 0 it can be developed in Taylor’s series 

*(*W(0)+sf( 0)+|L*"(0)+ ... 

which is valid within a circle $ which passes through the nearest 
point a in 4), 


(1 

(2 

(3 

(4 


Now 

Hence 


* w oo-(— !)•<:» +i)i X, \ +2 - 

(Z — G )) n+2 


n I 


Let us therefore set _ V ^ 

*»= Z m nT* 

We note that when n is odd, s„ = 0. 

For to each 2 m^co x 2 to 2 <» 2 in s n there corresponds a 

— 2 wijGjj — 2 to 2 <j> 2 . 


(5 
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When n is odd, the two corresponding terms in «„ will have oppo- 
site signs and cancel each other. We thus have 

p(z) = ^ + 3 s 2 z 2 + 5 8 4 z* + 7 SgS 6 + (6 

•Integrating, we have 

f(z)=l-8 2 z3-« 4 z5 (7 

Z 

Integrating again gives 

log <r(z) = log z — ^ * 2 z* — £ « 4 z® — ••• (8 

Hence ^ = z _ £ ^ ^ | - ... (9 

2. Differential Equation satisfied by p(z)- Further coefficients 
in the developments 6), 7), 9) can be obtained by a recurrent re- 
lation which we deduce from a differential equation. In fact, we 
saw in 165, 25) that p satisfies a very simple differential equation 
which we now proceed to find. 

From 6) we obtain, on differentiation and slightly changing the 
notation, 

p'(z) = — ^ 4- 6 c%z 4* 20 + — 

This squared gives 

24*1-80* + ... 

Also cubing the series 6) gives 

X Z )® = jjj + 9 c 2^ + 15 C 8 + ... 

Let us now set 

60^ = 60 , 5-3 = 140*3 = 140^1. (10 

These are called the invariants. From the foregoing equations 
we get on adding 

p'OO 2 - 4 p(zy + g 2 p(z) + g % = + o^z + —) 
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It thus admits 2 co v 2 g> 2 and yet admits no pole in a parallelogram 
of periods. It is therefore a constant. Since it vanishes for 
z = 0,' we have the desired differential equation 

y(z) 2 = 4jp(z)8-£ 2? (z)-^ 8 . (11 

From this we get on differentiating 

p" = <6 | g v (12 

3. We can now get the desired recursion formula . Let us write 
p(z) = ^ + “r? + + «8* 6 + ••• 


and put this in 12). Equating the coefficients of z 2n ~ 2 on each 
side of the resulting equation gives 

2n(2n — 1 )a n = 6(a n + a x a n _ 2 + + 0 n - 2 «i 4- a n )- 

Hence g 

+ — -H a n- 2«ll- (13 

71 (2 71 — 1) — 6 

This shows that a 8 , a 4 , a 6 ••• can be expressed as integral rational 
functions of a v a 8 , that is of g 2 , # 8 , since 

a i = 92 ’ a 2 = 

For 7i = 3 we get from 13) 

H = l a \ = i^nr 02* 


For 7& = 4, 


= A( a l a 2 + #2 a l) = #2^8* 


In this way we may continue. Thus we find 


?(*) = !+*- 
21 


/ ( 2 ) : 


2® 


9** 

.^z 7 


9P 9 

• • (14 

2 4 ■ 3 • 5 

2® • 3 • 5 • 7 

2 9 • 

3 2 • 5 • 7 

&z® _ 

.^z 6 _ 

<A ■ 

z? 

(15 

2 a - 3 • 5 

2 2 • 5 ■ 7 2 4 ■ 

3- 

5 2 • 7 

&z 2 , 
2 2 -5 

08Z 4 , ^z 6 

2 2 • 7 2 4 • 3 • 5 2 

.+ 

... 

(16 

> . ,2al + .2a^ + + 

2-5 7 2® • 5 2 

... 


(17 
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From the definition of g 2 , g z we see that 

g 2 0®i> ^i) = w a)’ 

g$ (./*“> V ^“ 2 ) = -4^8 Or ®a)- 


(18 


170. Addition Formulae. 1. We have seen how important are 
the addition theorems 


gU+* — e u e v 

sin (w + v) = sin u cos v + cos u sin v , etc. 


for the elementary transcendental functions. We wish to estab- 
lish analogous formulae for the new functions, viz. : 


<r(u + v) er(u-v') 
cfiu • <t 2 v 


= p(v)-p(u), 


rc« +<o= roo + roo ■ +U p ' u ~ p ' v \ 

2\pu—pv ) 


p(u + v) = pu — 


1 _d_(p' u — P fv \, 

2 du\pu — pv ) 


(i 

(2 

(3 


These relations are fundamental and of constant service. We 
begin by proving 1). 

Regarding wasa constant let us look at the zeros and poles of 
f(v) = p(v)~ p(u) 

in the parallelogram of periods P( 2 co v 2g> 2 ). Obviously, / = 0 
for v = u, and hence for v = u. As p(— w) = p(u~), it follows 
that /= 0 at v = — u. and hence at v = — u. As f is of order 2, 
it can vanish only twice in P. Thus all the zeros of /(v) are 
= ± u. The poles of f (u) are v = 0, and these are of order 2. 

Thus the two functions of v, on the two sides of 1), have the 
same zeros, poles, and periods. They can only differ by a con- 
stant factor 0. 

To determine this we develop both sides about v = 0 and com- 
pare the coefficient of Now by 169, 14V 
v 2 y 


Hence 


<r(V)= v + av b + •«. 
cfiv = v 2 4- 
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Thus 1 = _1_1 , 

<r 2 u o&v <rhi v* 

To develop <r(u + 1 >), <r(u — v') about v = 0, we set 

g(y) = a(u + v) = g(Q~) + vg' (0) + • • • 

= <t(u ) + var r (w) + • • • 

Similarly — v) = <r(u) — va' (u) + ••• 

Thus <r(w +v) o-(% — v)= cA + ••• 

Thus the left side of 1) has 1 as coefficient of -4. The same is 
true of the right side. Hence (7=1 and 1) is established. 

2. To prove 2) we take the logarithmic derivative of 1) with 
respect to v, and get 

r o + to - r o - V ) - 2 ? oo = . 

pv — pu 

But this relation holds for u as well as for v. Thus interchanging 
w, v gives 

?O + i0+?O-»)-2fO) = - p ' u ■ 

pv — pu 

Adding and dividing by 2 gives 2). 

3. To prove 3) we need only take the derivative of 2) with 
respect to u. 

4. Another form of the addition theorem for the p function is 
the following : 

X« + V) +p(u) + X*0=i(^ Zpv) 2 ’ ( 4 

To prove this we square 2), getting 

i ?o + *) - foo - * 2 = iP* ~ p 'z\ ( 5 

\ pu — pv J 

Let us denote the left side of this relation by g(u), regarding v 
as a constant. The right side of 5) shows that g(u) is an elliptic 
function. 

We propose now to express g by means of f and its derivatives, 
using 168. To this end we must find the characteristics of g(n) 
about its poles. These are = 0 and — v , each pole being of order 2. 
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Developing about «= 0 we have 

=— 4- au®+ ... 

u 

£(w + v~) = g(v) + ut?(v) H 

Hence - 

ro + v) - roo - rc ») = — + «r'oo + - 

u 

and thus 1 

^)=_L_ 2 ?'(«) + ... <o 

w' 

Hence in this case the coefficients M in 168, 1) are 

A-i = 0 , Mg = 1 , 

Let us now develop about the point u = — v. We have 

£(u+v') = ^ + a(u + v~) s + ... 

u + v 

£(u) = — v + (u + v~)\ = — v') 4- (u 4- v)£'( — v) 4- ... 

= - ?0) + (« + t»)?'(»)4- 

Hence 

%(u 4- v) — £(u) — %(v') = ^ -(«4-»)f , (»)4-... 

u + v v ' 

Thus 1 

9( - U) = (u + v ) a - 2 ^ (») + ••• 

The coefficients 5 in 168, 1 ) are here 

B t = 0 , 5 a = l. 

Putting these values of M*, M 2 , B v B v in 168, 2) gives 
g(u) = - ?(«) -{'(« + •) + O', or 
{?(«4-v) — %(u) — £(*0 J a = />(«) 4- 4 -^) 4 - (7. (7 

To determine the constant C, let us equate the absolute terms 
of the developments of both sides about u = 0 . From 6 ) this term 
on the left side of 7) is 2p (v). 

On the right side of 7) it is p(v~) 4 - 0. Equating these, we get 

C=p(v). 

This in 7) gives 4). 
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171. The a>i, T|;, e t and g v g s - 1. We saw in 169, 11) that 


p' 00 2 = 4 p\z) - 9iP(p) -g 3 . (1 

On the other hand we saw in 165, 18, that p*(z) = 0 for z = co v 
a) 2 , <w 8 . The three roots of the cubic 

±f-9iV-9 8 = 0 (2 

are therefore e { = p(<o t ) i = 1, 2, 3. 

Thus we can write 1) 

p'(zy = 4(^z - e x )(pz - e 2 )(>2 - e 8 ), (3 

which shows that the constant (7= 4 in 165, 25). 

Since the coefficient of p 2 in 2) is 0, we have 

"b e 2 e s = (4 

The other coefficients of 4) give 

«!«2 + «l« 8 + Vs = ~ i 02 ' e l e fa = \9v ( 5 

To complete the symmetry let us introduce iy 8 defined by 

»h + + Vt = 0. (6 


We show that also ^ N 

^3= ?(»«)• 

Since f is an odd function, 

?Oa) = ?( — ®i — ® 2 ) = — f(®i + ® 2 ) 

by 170, 2) 

= 7 ?2 = ^8 ’ by 6), 

and this establishes 7). 


2. Between the eo v rf { exists a relation due to Legendre. Let 
us suppose that we pass from a- b to a + o> 2 by a positive rota- 
tion of angle < it as iu the figure. Then Legendre's relation 
states that 

7 T% /q 

j/i®, - = — • (» 

Let us take the parallelogram P so that 2=0 lies within it. 


Then 


— . C %(z)dz = 2 Res 
2 n/r /* 
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But £ has only one pole in P, viz. 2=0, and by 169, 2) its 
residue is 1. Thus (9 


Now 


J* £dz = 2 7 ri. 

C ^(z)dz = C £(z + 2 co^dz <* 

e/48 t / 12 



2*0 




= f {?(*)+ 2^* , by 166,17), 

t/12 

= / £dz + 4 ^ 2 ^ 1 * 

e/12 

f £(»)<& = f ^2 + 4^2. 

«/28 */l4 

/Wf+f+f+f 

e/p e/12 •/ 23 ./84 f/41 

= — 4 7 / 2 ^! + 4 t ?^. 

Putting this in 9) gives 8). 

By using 6) and + &> 2 + o> 3 = 0 we have for any two indices 

r, s = 1, 2, 3, 


Similarly 


Hence 


7TI 

Vr&B— = , 


(10 


where e = 1 when we pass from o> r to o>, by a positive rotation of 
angle < ir ; otherwise e = — 1. 

3. The relations 166, 17), 18) may be at once extended to o> 8 
and give for r = 1, 2, 3, 

<r(2 4- 2 GD r ) = — e 2 V* +w »V(2), (11 

f(2 + 2 G) r ) = f(2) + 2 7 ) r . (12 


172. The Co-sigmas o>(z). 1. We introduce now three new 
sigma functions 

'»«’= • >- = 1,2,8. 

This we can transform as follows. From 

cr(w + 2 eo r ) = — e 271 ^ u+0i r)a(u) 


a 
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we have, setting u = — z — » r , 

<r( — z + a> r ) = e~ 2l) r z a(z + co r ). 

™ 8ilI)giTes (2 

rW <7(0) r ) K 

Replacing z by — z in 1) and using 2), we get 

ff r(-s) = ov<>) » <r,(0)=l. (3 

We find without trouble 

<r r (z + 2 cD r ) = — e 2 » < ‘ + "r ) (r r (z) ) (4 

<r r (z + 2u,)= e 2 ’i« (I+ “« ) <r r (z), (5 

cr(z ± to r ) = ± e±ir*tr(a» r )<r r Cz), (6 

<r r (z ± ®,) = T evM«) ^ , (7 

<TCO r 

cr r (z ± w,) = — (8 

where r, s, t are the integers 1, 2, 3 in aqy order. 

For example let us prove 7) for the + sign. From 1) we have 


<r r (z + (Or) = e-’ , r(«+“r> + 2 


or using 171, ll), 


— 0-T7 r (e+w r )g2ij r (*+Q> r ) 


= — e >? r (*+« r ) v J , 

<rc*) r 

which is 7). 

2. In 1) let us set z = <» a , then 

C 9 

<TCO r 

since <r(6) r + «*) = <r(— «*) = — cro^. Here as usual r, a, t are 
1, 2, 3 in any order. 

Setting z = o) r in 2) gives 

°VOr) = 0. (10 

Let us put 9) in 8), we get 

<r r (z ± ol>„) = e ± '>‘<T r a>,<T&. 


(II 
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In this formula with the lower sign, set z = to,. As cr r (0) = 1 
by 3), it gives = (12 

Let us now make use of this in 7), it gives 


<r r (z ± t» r ) = T e :b,r * <r,<Br<r<<B, <r(a ) . (13 

<T(6 r 

From the definition 1) we see 

<r r (/MS, jJL(c v /n© 2 ) = <r r (z, fflj, m a ). (14 

3. In 170, 1) let us set v = to, ; we get, using 1), 2), 

?0) - e. = (15 

This shows that the square root of the left side is a one-valued 
function of z. We set 


which determines the sign of the radical. 

Let us set z= co r in 16), we get 

<TO) r 

and the sign of the radical on the left is determined. 
Putting 9) in 17) gives 

C T(O t 

Ve r — e a = — er*#* 

T * <rco r <rco B 

Interchanging r and 8 , we get, dividing, 


(16 


(17 


Ve, - e r 

Hence using Legendre’s relation 171, 10) 

== %~\/ *“ ^ “ £g := 2- 6g , 

"^^2 ^8 = ^ 2 * 

Here we suppose <o 2 such that we pass from (d x to o> 2 by a posi- 
tive rotation < ?r. 

The relations 18) enable us to replace in our formula a radical 
Ve r — e 8 by Ve a — e r , a substitution which is often useful to make 
reductions. 
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4. In 15) let us replace z by z + ®„ we get 

r i \ a tC z + ®,) 

*>+••)-<•- 

or using 6), 13), 

= . 1 . **(*) , 
<r 2 ®, e 2 l >**< 7 2 ®, <r 2 (z) 

Using 15), 17) this gives 

x z + «,) = e, + ( e * ~ e «) . 

p(z) - e. 


(19 


5. To find the development of cr T (z) in a power series about the 
origin we have, from 16), 

<T r (z) = o-(z)Vjp(s) - V 

Now from 169, 16) 


p(z) - e r = ~ 2 ~ e T +^g^ + 


Thus 


<M» = °-(0 { p - «r + + - } 1 

= 1 - i<vz a - ^(6 e 2 - 9<i)& - 

6. We have obviously 

Wu = -2 . 

^ 0% 


(20 

(21 


173. The Inverse p Function. Case 1. 1. We have 

* C0 " , ? + lP + ’" (1 

i >' 0 )=- J + fj z +— ( 2 

^ = 6 0Ti , 5-8 = 140 » ffl = 2m 1 ®i + 2m J <» J . (3 

^ (0* ' CO 

The relation 1) defines p as a function of z. We wish now to 
consider the inverse function z of p. 

Case 1. ©j real and positive, ^ = i5 2 ? ®2 ^ We no ^ e 
that the invariants $r 2 , #8 are real. For in © to each positive w& 2 
corresponds a negative value — wz 2 . Then the two values of ©, 

2 m 1 © 1 + 2 m^ico^ , 2 — 2 m 2 i© 2 , 
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are conjugate imaginary. Thus the terms in g 2 , g z enter in pairs 
which are conjugate imaginary numbers. As the sum of two con- 
jugate imaginaries is real, g v g z are real. 

From 1) we see that p is real for real values of a, say for z = x. 
As p has the real period 2 <o v p(x) is periodic. 

The relation 1) shows that the p-axis in Fig. 1 is an asymptote. 

From 2) we see that 
p' ( x ) is negative for 
small values of x. Thus 
p decreases until p'(x ) 
vanishes. The roots of 
p'(z) = 0 are oo v g) 2 , g> 8 , of 
which only the first is 
real. 

Thus p decreases from 
x = 0 to x = g> x , at which 
last point p(G> x ) = e v 
Since p(x) is an even 
function, p is symmetric with respect to the p-axis. Thus p de- 
creases as x ranges from 0 to — co v As p has 2 ©j as period, the 
graph of p in the interval (g^, 2 g^) is the same as in (— a> v 0). 


p axis 



2. The graph of p = p(x ) shows that the relation 1) defines a 
many-valued inverse function 


* = <KiO> 


(4 


one of whose branches may be characterized by the conditions 


1° x == 0 as p = + 00 , 

2° x is positive for p > e v 


(5 


This branch is shown in Fig. 2. 
We show now how this inverse 
function may be represented by an 
integral. The derivative of p (x) is 

± V4j i s -g 2 p-g a . 

To determine the sign of the radical 

we observe that for 0<x<a> v ^ 

ax 


x 


«i 


ei 



(6 


P 


0 


Fig. 2. 
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is negative, while the polynomial under the radical is large and 
positive. We must therefore take the minus sign in 6). Then 
the derivative of the branch of 4) as determined by 5) is 


dx _ 1 

d p tip -V4 p a -ff 2 p-ff a 


O 


From this follows that the inverse function x defined by 4), 5) is 


x 


r oo 


~\/4p 8 


dp 


(8 


In fact the quantity under the radical is jt>'(a;) 2 ; it is therefore 
positive for p > e v Also as p == + oo the integral 8) converges 
to 0. Thus the conditions 5) are satisfied. 

From p(jo^) = e 1 follows now that x = (o 1 when p = e r Putting 
this in 8) gives 


* > 


f ee 

_ 


dp 

+ V Ipt-shp-gz 
This expresses the period 2 od x as a real integral. 


(9 


3. We show now how g> 2 can he expressed as an integral . To this 
end we note that 1) shows that p(z) is real and negative for small 
values of z of the form z = iv. We have in fact 


q=xp(iv) = — — — — ••• (10 

v 2 20 

By analytic continuation the series 10) will give the values of q 
for all values of z from 0 to o> 2 , that is, for values 0<t><> 2 . 

As the terms of 10) are all real, the values of q obtained by 
this process will be real. When 

v = ® 2 ’ 9- XH) = X®s) “ e v 
which is therefore real. 

As p f (z) does not vanish as z moves from 0 to a> 2 until it reaches 

a o v does not vanish as v moves from 0 to <w 2 , until it reaches a> 2 . 

dv 

The graph of q considered as a function of v is given in Fig. 3. 
It shows that 10) defines a many-valued inverse function. 

v = ^( 9 ), 


(11 
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entirely analogous to 4). One of its branches is given in Fig. 4 
and is characterized by 

v = 0 as q = — oo ; v > 0 for q < e r (12 






o 


V axis 



Fig. 3. 


V axis 


e > WJ 

0 

q axis 
Fig. 4. 



To represent this inverse function by an integral we observe 


that 


dq __ dp(z) ' dz 
dv dz dv 


ip' 00 = ±i^/^p a -ff 2 p- g v 


As the derivative is real and positive for this branch, and as 
p(z) = p(iv)= q, we may write this 


dv _ 1 

dq +V-(4 tf-g^-gS 


the radical being real and positive for q < e r 
Let us now consider 


v 



dg 

V- (4 g 8 -^ -^j) 


(18 


We see this is positive for q < — e 2 and that v = 0 as q = 
is therefore the function defined by 11), 12). 

Setting q = e 2 , we have 


co 2 



dq 

v , -( *<f-g 2 q-g a y 


From this, we have expressed co 2 = as an integral. 


00 . It 


(14 
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4. We have seen that e v e 2 are real. As g T g 8 are real, all the 
roots of 

i P i -9iP~9 8 = ° ( 15 


are real. Since 


e i + e 2 + e $ =* 


it follows that at least one root e must be negative. As the first 
root of 15) which we meet as p moves from — oo toward the 
origin is e v this root is certainly negative. 

The sign of the root e 2 is given by 16). 


174. Case 2. Periods Conjugate Imaginary. 1. Let us suppose 

now that . , , . , , . n 

(o l = (o — ico , a> 2 = ft) H- ico r , ® > U. ^1 


nen « . __ 

A ft) = co 1 + o) 2 = — ft) 3 = ft> 8 , 

2 ico 1 = ft) 2 — ft)j = — ■ ft) 8 = ft) 8 i 

2 a) = 2 ^ 2 &) -f- 2 2ft>^ = 2 co 2 = 0. 

As in Case 1, the invariants g v g 2 are real. 

or 2 wi 1 co 1 + 2 w 2 6o 2 = 2 («ij + m a )a 4- 2iV(m 2 — %). 


On interchanging m v m 2 this period goes over into one which 
is conjugate imaginary. 

From the series 173, 1), 2), we see that p'(z) are real for 
real z, and that p is real for purely imaginary z. 
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As in Case 1, we see that as x moves from 0 to 2 o>, p(x) de- 
creases. Ata;=2<» 

j?0)= POs) = 

at which pointy has a minimuai, and J?'(g> 8 )= 0. 

Let us note that p ! (x) has only one incongruent real root, as a> v 
(o 2 are complex. 

The inverse function defined by 


p = p(x) 


is many-valued. 


One of its branches is given by 



dp 

+V4_p» -g 3 p-g 3 


which is positive for p > e 3 , and which A 0 as /> = ao. 
When p = e 3 , x = 2 ®. Thus 


(3 


2 — r d p . (4 

j‘, + V4^? 3 — ff 2 p — g % 


2. Let us now express co' as an integral . Knowing co\ we can 
express the periods 2 co v 2 co 2 as integrals by 1). 

As z = iv moves from 0 to 2 ico f , p is real and moves from — oo 


to 

We have 


p(2iw') = p(co 3 ) = e 3 . 

q = p(iv') = — — — Slip — 

H J i? 20 


(5 


^2=2 

dv v 8 

Thus q is increasing for small values of v. As ^ does not 

dv 

vanish unless p r (z) = 0, and as the first root of this on the 
imaginary axis is <w 3 = 2 zV, we see that q increases steadily 
from — oo to e 8 . 

Thus the relation 5) defines an 
inverse function v of one of 
whose branches is characterized by 
the condition that 

f = 0 as q= —oo , and v > 0 
for q<e 8 . (6 



q axis 
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w in Cam 1, this branch is represented by 


r ** 


2 tt' for q m r r this gives 

i P Function 4-fi»ed by 1. Up to the present we 

odered p(v) us defined by means of the periods 2^, 
ese numbers being taken at pleasure but not oollinear 
jrigin, we constructed the sura 

8), and showed that 




om coefficients are rational integral functions of the 

iow : Can wo start with two numbers g r g 8 taken at 
and find the periods 2«,, 2«, with which to construct 
;tion 1 ) ? 

'onsidor the roots <*,, e t of the cubic 

</, - 0 or 4 (t - e,)(t - «,)(< - e 8 ) - 0. (4 

in the first place suppose that two of them are not equal, 
vc seen, 1(10, 11), that p(z) satisfies the equation 

r v f /»* - </,p - - '/J (P ~ etHp - r 3 )(j> ~ e s ). (5 


> r T tlltH tfivtJH 


•Hp- f 

. /* d l 

J *(P ~ 4 ’i) v '/’ ~«s 




380 


FUNCTIONS OF A COMPLEX VARIABLE 


Thus z can be expressed by means of the elementary functions* 
and p cannot be a double periodic function. 


2. The roots e a being unequal, let us suppose they are real. 
We define 2 to v 2 o> 2 by the equations 


2 CD 


= 2 f 

J*t V4 
i=2i C' 

«/ — ao 


dt 

V~(4< 8 -^-5' 8 )’ 
where we suppose the e’s so numbered that 

e 2 < e 3< e v 


(8 

(» 

(10 


Then 2 c^ is real and 2 e» 2 is purely imaginary, since the radicals 
in both 8) and 9) are positive. As 2 cd v 2 co 2 are not eollinear 
with the origin, the series 1) constructed with these two numbers 
defines an elliptic function p ( 2 , 2 od v 2 co 2 ) whicli we have seen 
satisfies 5). The reasoning of 169, 2 , 3 shows that this function p 
will have the development 2) about z=0 and that g 2 , g z will 
satisfy 3). 


3. Let us next suppose one root e 3 of the cubic 4) is real, while 
the other two are conjugate imaginary. We define 2 a>, 2 cd' by 
the equations 

2 *>= / dt , (11 
Je, -V4 - gj - g z 

2 (*'= r* dt . (12 

j— V-(4*-ftt-fc) 

These are real and positive, since the radicals in 11), 12) are 
both positive. 

We now set 

2 co x = 2 © — 2 too 1 , 2 g > 2 = 2 © -j- 2 ice)'. (13 

Since these are not eollinear with the origin, the series 1) con- 
verges and defines an elliptic function p(z, 2 <o v 2 co 2 ). As before, 
we see that this function satisfies the differential equation 5); its 
development about z = 0 is given by 2) and g v g 3 satisfy the 
relations 3). 
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4. Suppose finally that g v g i are any oomplex numbers, such 
however that the oubic 4) does not have two equal roots. From 
algebra we know that , 


<* - O, - «.)*<«, - «,)*(«, - «*)* - fasi - 27 pf ). (14 


Obviously 4) will have equal roots when and only when G 
For this reason G is oalled the diteriminant of the oubic. 

W e shall not treat the general cate but merely state that : 
If tee Met 


-r 


dt 

V4t»-p I t-p | 


S m f* 


dt 


; — g % 


0. 


the teriet 1) constructed on thete Humbert it convergent and define! 
an elliptic function />(#, 2 «*,, 2 «*,) having 2 2 «,« a primitive 

pair qf periodt. Thit function tatitfiet 6), it* development about the 
origin t« 2), and p r g t tatitfy 8). 


176. The Radicals Vj>(x) — e m . These are factors in 
jj" V4 jP-g t p-g t -'2Vp-e l 


In 172, it we saw that they are one-valued functions of s, viz. : 

Vp -e m - m - 1, 2, 8. (1 

Let us set in general 


r m0 


«■.(«> <r(t) 

ai$) ’ °-"<r.(«j 


_ _ a m(») 

~ «■»(*> 


(2 


They are homogeneous functions of s, o»,, of orders — 1, 1, 0 
respectively. 

Of these 12 functions, fi are reciprocals of the other 6. Let us 
consider one of them as 


?-*<*(*) 


<r(s) 

«y>) 



From 172, l we have 

q(e +■ 2 «,)» — p(*) , y(* + 2 w,)— y(s). 

Thus q admits 4 2 a, as periods. 


(8 
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As <r(z) = 0 for 2 = 0 mod 2 co v 2 © 2 , we see that the zeros 
of q are = 0, mod 2 a> v 2 © 2 , 

As <r 2 (2) = 0 for z = © 2 , we see that the poles of q are = © 2 , 
mod 2 2 o> 2 , and simple. 

Thus q is an elliptic function of order 2 for which 4 <o v 2 © 2 
form a primitive pair of periods. 

By 165, 14 the zeros of q r (z) are = 

co j , 3^ , (o 8 , ©3 + 2^ mod 4 co v 2 © 2 . 

At these points q has respectively the values 

1 -1 1 -1 

V ei -e 2 Ve x - e 2 Ve 3 - e % Ve 8 -e 2 

Thus by 165, 16 q satisfies the differential equation 



To determine the constant O we observe that 


q = {*>(*)- « a i * = 


~2 + 
2T 


M 


Hence 


= 2{1 — 6 2 2 2 + ••• 
= 2 JI 4- a2 2 + ... 

^2 = 1 4- 3 -f- ... 

at 


Putting these developments in 4) aud equating the absolute terms, 
we get q 


1 = 


( e l — e %) C e 3 ~~ e %) 


Thus 4) becomes 


(f ) 2 = Ii - Oi - Ii - 0 8 - * 2 )? 2 i- 


(5 



CHAPTER XI 


\ 

THE FUNCTIONS OF LEGENDRE AND JACOBI 


177. Rectification. 1. In the previous chapter we have studied 
the elliptic functions from the point of view of their most charac- 
teristic property, viz. as double periodic functions. Historically 
they presented themselves from quite another standpoint, and this 
we wish now to develop. 

The integral calculus enables us to find the lengths of a great 
variety of curves found by effecting the integration in the formula 

s= £^ i+ %‘ dxi (1 

for example, the circle, parabola, catenary, cycloid, cissoid of 
Diodes, the cardioid, etc. When the contemporaries of Newton 
and Leibnitz attempted to rectify the ellipse, hyperbola, and the 
lemniscate by means of 1) they met a most unexpected difficulty. 
In spite of every effort they could not effect the integration. 
Let us see how these integrals look. 


2. The Ellipse. The equation being 

a 2 y 2 + 52^2 a 2J2 ? 


we have 


-if 


a 4 — A 2 

V ( a 2 — £ 2 )(a 4 — A*) 


dx 


c 2 = a 2 — S 2 . 


(2 

(3 


Instead of the equation 2) we may use the parameter 

of the ellipse, . , , . 

r x = a sm 9 , y = 0 cos 9. 


equations 


(4 


Then 
or setting 




V a 2 cos 2 <f> + b 2 sin 2 <f> • d<f>, 




a 2 -l 2 
a 2 


a 2 


(6 

(6 



Vl — k 2 sin 2 <f> • d<f>. 
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As we now know, the integrals 3), 7) cannot be expressed in 
terms of the elementary functions ; the efforts of the mathemati- 
cians of the seventeenth and eighteenth centuries in this direc- 
tion were doomed to fail. And yet only failure in a narrow sense, 
for from their apparently fruitless efforts has sprung a whole new 
branch of mathematics, the elliptic functions. 

3. The Lemniscate. If we take the equation in polar form, it is 


p = a cos* 2 <f>. 


Then 1) gives 


:=a fvi- 


dO 

2 sin 2 6 


If we set x = sin 6 , we get also 



dx 

V(1 — a? 2 ) (1 — 2 a?) 


(9 


178. Elliptic Integrals. 1. Many problems of pure and applied 
mathematics lead to integrals whose integrands are rational func- 
tions of x and the square root of a polynomial P of the third or 
fourth degree, that is, to integrals of the type 

J* (f>(x, VP) da. (1 


Such integrals are called elliptic integrals ; they include the inte- 
grals 3) and 9) of 177, and cannot be expressed in general in 
terms of the elementary functions. They therefore define new 
functions in the same way that 


/ dx C dx 

x ’ Jv 1-; 


define transcendental functions although their integrands are 
algebraic. 

The question arises, how many different types of integrals are 
included in 1). We propose to show that all these integrals may 
be reduced to three, viz. : 
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La- 


dx 


V(1 — a?)(l — AAr 2 ) 


ot?dx 

V(T- a*) (1 


La - 

JW 


dx 


ova -^ 2 )(i- iA*y 


(2 

(3 

(4 


which are called elliptic integrals of the 1°, 2°, and 3° species, 
respectively. 

The number k is called the modulus, the number a which enters 
4) is called the parameter . 

2. To reduce the integrals 1), let us note that if the polynomial 
P is of the third degree, 

ax? + bx? 4- cx +d, (5 


the integral 1) may be replaced by one in which the polynomial 
under the radical is of the fourth degree. 

For let a be a root of 5), then P has the form 


Let us set 


Pz=(x— a)(px? + qx •+- r). 


x - a = y\ 


then 


VP = y Vp(y 2 + a) 2 + ?(y 2 4- a) + r 


(6 


and the polynomial under the radical is of the fourth degree if 

p z £ 0 . 

But if p = 0, the polynomial P is of the second degree, as 6) 
shows, and this is contrary to hypothesis. 


3. Let us suppose then that 

P = p 0 3l l +p 1 3?+p i x i +p s F + p i , Pq 0. (7 


Since ^ is a rational function of x and 

y = VP, 
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let us arrange its numerator and denominator according to y. 

^ 6n j,_^o + ^i3' + ^ a + '•*. (8 

9 co + cy + cy+ — 

As v 2 = P , y 3 = yP , 3/ 4 = -P 2 ••• 


we see that 8) has the form 

A + By 
9 O + Dy' 


(9 


where A, J?, £7, D are polynomials in x. 

If we multiply numerator and denominator in 9) by 0 — By , we 

gGt <f> = E+Fy = B+Q£ = II+ 

y VP 

where JK, -F, Cr are rational functions of a;. Thus 

^ Edx -f (1®* 

Here the first term on the right may be integrated by means of 
the elementary functions as shown in the calculus. We are thus 
led to consider f'G-dx 


f 


VP 


(11 


4. As G is a rational function of x, it may be broken up into 
partial fractions as shown in 122, 4). Thus G- is the sum of a 
polynomial which may reduce to a constant and a number of terms 
of the type 


1 


(a? — a) m (x — ay 


i+ ••• + 

11 x— a 


Thus the integral 11) reduces to integrals 


r 


l x m dx 

VP 


and 




dx 

(x — a) m VP 


Both of these may be represented by 


Qm =j * '(* - a)” 


dx 

VP’ 


(12 


(13 


if we let m be a positive or negative integer or 0, and a any num- 
ber including 0. There are now two cases. 
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5. Case 1. a is not a root of P. Then we may write 

P =s A q (x — ay 4- 4 A t (x — a) 8 + 6 A 2 (x — a ) 2 

4- 4 A z (x - a) + J. 4 (14 

and A 4 =£0. For setting x = a in 14), it reduces to A 4 , and if 
this were 0, P would = 0 for x = a, which is contrary to our 
hypothesis. 

Let us note now that for any integer 

^ Nn /-n t nCx — a) n ~ l P+ i(#— a) n P' 

Hence, integrating, 

(» - ayVp = n f( x - a "> n ~ ipdx + 1 A* ~ <*y p ' d *. 

K J J VP 2 J VP 


If we put in the value of P and P' as given by 14), we find 
(®-a) n VP = (w + 2)i 0 $ n+3 + 2(2 n+8)^l 1 0»+ 2 +6(w+ l)A 2 # n+1 

+ 2(2 n + V)A%Q n + nA 4 ^ n _i. (15 


If we take n= — 1, this relation enables us to express Q_ 2 in terms 
of $_ x , Q v Q 2 and an algebraic function. If we take n= — 2, we 
see Q _ 3 can be expressed by means of #_ 2 , Q 0 . But we have 

just seen that ()_ 2 can be expressed in terms of Q _ 1 , Q v Q 2 . Thus 
Q _ 2 can be expressed in terms of Q _ 1 , # 0 , Q 2 . In the same 
manner we may reason for higher negative values of n . This 
shows that the integrals 13) when m is negative may be reduced 

t0 f-ifc , f dx (16 

J VP e/ (x — a)VP 


and to Q n with positive indices. 


Case 2. Suppose a is a root of P. It cannot be a double root 
of P. For then P would have the form 


and hence 


P = (x — a) 2 (px 2 -f qx + r), 
VP = (z — a) Vp:c 2 + y:r + r, 
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, is, the polynomial P under the radical can be replaced by one 
Legree 2. But in this case the integral 1) leads only to the 
lentary functions, as is shown in the calculus. 

1 the present case therefore A 4 = 0 but A z ^= 0. Thus the last 
i in 14) disappears, but not the next to the last term in 15). 
Lee if we set n = — 1 in 15), this relation enables us to express 
in terms of and Q v 

1 we set w = — 2, it gives Q _ 2 in terms of Q_ ± and etc. 
are thus led to the first integral in 16) and integrals of the 
j 18) for which m > 0. 


When m > 0, the integrals 13) give rise to integrals of the 


a 


Rr 


r x m dx 

Vp’ 


(17 


:he relation 15) we may set a = 0, then the (J’s will go over 
the integrals 17). The relation 14) shows that the A \ s are 
coefficients p in 7). 

l 15) let us take n = 0 ; this enables us to express R 8 in terms 
2 2 , R v and P 0 . If we set n= 1 in 15), it shows that P 4 may 
expressed in terms of i? 8 , 22 2 , and R v and hence in terms of 
R v and R 0 , as just seen, 
hus all the integrals 13) reduce to 


n m > 0. 




(18 


T9. Linear Transformation. 1. To complete the reduction let 
how how to determine the linear transformation 


hat 


a + bx 

y ~ l+ex 

dy __ dy 

VT 'J(y-y 1 )(iy-y 2 )(y-y s )(y-y i ) 


(1 


dx _ dx 

ifcTV.(l — ^)(i — Hr 2 ) MVX 


(2 
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Let us determine a, b, c, k so that when 

y = y 1 ’ Vi > y z , 

we have respectively 


Then 


x— 1 — 1 1 1 

a; — l, — , — - • 

k k 


_y, = 9l 0--*l 

1 4 - cx 


’ y-y a = 


+ a?) 

1 + <?# ’ 


9 1 + ox y y * 1 + ex 


(3 


(4 


Set x = — 1, y = in the first equation of 4), then 

yi-yi™? 9 -- 

1 — c 

Similarly if we put the other pairs of values of 3) in the remaining 
equations of 4) we have 

_ V„ = , y 4 -y 8 = 25,3 , y 3 -y 4 = 25,4 • 


yi-y« 


1 + « 




i+ i 


These relations give 

a - O -yXyi-y 1 ) „ _ (20 - 

yi — 1 y2 n ’ 


2 


= | ^ — |)(y* — y«) ’ y *~2 (^ + jfc)^ 8 


From 4) we have 

y-yi.yiO-*). 1 -® . x ~ 1 . 

y-y^ 9*0- +*) '* + <? x+i 


Set here 


y = y s ,x = ~, we get 


2/a - 2/i = 1 - c . 1 “ A . 

s/ s - 2/2 i + c 1 + * 


(5 


(6 
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Also in 5) set y = ^ ^ = _ 1 % we get 

2/4-^i = 1- c . 1 + k . 

2/i y% i + « 1-* 


From 6), 7) we find 


This gives 


A - *V=& - 2/8 . 2/2 - Vi = j say . 

\l + */ y 2 -#3 ^1-^4 


From 6), 7) we have also 


This gives 



2/8 . 2/l 2/4 QaV , 

~2/s 2/2 -2/4 


To get a, 6 we start with 1) or 

y + cxy — a — bx = 0. 


For x = 1, y = y x , this gives 

2/i + - * — 5 = 0. 

For x = — 1, y = ?/ 2 it gives 

y 2 - *2/2 - « + 5 = 0' 

Adding and subtracting these two relations give 

a = liyi + y* + <yi - 
b = Kyi-y2 + e Qfi + y*))- 


(7 


(8 

(9 


(10 

(11 


(12 


To find M we differentiate the second equation in 4), which gives 

dy= gS 1 ~ c ^ dx - 
y ^ (1 + ex? 

The fourth equation of 4) gives 

a, Ck-c)dx 
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Hence 


<% 2 = 9 % 9 i 


(1 _«)(*-«) 

(1 + cx) 4 


da?. 


or 

Thus 


Hence 


dy _ V^ 4 (l — c')(k — c) _ (1 4- cx) 2 _ <2x _ 
VT (1 + cx) 2 v ^’ 



(13 


(14 


2. Students familiar with analytical geometry will recognize 
that p in 8) is the cross ratio of the four roots y v y v y 8 , y v These 
four roots can be permuted in 4! = 24 different ways, to which 
correspond 6 values of p 2 . This the reader can verify without 
trouble. We find these 6 values are 


ft 


1 

ft 


ft 

p 2 -l 


* 1 - P 2 * 


p 2 -l 

P 2 



We observe that three are reciprocals of the other three. 

To illustrate our meaning, let us interchange y v y % in 8). 
The middle term becomes 


^2 — ^8 . — — (16 
V\ y% y%- Vi p 2 


Corresponding to this, the value of k in 9) is 

1 + P. (17 

1-p 

We observe that 9) and 17) are reciprocals. We have there- 
fore established this important result : 

By means of the linear transformation 1) we can reduce 
dy fo dx 

VT ° JfV(l - x 2 )(l -kh?) 

in such a way that the modulus k is numerically less than 1. 


(18 
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3. Let us return now to our general elliptic integral 

fa VP^dx. 


(19 


We had 

P = p 0 a? + ppfl + p#? + p s x + p i 

=Po(.y- yd (y - yd (y - yd(.y - yd = jv y 

The relations 4) show that the linear transformation 1) con- 
verts VP into 

0 V(l-aP)(l-»&) im0 VX 
(i + <w) 2 (i + cx y 

Thus this transformation converts the integral 19) into an in- 
tegral of the same form 

f V(*» VX)dx (20 

except the radical VP has been replaced by V3T, which is the 
" form used hy Legendre. 

If we had made this transformation at the start and had 
reasoned on the integral 20), the middle integral in 178, 18) 
would be 

/ xdx 

V(l-a?)(l- W)‘ 


If we set x 2 = w, this becomes 

IP du 

V V(l-«)(1 -**»)’ 


which can be expressed by elementary functions. 

The final result of our investigation may be summed up thus: 

The general elliptic integral may be expressed in terms of the ele- 
mentary functions and the integrals 


C dx 

r 3?dx 

r 

J Vx ' 

) vx ’ , 

J < 


dx 


(x — a)Vj 


X =( l-:*)(1 -* W ). 


(21 


where 
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W"e have therefore established the statement made in 178, 1). 
he integrals 21) may be regarded as standard or normal forms of 
e three species of elliptic integrals. 


180. Legendre’s Normal Integrals. 1. Instead of the three in- 
grals 21) of the last article, Legendre employed as normal 
tegrals 


/ 

/; 


dx 


_ rv. l-AV 

-W) ’ J VI- 


VC1 - a?)(l - Fa?) 
dx 

(1 + no?) V(1 — £ 2 ) (1 — IchP) ' 


VI 


dx 


(i 


Let us show how the former integrals may be expressed in terms 
these latter. 

The integral of the 1° species is the same in both cases. To 
press the second integral of 179, 21) in terms of Legendre’s 
tegxals we observe that 

!_L+ 2 

/ x*dx rw w . i r dx i fVi - . 

vx“J vx dx -»J vx“V VI-***' 


ius the normal integral of the the 2° species adopted in 179 is the 
m of an integral of the 1° and of the 2° species as adopted by 
igertdre. 

Turning to the third integral of 179, 21), we have 



dx _ x + 
(x - a) V3r~ - 




dx 



xdx + a (* 

(^-a 2 )Vl J (^-a 2 )Vp‘ 


The first integral in the last member can be expressed by ele- 
mtary functions, as we saw in 179, 3. 



394 


FUNCTION'S OF A COMPLEX VARIABLE 


The last integral becomes, on setting w = — — , 

_1 f 1 dx 

aj (1 + nz?) V(1 IW) ’ 


which aside from a constant factor is Legendre’s integral of the 
3° species. 

2. Let us set with Legendre 


Then 


x = sin $. 


*** = d(f>. 

VI — a? 


The integrals 1) become, on putting in the limits 0, <p , 

F ($,¥)= f* , jE(fak)= f^Vl-tfsia?#- d<f>, 

Jo VI— A 2 sin 2 <b Jo 


n(<M)= f* 1 . 

Jo 1 + W SI 


dtp 

sin*<p ' VI — A 2 sin 2 <£* 


(2 


The radical which enters in these expressions and which is of 
constant occurrence in this theory is denoted by Legendre by 
A (<£), thus 

A(<p') = VI — K 2 sin 2 <£. 

When <P = ^ the first two integrals in 2) are denoted by 

(8 


They are called the complete integrals of the 1° and 2° species. 
Legendre denoted the integrals 3) by the letters F 1 , E\ but we 
shall follow the modern usage. As we shall see, they play the 
same role in the theory of Legendre and Jacobi as ©j, rj j do in 
Weierstrass’ theory. 1 

In practice the modulus Jfi is usually real and < 1. Legendre 
sets 

h = sin 6 (4 

and calls 6 the modular angle . 
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To make the elliptic integrals useful for numerical purposes 
Legendre calculated at great labor tables for the integrals FQ(f>')^ 
■»(*) for values of <f> and 6 for every degree from 0° to 90°. 
They are to be found in Vol. 2, p. 292 seq. of his great work: 
Traiti dee Fonctions Elliptiques , Paris, 1826. Shorter tables are 
to be found in various works which treat of these integrals, for 
example in the Tables of B. 0. Peirce referred to on p. 91. 

The reader will note that the functions F(<j>, A), E(<f > , A) are 
unlike the functions log a?, sin #, etc., in that they depend on two 
variables <£, A and so require tables of double entry. This makes 
their tabulation extremely laborious. 

Turning to the elliptic integral of the 3° species, We see that 
this depends on the argument <£, the modulus A, and a number n 
which we call the parameter ; in all on three variables. Its tabu- 
lation would thus require a table of triple entry, which is quite out 
of the question. Legendre, who had the numerical side of these 
integrals close to his heart, was delighted wheri Jacobi showed 
how they may be computed by means of the @ functions. 

3. Example . To illustrate the use of the tables let us compute 
the arc of an ellipse. We saw, 177, 7), that the length of an arc 
starting from the major axis is for a = 1, 

8 = I** V 1 — A 2 sin 2 <j> d$ = E(<f), A), 


where A is the eccentricity of the ellipse 


Suppose 




-i 2 


k = sin 6 = 


then 6 = 30°. For <f> = 45° we have from the tables 


For <f> = 60°, 


s = . 76719. 

« = 1.00755. 


Thus the length l of an arc between <f> = 60° and <f> — 45° is 

1= .24036. 
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181. Real Linear Transformations. In the foregoing reduction 
we have not been concerned whether the transformations em- 
ployed were real or complex. In many of the applications our 
elliptic integrals are real, and it is often desirable to use only real 
transformations. With this in view let us show that : 


If we set 
we may reduce 


X =P + W 

l + y 


dx _ dx 

V± P V± (x — a)(x — ft)(x — 7 )(x — 8) 

to the form , x , 

(q-p)dy 

V«(y 2 - 1 h)(y 3 -v 2 ) 

a = ±(q- aXq - & )(? - ?)(? - $), 


where 


(i 

(2 

(3 

(4 


_ _(j)- a)(p- fi) 

(9-*x9-#y 


(5 


provided 


Vt = 


Lp-yXp — S) 

(9-vXq-sy 


D = a - /3 — 7 — 8 


(6 

(7 


is =£ 0 . In case D = 0 , we set 


* = y + K a +/9) = ^ + K7 4*8) (8 

and then . , ^ 

a=s ± i < vi = K a - P) * = (9 

Moreover if the coefficients of the polynomial P are real , the coeffi- 
cients p, j of the transformation 1) will he real . Also the transfor- 
mation 8 ), which is to he employed when I) = 0 , is real when cc, /3 or 

7 , 8 are real or conjugate imaginaries . Finally , Vl and tj 2 are real . 

The verification of these statements is purely algebraic and aside 
from its length involves no difficulty. We therefore sketch it 
only. Let us consider first the transformation 1). By direct 
calculation we find that 

dx _ (g — p^dy 
V±P V± Q ’ 
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■where 

Q— \p — «+(<? — »)y\\p-p + (?— fi)y\\p — y*+ (? — y)yj 

Let us now choose p and ([ so that the odd powers of y drop 
out of Q. This requires that 


Let us set 
We find 


CP -«)(?- /9) + Q>-/9)(?- «) = 0. 

(P ~ 7)(? - 8) + O - S)(? - 7) = 0. 

X = K^ + ?) > i*=Kp-9)- 

. _ «/3 - yS 

' V _ T1 ’ 


But 


,2 = O - 7) (« - 8) 08 - 7)08 - 8) = M 
D 2 D* 

p = \+ fl , J = \ — fi. 


To show that p and q are real, we observe that the coefficients 
of P being by hypothesis real, there are three cases to consider : 

1° Roots all real. Take « < /3 < 7 < 8. 

2° Two roots real. Take a = a 4- ib, = a — ib. 

3° All roots imaginary. Take a, /3 as in 2° and 7 = c + id , 
8 = e — id . 

Obviously in each case X is real. Thus q are real if /* is 
real and > 0. We now consider the three cases separately. 

Case 1° All the factors of M are < 0 ; hence if > 0, B 2 > 0, 
and thus is > 0. 

Owe 2° Here 

if = (a — 7 4- £i)(a — S -f ib)(a — 7 — ib)(a — S — i6). 


Now the product of two conjugate numbers is real and positive, 
as we saw in 2, 6. Thus if, being the product of two such pairs, 
is real and > 0. 

As D is real, \i is real and > 0. 

Case 3° This is treated in a precisely similar manner. Thus 
in every case fi is real and > 0. 
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Finally, p, q being real, we see that tj v t) 2 are real. Thus our 
theorem is proved for the case that _Z)^= 0. The case that D = 0 
is at once disposed of, and needs no comment. 


182. Real Quadratic Transformations. Let us now show how by 
a quadratic transformation we can convert 


into 


dy __ dy 

V - vi) O 2 ~ V 2 ) VF 

Mdz 


V(1 — z 2 ) (1 — kh 2 ) 


Vv Vi real 

Mdz 

VZ 


(1 

(2 


in such a way that if the variable y ranges over some interval 31 for 
which Y is real and positive , the variable z will range in the interval 
SB = (0, 1). Moreover M and A 2 will be real and 0 < P < 1. 

There are six cases, as indicated in the table. 


Case a m 172 

1 + + + 

2 + - + 

3 + 

4 - + + 

5 - - + 

6 


Case 1. Suppose < Vi • As Y is to be > 0, we must have 

either „ . » ^ 

f < Vi or y 1 > y r 

If y 2 < we take 

y — zy/g-g (.o 

Then i „ « 

M= _ , F=2i. (4 

V ar\ 2 Vi 

If y 2 > y 2 , we take y— 


r __ 


M= - , *2 = 2 1. 

V ar) 2 Vi 


Then 


(6 
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l 

\ 

£ 

Be 2. 

Bt 

As T is to be > 0, we must have y 2 > r) 2 . 

y = . 

Vl-z 2 

a 

■r 

f 

t 


AT= - 1 — , p = _ ' ~ Vi . 

_ tjj) V2 - Vl 

(8 

fc 

f 

[ 

9e 3. 

Here Y > 0 for all values of y. 


> 

Bt 

M < W- 


1 



(9 

. 

i 


■W--. 1 _ , p-l-2i. 

~y—ar) 2 t) 2 

(10 

i 

\e 4. 

As Fis to be > 0, we must have 


! 

t 


’Ji < y 2 < %• 


t 

r 

1 

3t 

y= 

V* -(!-£>>' 

(11 

1 

t 

t 

r 

r 


Ff=- 1 _ , p = 2a- 

v '-«’7 : 2 ^2 

(12 

\ 

L 

L 

e 5. 

For F to be >0 we must have 


m. 

P 


Vi<f<V 2 - 


1 

U 

»t 

y = Vl — z 2 . 

(13 

r 

F 

i 


M=— 1 , % 

(14 

1 

e 6. 

As F is to be > 0, this case is impossible. 


' r- 

h 

Rectification of the Hyperbola. As an example let us find 
igth o t an arc of the hyperbola 

jj 


— a 2 y 2 = a 2 J 2 . 


! 

i 



400 


FUNCTIONS OF A COMPLEX VARIABLE 


We have 


= I r W + l^dy 

b ° \/(2/ 2 + J 2 )(y 2 + ^j h ° 


<& = a 2 + 8 2 , 


a 


If we set 
we have 


Vl = ~^ V2 = ~f>\ 


\Vi\<\v 2 \- 

The integral 1) falls under Case 3 of 182. We set therefore 


and get 


0 VI — z 2 


(2 


dy dz _1 dz 

■^(3,2 + 52^2+^ 6V(1- Z 2)(1 6 Vz «* 


We note that * is the reciprocal of the eccentricity of the hyper 
bola. Thus putting 2) in H we get 

H=b s C dz _ = J3J: 

J (l-a a )VZ 

Let us set . , 

z == sin <f> , 

then /»2 12 

* 7 = p ^ tan $ • A * + ^(<*0 - 

Hence finally 

b 2 

8 = c tan <f> • A <f> -| — (3 


in which the modulus k has the value determined by 
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184. Rectification of the Lemniscate. We saw in 177, 9) that the 
arc s of the lemniscate is given by 


V(1 — 2*)(1 — 2 x 2 ) 


3= a r 

Jo 

_g r* dx 

V2Jo V(x 2 -l)(x 2 - i)' 


Here 0 < x 2 < ; £ if the arc falls in the first quadrant. We take 
Vi — V 2 — 1 an( l use the transformation 

We get 

dy 

V(l-^)(l_^2) 


of Case 1 in 182. 

8 = -i Lp 
V2J0 






For (j>=: the arc is just one quadrant of the lemniscate. If we 

set k = sin 0 , we see 0 = 45°. The value of the complete integral 
J5Tfor this modular angle is given by Legendre’s Tables TraitS \ 
vol. 2, p. 327, as 

K = 1.85407. 

185. Elliptic Integral of the First Species. 1. Let us now con- 
sider the function u of z defined by 


u 


"X*Vd - 


dz 


V( 1 — z 2 )(l — &V) 


(1 


When the modulus k = 0, this function degenerates to 


. u 



dz 

Vl -s 2 


arc sin z . 


Now the many-valued arc sin function is of much less service to 
us than the inverse function z = sin u which is one-valued and 
periodic. So we shall find also here that it is not the many- 
valued function u of z defined by 1) which interests us most, but 
the inverse function z of u . This we shall see presently is one- 
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valued and doubly periodic. In analogy to the sine function we 
denote this function by 

z= m(u, &) or more shortly by z = snu. (2 

and read s, n of u. In analogy to the cosine function we write 
Vl — 2 2 = Vl — mhi = cuu. (read c , n of u). 


If we set z = sin <£, as we did in 178, 

Vl — JAz 2 = V 1 — & 2 sin 2 (f> = A0 


in Legendre’s notation. In memory of the A we set 
Vl — JAz 2 = dnu (read cZ, w 


Thus with the integral 1) are connected three elliptic functions 
mu , cnu , dnu. 


These are the functions of Legendre and more especially of 
Jacobi. It is these functions which occur in all the older litera- 
ture of elliptic functions and which to-day are still used by many 
mathematicians. 

In the same way as the basis of the Weierstrassian theory of 
the elliptic functions is the cr function, so the base of the Jacobian 
theory are the $ functions, which are integral transcendental func- 
tions differing from the cr function only by exponential factors. 


After this slight outlook, let us return to the function u of z 
defined by 1). The integrand 


/(*) = 


1 

V(1 - s 2 )( 1 -JW) 


(3 


is one-valued and analytic except at 

2=±1 ’ ±l k 

Obviously each of these points is a branch point and the two values 
of / permute when z describes a small circle $ about one of them. 
Thus in any region acyclic relative to each of these points u is a 
one- valued function of z. 
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One of the values of u for z = 0 is u = 0; also one of the values 
of /for z = 0 is -h 1 . Let us start with these values and find the 
value that u acquires, call it u , when z 
describes a circuit © about the branch 
point 2=1. Without changing the value 
of u we may replace © by the loop o 
0 = ( 0 , a, ft 7, 0 ) as in Fig. 1 . The 
circle 0 has a radius r as small as we 
please. Thus 

*"X = X + £ + f' 



Fig. 1. 


The first integral on the right differs from 




+ V(1 — 2 2 )( 1 — & 2 2 2 ) 


by as little as we choose. Here the + sign indicates that the 
radical has the value 4- 1 for 2 = 0. 

Let us look at the last integral in 4 ). When z leaves 2=0, 
/ has the value + 1 . On reaching a it has a large positive value 
p. After 2 describes the circle C and arrives at 7, the two values 
which / has at this point have interchanged and the value of / is 
now — p . Thus as 2 describes the segment 7, 0 , the integrand / 
has the same values as /had in describing the segment 0, a except 
that its sign is changed. Hence as a and 7 are really the same 
point, - /» a 


p dz = r* 

J y Jy V «/0 


+V 


as r = 0. 


Turning now to the middle integral, we show this is 0 . For let 
US Set 2 — 1 = re*+ , dz = rie^dcf)^ 

r being a constant on C. Then 

V (1 — 2 2 )(1 — ^2 2 ) = V2 — 1 • iV (2 + 1)(1 — & 2 2 2 ) = V2 — I • g(z ), 
w ^ ere | g(z) | > some & , for all 2 on C . 


C fdt= 

Jo Jo 9 


9 
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and this is numerically 


< which = 0 as r = 0. 


and we have finally 


f.-' 


u = 2 K. 


Hence : 


If we start with the value 0, / = 4- 1 at z = 0 and let z describe 
a circuit about z = 1, u mil acquire the value 2 K on returning to 
3=0. 


2. Let us set 


A 

L = J o + V(1 - a 2 ) (1 - W) 


where the + sign indicates that on starting out from 3 = 0 the 
radical has the value 4- 1- Precisely the same considerations 
show that if we start out from 3=0 with the value u = 0 and make 

a circuit 8 about the branch point z = u acquires the value 

h 


on reaching 3=0 again. 


H=2 L 


3. We now suppose that z starts from 3=0 and makes a cir- 
cuit £ which includes both branch points 1, We start with 

fc 

the values w = 0,/= + 1 and ask what value u has acquired on 
reaching 3=0 again. If we denote it by u , we have 


r dz = r da + c 

•/<£ + V" 4- V~ J 2 - 


For in the first place £ may be replaced by J -fT) 

$ • 8 as in Fig. 2, since the region lying be- 

tween these two curves contains no singular / 

point of /(3). Secondly, in the last integral / 

in 7) we have the — sign because when z \f_J l 

reaches 3 = 0 after the circuit $ about 3 = 1, FlG - 2 * 

the radical has the value — 1, and it is with this value, therefore, 

that we start out to make the circuit 8 about z = -• Thus 

jc 

u = 2 K- 2 L. 


(8 
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Since we can deform any path of integration 
without changing the value of the integral w, 
provided that in so doing we do not pass a sin- 
gular point of the integrand/, we see that the 
circuit $ • 8 can be replaced by that in Fig. 3, 0 

which we will call 9ft. Thus 




If we let the radius r of the two circles O v O k converge to 0, 
the last integral converges to a value denoted by Jacobi by 


iK '-£ 


dz 

W(l-2 a )(l- Wz*i 


These results put in 9) give 

m = 2 iK' . 


(10 


(11 


To explain why the integral 10) is denoted by iK ' instead of by 
K r we remark that in practice the modulus k is such that A? is 
real and < 1. Then (1 — z 2 )(l — &V 1 ) is real and negative in the 

segment ^1, ^ and thus the integral 10) is purely imaginary. The 

notation iK ' in 10) is therefore quite appropriate. 

Equating the two values of u in 8), 11) shows that 


2K-2L = 2iK r . 


(12 


4. Suppose next that z makes 
a circuit £ as in Fig. 4, which 
includes the two branch points 
z = ± 1. If we start with u = 0, /= 4-1, let u be the value which 


0 

Fig. 4. 


A 

.0 
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u acquires after ©. Then 


As before 


«-/•*- P-V f + f d 

jgq-y «/o +V JOi i •/» — ■ 

+r *=+r + r ' 

r=o , r =o, 

*/ «y 

r * =r * =AT , as « = 

«/ a — V */o -f" V 


Moreover since /( — 2 :) = 5 /( 2 ), 


/* 8 dz = T a dz = p 
4/0 — "\/ */0 -}- "y/ «/ £ 


as /3 = — 1. 


Thus, 


u = ±K. 


5. Let us now ask what values 
u can acquire when beginning with 
the initial values 2 = 0 , 2 = + 1? 
w = 0, 2 describes any path $ not 
passing through a branch point, 
and ending at some point 2 . 

Let U be its value along the path 
Oz as in Fig. 5. If $ is a loop 8 
about 2=1 followed by 02, we have 




«= c dz _= r dz _+ r a 


In the last integral the radical has the — sign as indicated, since 
on returning to 2 = 0 after 8, /has acquired the value — 1, instead 
of+i. Thus, „ = 2Jr _ K cl3 

If $ is a loop 8 about 4- 1 and — 1, followed by the path 02, u 
has the value „ , 


h + V" 
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For on returning to z = 0 after the loop 8, the radical has changed 
its sign once in going about z = 1 and once about z = — 1. It 
therefore reaches z — 0 at the end of 8 with the value + 1. Thus 


w = 4 -BT+ U. 

If is a loop 8 about z = 1 and z = 1, followed by Oz, we have 

/c 


u 


-jC 


dz 

8 + V 




r* dz 

Jo +V~ 


= 2 iK' + 


If iP is a loop 8 about z = 1, followed by a loop 2ft about both 
z = l and z = — 1 and finishing with Oz, we have 



dz /* /** dz 

+ V~ t/SK — V~ Jo — V" 

= 2 K- 4 if- f7. 

= 2K-U-4:K. 


We see this differs by — 4 if from the value- of u in 13). By 
choosing various paths we find that all the values which u can 
acquire at a point z are given by 

tl+ m 4 K+ m ' 2 iK' 

and u = 2 K— U+mA K+ m! 2 iK', ^ 14 


where m f are positive or negative integers or 0. Thus we may 


state : 

The analytic function u defined 
by 1) is an infinite many -valued 
function of z. If U is one value 
which u has at a point z , all the 
other values which u has at this 
point are represented by 14). 

6. We have seen that u re- 
mains finite for finite z . Let us 
see what value u has as z = oo 
along some line l as in Fig. 6. 
The calculation is easily effected 



Fig. 6. 
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if we note that Oz&zfl is a circuit $ which embraces the two 

branch points z = 1, -• As this is the same circuit as considered 
7c 

in 3 we have /» 

(15 
(16 


But 

The second integral 


For let us set 
so that on the circle © 
Hence 


C=2iK f . 

f- d *_=f‘+ f + r. 

"H V «/° «/ @ J 

f = 0 a 


as = oo . 

2! = 

<#2 = = izd(f). 


C-iF” 

If is taken sufficiently large, 


zd<j> 

V(l-s 2 )(l- £¥)’ 


V(1 - ^X 1 __ £2*2) 


<€ 


for all 2 on Thus 


L 


<€7T=0 as i2 = 0 0 . 


Now, when 2 leaves 2 = 0, the integrand /( 2 ) has the value +1. 
After it describes the circuit ® it returns to 2 = 0 with the same 
value, since as far as the end value of/ is concerned, the circuit 

$ is equivalent to a circuit about each branch point - and 1. For 

k 

each of these,/ changes its sign. Thus it changes sign twice and 
so returns to z= 0 with the value + 1. Thus 

/(*) = 1 

V(1-2 2 )(1-&V) 

has the same value along Oz as along Oz v Hence 


f * /» o /»* 

Jz t / 0 


dz 

+ V(T-2 2 )Tl 


as 2 = oo. 
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This with 15), 10) gives 

ilc “X" 


dz 

+ \/(l-32)(l-W/ 


Thus the different values which u has for z — oo are 
iK' + 2 mK+ 2 m'iK'. 


(17 


(18 


186. Inversion. 1. In the foregoing section we have considered 
the function u of z defined by 


-r 

Jo 


dz 


V(l-z 2 )(l - &V 2 ) 


“ f /(*)*• 

Jo 


a 


Let us now look at the inverse function z of u. This we said is 
denoted by 

J z = en(u). (2 

Since the integrand /(z) is a one-valued analytic function about 
z = 0, u can be developed in a power series. It may be obtained 

thus : Since , , 

/=( 1 - s*)-*(l - iW)-** 

we may develop each factor 

(1 — z 2 y* and (1 — /Az 2 ) - ^ 

by the Binomial Theorem and get two power series in z. These 
two series when multiplied together give 

/-1 + J(l + ^)z 2 -hK 3 + 2 * 2 + 3 * 4 > 4 + - 

Integrating, we get 

w = 2 + J(1 4- -f ^(B -f- 2 *2+ 3 ^z 6 -^ • •• (3 

which is valid for \ z | < either 1 or . 

\k\ 

If we invert this series by 125, we get 

z = u — ^ (1 4- &2) v? + ^ (1 + 14 Id 1 + — • •• (4 

which is valid in some circle c whose center is u = 0. 
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By analytic continuation we may extend the function so 
to define it for values of u outside c. It can be shown in vai 
ous ways that the analytic function defined by 1) is an ellipt 
function, having 4 2 iK! as a primitive pair of periods. I 

zeros are = 0 and its poles are = mod 2 K, 2iK r , each 
order 1. 

It was by inverting the integral 1) that Legendre, Abel, ai 
Jacobi were led to consider the elliptic functions. We have se< 
that Legendre set 

Z = S1Q <£. 

From this point of view it was at once evident that z admits tl 
period 4 K. But Legendre, using for the most part real variable 
failed to notice that z possesses also an imaginary period 1 that i 
fact z is a double periodic function. 

The discovery of this property by Abel about 1825 enabled hi 
and Jacobi to develop the theory of elliptic functions in the ne3 
few years far more than their predecessors had done in half a cei 
tury. 

Because of the fundamental nature of the double periodicity < 
the elliptic functions, we began our treatment of these functioi 
in the preceding chapter from this point of view. At the san 
time the older theory is so interwoven in the modern that vt 
have not hesitated in treating the functions of Legendre an 
Jacobi to start from the elliptic integrals and work up to the ellij 
tic functions. This point of view is also useful in those applicJ 
tions which lead at once to an an elliptic integral. 

2. To show that the inverse function z = m u is in fact a 
elliptic function, let us actually write down such a function whic 
satisfies the differential equation 

^ = V(1 - z 2 ) (1 - AV), ( 

du 

the radical having the plus sign for z = 0. The constant of inte 
gration we will determine by taking z = 0 for u = 0. There can 
not be two such analytic functions. For both having the sam 
derivative 5) about u = 0, they can differ only by an additive con 
stant and as z = 0 for u = 0, this constant must be 0. 
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3. To this end we consider the function q of 176. We saw that 
q is an elliptic function which satisfies the differential equation 

V(1 - (fit - e 2 )? a )(l - («, - « a )2 2 ). (6 

Let us choose e v e T e 8 so that 


jys _ e 8 e 2 
e i ~ % 


a 


and set 


z 


= Vej-e 2 . q. 


Then z satisfies the equation 

dz 


_ = - e a V(l - z 2 )(l - fcfe 2 ). 


To remove the factor on the right we set 


which gives 
Thus 


u = 


dz 


A - h 




z — ~^ e i e 2 ' a oa( , i ®i i ®2) 

'A - e 2 J 


(8 

(9 


is a solution of 5). As z = 0 for v = 0, the function 9) must be 
4), replacing u by v, or m v. 

We saw in 176 that o- 02 Qu) is a homogeneous function of 2 , 

©2 of degree 1. We can thus write 9) 


2 — <r M (v ’ e 2 , a>^\/ e^)i (10 


whose periods are 

4 2T= 4 ©! V , 2 iK* = 2 co 2 V — £ 2 , (11 

whose zeros are s 0, and whose poles are = iK f , mod 2 if, 2 iK 7 . 


4. Having assured ourselves that the inverse function z = snu 
is a one-valued function throughout the whole plane, z= 00 in- 
cluded, let us see how the study of the integral 


r dz 

Jo V(1 — 3 2 )(1 — kz 22 ) 


(12 
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shows us : 

1° 2 is a double periodic function with the periods 


4 K 


2iK' 


= 2 X 


#1 dz 

V(1 — s 2 )(l — 4%*) 

dz 

V(1 — 3 2 )(1 — &V) 


(13 


2° z has as simple zeros the points = 0, 

3° and as simple poles the points = iK f both mod 2 K, 2 iK r . 

This will be an a posteriori verification, but it is very instructive. 
Precisely this path was followed by Cauchy and his successors. 

5. To begin, the relations 185, 14) show that snu admits 4 K 
and 2 iK ' as periods, while the reasoning of 185,6 shows that snu 
remains finite except in the vicinity of the points 

e = iK* + 2rf+2 mHK ! . (14 


Let us show that these are poles of the first order for mu . 
write 12) 

u= I + I = 4 -w, 

t/0 e/ co 


We 

(15 


where c has the value given in 14). We wish to see how w be- 
haves about z = cc. 


If we set z = -, it becomes 
t 


w 


—r 

J 0 


dt 


V (fc 2 — £ 2 )(1 — i l ) 


— C t 5 — 1 + + Cjt* + 

- t 2 ) Jo * 


• \dt 


—r t+ W + 


This shows, using 125, that t considered as a function of w is a 
one- valued analytic function. 


Hence 

z 


t = w(— Jc+ b x w+ b 2 w 2 4- •-•). 



— + d x (u — e) 4- d 2 (w - e) 2 + 


■ i 


(16 

(17 


and u — c is a pole of the first order. 
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6. Let us show that the points « = 0 mod 2 K, 2 iK' at which 
sn u = 0 are simple zeros. In the vicinity of z = 0 we have 

1 =1 + a 1 z + %« 2 + ••• 


H^nce 


u ■■ 


(18 


(19 


V(l-z a )(l-^z 2 ) 

I = j = C + tf x Z + c 2 z 2 + ••• Cj = 1, 
where c is given in 14). The relation 18) shows that 

z = («-c){e 0 + e 1 (M- c) + e 2 («- c) 2 + •••} 
and thus u = c is a simple zero. 

7. Let us show that z is a one-valued analytic function about 
the point u for which z = ± 1, ± ^ ■ These latter points are points 
in whose vicinity the integrand of 12) becomes infinite. 

Let us set z -i = & ; then dz = 2 tdt. 

Also 

V(1 - z 2 )(l - W) = Vz— 1 V(z -I- l)(A 2 z 2 - 1) = t ia 0 +ajt +••■}• 

Thus J_ = J{J 0 +Jx«+-}. 

V 1 
du = 2 (J> 0 + 

u = c 0 +e 1 t 2 + c i fi+ ••• , ^¥=0, (20 

where c 0 is one of the values which u has for t = 0, that is, for z = 1. 
These values are all =±K. 

The relation 20) defines t as a one-valued function of u in the 
vicinity of « = c 0 . As z = 1 -M 2 this gives 

z - 1 = d^u - Cq) + d 2 (u - c„) a + - ( 21 

Thus z is a one-valued function of u about u = c 0 . 

187. The sn, cn and dn Functions. 1. We have now two defini- 
tions of z = mu; one as the inverse of 

f * dz tg } 

.. va-2 2 )n -av) 


(i 
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the other as 


z = mu = Ve 1 — e 2 ■ cr 02 ( v , ca v ® a ) , v = 

_ ■Ve 1 -e 2 
Vp(v)-e 2 


u 


Ve 1 — > 


where 

The radicals 


]f& _ e s ~ e i. 
« 1~«2 

Vl-Z 2 , Vl - Aft* 


(2 

(3 

(4 


although two-valued functions of z , are one- valued functions of tt. 
For from 8) we have 


Hence 


Similarly 


If we set 

the integral 1) becomes 

•+ dcf> 


P~e 2 <r|(v) 

cmm = V1-2 2 =°‘i^) cn(0)= 1. 

°2(®) 

*» « = Vl - Afts* = , <2 W (0)=1. 

OjO) 


z = sin <£, 


u 


•h 


Then 


=r 

» Jo 




A<f> 
dnu 


/ 0 Vl — A 2 sin 2 0 

sww , cnu 
become in Legendre’s notation 

sin<£ , cos <$> , A$, 

as already remarked. 


(5 

(6 

(7 

(8 

(9 


2. We wish now to deduce a number of properties of the func- 
tions 8) from the definition of 8n u as the inverse of the integral 
1), and from the definition of cn u, dnu by the relations 

cnu = Vl- sn*u , dnu = Vl - k 2 m 2 u. (10 

This is the older point of view and will accustom the reader 
to the use of integrals as an instrument of research. Later 
we propose to study these functions from the standpoint of the 
t? functions. 
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Let us first find the periods of cnu. We take up the considera- 
tions of 185. Allowing z to describe a circuit about 2 = 1,% goes 
over into w + while Vl — z 2 changes its sign. Thus 

cnQu + 2 jBT) = — cnu. 

Hence cn u has 4 K as a period. 

If we let z describe a circuit which contains both z = 1 and u 

k 

goes over into u- h 2 iK\ while Vl — z l changes sign. Hence 
cn(u + 2 iK fs ) = — cnu. 

Thus cnu has the period 2 K+2iK f . In a similar manner we 
may reason on dn u . Thus we can draw up the table : 

Periods 

snu 4 K, 2 iK ' 

cnu ±K,2K+2iK' 

dnu 2 A, 4 iK 1 

The poles of cn u, dnu are obviously the same as those of an u , 
as seen from 10), and they are of order 1. 

From 10) we see that cnu= 0 when sn 2 u = 1. But sn K= 1. 
Hence by 185, 10) all the points u at which snu — l are given 
by if-h 4mif+ 2 m r iK r . As ari*u is even, the points at which 
sn 2 u = 1 are JBT+ 2 mK+ 2 m f iIC . In a similar manner we may 
reason on dnu. 

W e may thus draw up the table : 



Zeros 

Poles 

sn u 

2mK+2m , iK l 

2 mK + (2 m' + lyX' 

cn u 

(2m + l)K+2m’iK r 

2 mK + (2 to ' + 1 )iK' 

dn u 

(2 m + 1)K + (2 tn f + \)iK' 

2 mK+ (2 m 1 + V)iK' 


Since sn u , cn u , dn u have each two poles only in a parallelogram 
formed of the periods given in the first table, these periods are 
primitive pairs of periods. 
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3. Let z move from 0 to 1, at which point u = K. Hence 


anK= 1 , cnK= 0 , dn if = VI — A 2 = &', (11 

if with Legendre we set y = ^/i__ (12 

taking the positive determination of the radical for k = 0. This 
is called the complementary modulus. The introduction of k* is 
quite natural from Legendre’s point of view. For as we have 
seen, he set k = sin 6 $ hence cos 0 would be Id. 

Next let z move from 0 to at which point u^K+ilF. 
Then h 


sn(K+ iK 7 ) = 

fc 


cn 




(18 


dn(K+iK') = 0. 


To determine the sign in the second equation let us take k real 
positive and <1. We let z move over the path 0 azc^ in the 

figure. When z= 0, Vl — z z has the 
value + 1. Thus at z = a, Vl — z 2 
is real and positive. We set 



Then 


l-z = re«*-"K 
Vl — z = 


and take Vl 4- 2 with positive sign. Then Vl — z 2 is real and 
positive at a, as it must be ; but at c, Vl — z becomes 


_7T i 

rie 2 = — 




which is negative imaginary. 


Thus at z = the radical is nega- 

K 


fcive imaginary. Hence we must take the — sign in 13). 

Thus from the foregoing we may write down the following 
table : 
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0 

K 

2 K 

32T 

0 

1 

0 

-1 

1 

0 

-1 

0 

1 

k' 

1 

k 1 


1/k 


-l/k 

00 

- ik'/k 

00 

ik'/k 


0 


0 

0 

1 

0 

- 1 

- 1 

0 

1 

0 

- 1 

- k f 

- 1 

- k ' 


l/k 


-l/k 

oo 

ik'/k 

00 

- ik'/k 


In each square the values of sn u, cn u, dn u are given in order 
for 

H = mK+ m'iK' , to, m! — 0, 1, 2, 3. 

In the table m refers to the columns and ml to the rows. Thus 
for u = 3 K+iK' 

sn u , cnu , dn u 


188. The Addition Formulae. 1. If we set 

J nx dx C v dy 

, t> SB I -A , f| 

i. % Ji y 

the addition theorem , 1 , 

log xy = log x + log y 

states that 

w == u + 

or that /», /».. 


J r * !BV dz 
l z ’ 


2. Let us set 


f+f-r 

J (*» (fa: 

o Vl — a 2 " 
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The inverse function defined by this relation is x = sin u. The 
addition theorem for the sine function is 

sin w = sin (u + v) = sin u cos v + cos u sin v . (S 

Let us therefore set 


v 



dy 

VI- 


y 2 



dz 

Vl — z 2 


The relation 3) states that 

z = a VI — y 2 + y Vl — ir 2 , 
and hence - ,, ~ 

f X + ( V = f 

Jo Jo Jo 


x\/\ — y*+y\/ 1 —x* 


3. Let us set 


-jT 


dx 


V(l — a?)(l— A 2 # 2 ) t/o A (a?) 






(4 

(S 

(6 


For &=0 this integral reduces to 2). It occurred to Euler that 
the integrals 6) might have an addition theorem, that is, the sum 
of two integrals 

r+r 

t/o Jo 

might be expressed as a single integral 

r 

in which z is some algebraic function of $, y as in 4). This rela- 
tion he found to exist ; it is in fact 

z _ sV(l — y 2 )( 1 - *V)+y V(l— ^)(1 - A&c 2 ) 

1 — kh?y 2 

Thus if we set, similar to 2 

^ dy 


v= £ 
w = u + v= J* 




dz 


V(1 -*>(!-«*)’ 


(7 
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we may write 7) 


m(u + v) = 


mu cnvdnv + 8nvcnu dnu 
1 — Tfisn 2 u 8n 2 v 


__mu m f v 8nv m ! u - 

1 — Jc?m 2 u m 2 v ^ 

To obtain the relation 7) we notice that the differential equa- 
tion , , 

is+ii'-o ( 9 

Aa; A y 

admits as integral „ , n , 

r^+r’^. =0 . (io 

Jo Ax Jo Ay 

If this integral is determined by the condition that when x = 0, y 
shall have the value z, the relation 10) shows that the constant 0 
of integration must have the value 


y r*dz 

A Az 


The value of 0 may also be obtained, as Darboux has shown, as 
follows : 

Let us introduce a new variable defined by 


Then 9) becomes 


Hence 


ds + 1^=0, 

Ay 

s— • 

§ = 2W-(1 + J?>, 


^ = 2#Y-(1 + P) y , 

y g-,g = 2 ^- y »), 


2 fdx\ 2 

An)- 




= — (1 — k 2 x 2 y 2 ) (z 2 — y 2 ). 
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Thus 


cPx cPy 

V X — *Z- 

ds 2 ds 2 2 kh;y 

y^J _ 1 - ***V ' 


If we multiply this by 


ydXjrxty. 
y d* + d»' 


we get 


2 

y ds* at 2 


dx dy 
y ds ds 


1 — k?Q!?y 2 ’ 


d iog ( y % ~ * d £) = d log(1 ~ ^ 2) - 

Integrating, we get 

l°g(^ - »^= iogC 1 - WoPy 2 ) + log c, 

or using 13), we have 

yAx + xA y = c( 1 — k 2 x 2 y 2 '). 


(14 


This is an integral of 9). To determine c we must have y — z 
for x — 0. This in 14) gives c = z. Hence by 14) 

__ y Ax + #A y 
1 — Jch?y 2 ’ 

which is 7). 

4. By means of simple but rather lengthy reductions we get 
. . N cnu cnv — mudnumv dnv 

*(«+»)=- ■ 05 


dn(u+v}*= 


dn u dnv — khn u on usnv cnv 

1 — k 2 S7i 2 um 2 v 


(16 
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F rom 83 , 15), 16) we may also derive : 


sn(u + v)sn(u -v)= u ~ in 2 v _ 

1 — Fan 2 u m 2 v ' 

cw(m+ v)cn(u— v) = ~ sn2u dn 2 v 

1 — Pan 2 u an 2 v ' 

dn(u + v)dn(u — v)=^ ri2v ~ **' m 2 M cn2 ‘ v 
1 — Paw 2 um 2 v 

189. Differential Equation for K and K! . 1. We saw that 


K 


-f 1 


dcj> 

Vl — & 2 sin 2 <£ 


(17 

(18 

(19 

(1 


When | P | < 1 we can develop the integrand, getting 

(1 = 1 +I 1 • 3 ' «- (*» - (2 

iS 2 . 4 • 6 — 2 » r v 

But from the calculus we know that 

fw-***. 1 -*- 8 -* 4 *-!).! 

2 ■ 4 • 6 2 w 2' 

Thus integrating 2) termwise gives 

valid for | P | < 1. 

Comparing this with 103, 6) we see that 


(3 


K= l F & 1- >- *)• 


(4 


This relation, holding for | k 2 | < 1, must hold throughout its 
analytic continuation. 

2. The other period 2 iK f we saw in 186, 13) is defined by 


2 iK’= 2^* 


dx 

V(1 -P)(l -PP) 


=2*r* - 

t/i V (P — 


dx 

V(P- 1)(1-PP)' 
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Let us set 


x = - , Ji:' 2 = 1 - ifc 2 . 

VI -W 


Then to x = 1, # = i correspond u = 0 and u = l. We thus get 

fC 


K> 


=/‘ 


du 


o V(l-^)(1-^ 2 ) 


(5 


Comparing with 4) we see that 

je '-F( 14 m ' , > (6 


8 . We saw in 103, 4 that F satisfies the differential 

equation ^ _ 1)JW + ^ a + p + 1)a _ 7 jjr, + a/3F=s 0- (7 

If we take o i 79 

a = P = 5 , 7 =1 > z = #% 

the relation 4) shows that K satisfies the equation. 

s( 0 _ 1 ) S +( 2 z_ 1 ) S + i 2 ' ==o ’ z=¥ - (8 


If we replace z by 1 — z = A ' 2 this equation is not changed. 
This shows that not only iTbut K ! as given in 6 ) is a solution of 
8 ). Thus both K and K ' are integrals of 8 ). We shall return 
to this subject later. 



CHAPTER XII 


THE THETA FUNCTIONS 


190. Historical. These functions were first considered by 
Abel. We have seen, 186, 4), that the inversion of 

*- r de 

Jo V(1 — s 2 ) (1 — AAz 2 ) 
leads to an infinite series 

2 = M-|j-(l+A a )M 8 4- — (1 

which gives the value of mu within a circle passing through iK\ 
which is the nearest pole of z. 

In a similar manner the inversion of 


leads to a series 


u 


r* dz 
\ i + * 2 


z = tan w = m + Jw 8 + ^w 6 + ••• 

which gives the value of tan u within a circle passing through 
its nearest pole. * 

But we know that there exists an analytic expression 


zU 




n(x- 


. 7l 2 7T 2 ) 

4 z 2 A 
(2 n - l)Vj 


n — 1, 2, 


(2 


which is valid for the entire domain of definition of the tangent 
function. It occurred to Abel that a similar expression might be 
obtained for the m function. This is the way he found it. 

From the addition theorem we may express sn nu in terms of 
sn w, cnu, dnu just as in trigonometry the addition theorem of 
the sine function enables us to express sin nu in terms of sin w, 
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cosw. If in the expression for mnu, n being an odd integer, we 


replace u by - we get 
n 


n 1- 


^2 mK+ 2 mJiK 1 


mu =z 71871- 


(3 i 


2 mK+ (2 Tin! + 1 )iK" 


This expression is entirely analogous to that obtained for the 
sine function in 136, 6). 

From 1) we have 


2 mK + 2 m f iK f \ 2 mK + 2 mHIO ’ 


etc. Abel therefore concluded that 


n i- 


n l- 


2 mK + 2 m'iK' 


\ 27 nK+( 2 m r +T)iK r J 

This passage to the limit is not rigorous and the infinite products 
which enter 4) are not even convergent in the sense that we have 
given this term in 128, 2. Let us therefore regard the relation 
4) merely as a stepping stone to get infinite products which do 
converge ; these will be the #’s. 

To this end we write the products which figure in 4) as double 
iterated products, and for brevity we will set 

u = 2Kv , r = (5 


sn2Kv=^ v \ 


T 1 = 2 -^n nfi — v , \ (7 

n \ nj m' m\ 771 ftfl Tj 


where 
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and a similar expression for jP 0 . Here 


m = ± 1, ±2, 

7?2 = 0, ± 1, dt 2 ± ± 2, ••• 


Now 



sin Try 

TTV ’ 

sin7r(m'T — t>) 
sin m^r 


Hence 

T^v) = 2 Kv 


sin ttv sin 7 t(Wt — v ) 
7rv m' sin m f 7TT 


— 2 jfiT s ^ n 7TV 00 s * n 7r ^ 7lT . s ^ n 7r 0 2T + v ) 

7r n=1 sin 717TT sin n 7 rr 

.sill TTV ^ \ e ni (WT_1,) — } \ e *i(nr+v) _ g-^r+r) J 

^gTrinr g— ttmt^2 

— 27rfo> 


7T 


Thus finally 


2 iiT . „ t — e 2 ’ r " 1T Ce 2 ’ r< ”+ e~ 2lriv ') + e 4HnT 

= amwvU 


7T 




7T 


where 


q — g 7r ^ r — g 


(8 

(9 


Here the infinite products in the numerator and denominator 
of 8) are absolutely convergent when [ q | <1. This last is no 
essential restriction because we would merely need to interchange 
K, K in 9) to get a q which is numerically < 1. 

A similar reduction of T 0 (v) leads to 


2100 = 


n(l - 2 ? 2 * +1 COS 2 7 TV + ^ n+2 ) 
n(l — q 2n+ ) 2 


7i = lj 2 ••• (10 


Similarly, we can express cn 2 Kv , dn 2 Kv as the quotient 
products whose numerators T v T z are slightly different from T v 
and whose denominators are T 0 as before. 

Thus the development of $n, cn , dn into infinite products leads us 
to four integral transcendental functions T 0 * T v T v T z , which play 
the same role in the theory of Jacobi that the four functions 
<r, a v cr 2 , <r 8 play in the theory of Weiers trass. It is one of the 
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immortal achievements of Abel to have introduced these func- 
tions into analysis. Although his method of deduction is not 
rigorous, we can and will in fact show that when T v T 0 as given 
in 8), 10) are put in 6), the resulting function satisfies the differ- 
ential equation j„ 

5p = V(l — s 2 )(l — A% 2 ), (11 

au 


which defines the m function. 

Here, as often happens, a method which is not rigorous, and 
cannot perhaps be made rigorous, leads to results whose correct- 
ness can be established a posteriori very simply. Such methods 
have a great heuristic value and are not to be despised by the pioneer. 


191. The as Infinite Products. 1. It is convenient to replace 
the T s introduced in the last article by four new functions which 
differ from them by constant factors. With Jacobi we set 

q = (1 

#i (y) =2 sin ttv IT (1 — g 2n )( 1— 2 q* n cos 2 ttv + g^ n ), 

# 2 00 = 2 cos 7rvfl(l — 4- 2 q 2n cos 2 ttv -f- g 4n ), 

« 1 (2 
# 8 (v) = n(l — jf 2n )(l + 2 g' 2n “ 1 cos 2 ttv -f- 5 4n " 2 ), 


# 0 (v) = 5(1 — g 2n )(l — 2 <f n -1 cos 2 ttv + g' 4n_2 ). 


We do not need to regard them in any way related to the elliptic 
functions, but simply as integral transcendental functions whose 
properties are to be investigated. The only restriction we make 

isthat \q\<l (3 


in order that the products 2) converge absolutely. 

We first show that these four functions are very closely related 
to each other by the formulae : 


AsO + i)= #oO)> 

+ 1 )= 

& z (v + ^ “j= ie-* iv q~^& l (v'). 


(4 
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To prove the first relation we have, setting 

Q=U(l-q^ 

# 8 ( y + £) = §11(1 + 2 q 2n ~ 1 cos 2 tt(i> + £) + y 4n ~ 2 ) 

= §11(1 — 2 g' 2 *" 1 cos 2 ttv + g ,4w_2 ) 

= #o00- 

To prove the second relation in 4) we have 

# 8 (t;)=§n(l + <f n ~ 1 e 2iriv ') (1 + q 2n - 1 e~ 2wiv '). 

Hence 

<?n(l + j 2 B - 1 e 2 ”< e+ l))(l + /—vK***)) 

= Q(1 + e-»)n(l + 

= Qe~ 1Ti ' , q~'q^ . 2 cos 7ri>II(l + 2 g 2 ’ 1 cos 2irv + q in ) 
= q~^e- riv &^(y'). 

2. In a similar manner we may prove the following relations : 

+ J) = £ 2 0), 

#1 (« + 1) = *gri«-«*# 0 (w), (5 

^i( w + “Ip) = jV^O)- 
# 2 0 + J) = ~ #iO)* 

# 2 (» + |) = S'V’'*'# 8 0)> (6 

#2^ + 1 "2 W ) = “ 

tf 0 O + J) = #«00i 

^°( V + f) = *?"’**" 


a 
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3. By repeated application of the foregoing or directly we 
find : 

#iO + 1) = - #iO)» 

#2 O' + 1) = ~ # a O)> 

+ 1) = ^3(^)1 (8 

&o(. V + 1) = #o0>)- 
&y(v -f- a) = — q~ 1 e~ i,riv d- l (v'), 

# 2 0 + a) = 9-- 1 e- 2 ’ ri ’’«? 2 (t>), 

??g(v + ®) = q- 1 e~ 2 ’ riv # 8 0), . 

# 0 (i> + m)= — 


192. The #’s as Infinite Series. The relation 191, 8) 

<V> + 1) = * 8 0) 

shows that # 8 (v) admits the period 1, and can therefore be de- 
veloped in Fourier’s Series by 126. Thus 

# 8 0) = 2 a n <?™\ (1 

—00 

To determine the coefficients a n we use 191, 9) 

*,0 + o>) = q’~ 1 e~ Mv 9 z (y'). (2 

For putting 1) in 2) gives 

& z (v + co) =2 a n e Mn{v+u) = lLa n q* n e 2 ™ v 

=s'2a n q~ 1 e 2iri{n ~ 1)v . 

Comparing the coefficients of e 2irinv gives 
“ntf" = «»+i ? _1 

= ? n V 

# 3 (^) = a 0 § qf^^irinv 
— 00 

= a 0 fl -f '2q n *(e 2irinv + e ‘ 2irinv )f 
= a 0 (l + 2ij n * cos 2 ttwv). 


Thus 
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To determine a 0 set 2 = 0. Then Hence a 0 =l. In 

chis way we get 

= 1 + 2 £q n> cos 2 Trnv. 

l 

^aOO == 2 (w+i)J cos (2 n + 1)ttv, 

#i(») = 2 f ( - l)V ,1+i)1 sin (2n+ 1 W 
0 

^o( v ) = 1 + 2^ (— 1 ) n j n * cos 2 irnv. 

The representation of the #’s as infinite series is due to Jacobi 
(1825). As they converge with extreme rapidity for the values 
of q ordinarily employed, they are of immense value in all ques- 
tions of numerical calculations of the elliptic functions, as we shall 
see. 


193. The Zeros of the #’s. 1. The infinite products 191, 2), be- 
ing convergent, cannot vanish unless one of their factors vanish. 
F rom this we have at once that the zeros of the #’s are as fol- 

^■ ows * $i( v ) 5 v = m 4- Tia), 

^00 » t?ass(m-)- + 

# 8 0) > v = C m H" J) + C n + v 

v=m + (n + £)©, 

where m, n= 0, ±1, ±2, •••. 

To illustrate the proof, let us find the zeros of # 8 (V). We 
have 

14-2 q**- 1 cos 2 irv 4“ = (1 4- q 2n ~ l e 2iriv> )(l 4- <f n - l e~ 2iri9 '). 

Let us find the values of v for which 


1 + qto-i e 2 ™ = 0. 


This gives, since q = 0 W<W , 


a 2/»— 1 g7rt(2w— l)<d * 


®^ ence 2 7 riv = log (—1)— 7ti(2 n — 1)©. 

As log ( — 1) = TTl 4 - 2 87T2, 

!) = (m4-}) + (w + 
as required by 1). 


m, any integers , 



430 FUNCTIONS OF A COMPLEX VARIABLE 

2. Another method of getting the zeros of the $’s is the fol- 
lowing, it uses the infinite series 192, 3). From the series for 
#i(„) we see that it vanishes at the points m + nco, since each 
term of the series vanishes. 

To show that the $’s vanish at no 
other points let us consider ^(V) for / 
example. We take a parallelogram JP / P 

as in the figure not passing through / 
one of the points m + nco. Then by ”■ 

124, 8), 



8 / 

a+l 




M-N. 


(2 


As &i(v) is nowhere infinite in the finite part of the plane, 
iV= 0. Now 

(3 


Sp S® Js* Jtl 


From 191, 8) a log + 1) = d log ^O) 
dv dv ’ 


while from 191, 9) 


Thus 


d log & x (y + = _ 2 + d lo S #iO) . 

dv dv 

f-f ■ 

J 23 J 14 

J f » ( /»«+ 1 /» a+ 1 

= — 2 iri I dv + I d log # x (v) 

43 Ja Ja 

-/• 

J 12 


= — 2 iri + / • 
These in 3) give 


S =2 "- 


Putting this in 2) gives M= 1. Thus ^(v) has just one zero 
and this of order 1 in the parallelogram P. The first equations 
of 191, 8), 9) show that ^(v) has a zero of order 1 in each of the 
congruent parallelograms, mod 1, go. From 191, 5) we may now 
find the zeros of the other thetas. 
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194. The t?’s with Zero Argument. 1. If in the infinite series 
and products of the #’s given in 191, 2) and 192, 3) we set v = 0, 
we get 

* 0 = i + 2 i(- 1 )y- = n(i - - j 2 ”- 1 ) 2 - (1 

# 3 = 2| 3 C»+i>’=2 ? in(l - j*»)H(l + q> n y. (2 

= i + 2l = n(i - ^ n )n (i + j 2 *- 1 ) 2 - ( 3 


Here, as is customary, we set # 0 instead of # 0 (0), etc. As 
= 0, let us take the derivative of 


Then 

Hence 

since 


^(V) = 2 gi sin 7rvn(l — g 2n )n(l — 2 q* n cos 2 ttv + y 4n ) 
= sin7rv • <f)(y ). 

#{(V) = t r cos 7rv - 0 (v) H- sin ttv • $'(V). 

^i(O) = tt<K0), 

sin 7H; = 0 for v = 0. 


Thus ^ 1 = 27ri(-l)"(2n+l)? (,l+ i) , = 2 7r 2 in(l-? 2 ”) 8 . (4 

0 


These four functions # 0 , # 2 , # 8 considered as functions of 
the complex variable q are of extraordinary interest from the 
standpoint of the theory of functions. As we have already seen, 
for these series or products to converge absolutely it is necessary 
that | q | < 1. There is nothing remarkable about this. The 


series 


log(l + *)=f— | + |- 


does not converge absolutely unless | z | < 1; but by analytic con- 
tinuation it is possible to extend the function represented by 
this series beyond the unit circle. The thing which is so re- 
markable about the series 1), 2), 3), 4) is that it is quite impos- 
sible to extend them by analytic continuation beyond the unit 
circle in the g^plane for the reason that the functions defined by 
them become infinite in the vicinity of every point on this circle. 
Here, then, is a class of functions utterly different from all the 
functions of elementary analysis. These latter are defined for 
the whole plane, isolated points excepted. The four functions 
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# 0 , # 2 , d{ are, on the other hand, defined only for points which 

lie within the unit circle. 

If we replace q by its value q = e™ and consider these func- 
tions as functions of <», we find that they behave in a most remark- 
able manner when a> is replaced by 




aco + b 
cod 4 * d ' 


(5 


a, 6, £, d being integers such that ad — be = 1. 

The oo 8 transformations 5) form a group and by the aid of 
the functions # 0 , # 2 , we can construct functions which 

remain unaltered for Q- or for some subgroup of G. 

One of the simplest of these functions is the modulus A 2 of the 
sn function. We shall show directly that 




ft. 

n 


This function remains unaltered by the subgroup of G charac- 
terized by 

a si, J = 0, c = 0, d = 1, mod 2. (6 


For this reason all functions of this class, that is, one-valued ana- 
lytic functions which remain unaltered for the substitutions of 
G or for one of its subgroups, have received the name of elliptic 
modular functions . Their theory has already reached imposing 
proportions, yet the modular functions form only a small part of 
a still vaster class of functions called the automorphic functions. 
For these functions the coefficients in 5) are not restricted to 
integers. 


2. Returning now to our #’s with zero arguments, let us prove 
a relation of great importance : 

= 7T#q#2$3* 

From 1), 2), 3), we have 
Ws = 2 s*n (i - 
Now from 135, 1), 

n (1 + q 2n ) (1 + 2 2 ”- 1 ) (1 - 2 2 "- 1 ) = 1 . 


O 
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Thus 


<W>,-2 j *n(i_ 8 *)» 

Comparing this with 4) gives 7). 


1. With the four # 


r, 8= 0, 1, 2, 3, 


Of the remaining 
Let us therefore 

(i 


195 . Definition of sn, cn, dn as 3 Quotients, 
functions we can form 12 quotients 

#r(*) 

#.0) 

six of which are reciprocals of the other six. 
six, three are quotients of the other three, 
consider *,(•) «,(*) #,(*) 

*o00 ’ #o<» ’ # 0 O) 

These admit as periods, respectively, 

2, co 5 2, 1 + co £ 1, 2 co. (2 

The poles of these functions are the zeros of the denominators. 
In a parallelogram constructed on the above periods, each of the 
above quotients has two simple poles respectively. They are 
thus elliptic functions of order 2, and the above parallelograms 
are primitive. 

Without assuming any knowledge whatever of the functions 
m, dn , let us study the three elliptic functions 1). 

We will begin with o. s \ 

q(y) = Z iW 

^o( v ) 

and find the differential equation which this satisfies. To this 
end we use 165, 14. Here the poles are 


* 1 = 2 


ft- 1+ r 


Hence the zeros of ^ are 
dv 


= 1+< 
2 


1 + 


dq 
dv 

l + O) 


^■ + 0 ) , 1 + 0 ) + ^-, mod 2, o). 


To find the values of q(y ) at these points let us set 


* 


(3 
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and use the relations in 191. Then 

W », Vk 


Thus 
Let us set 
We get 


?(*+»)= { (Y)-|*=vi. 

{ (l + . + })=-,(J) — Vk. 

= 0(1 — k^Qk — j 2 ). 


dv 


1 _ 1 A, (v) 

Vk^ oOO 

= cV(l — ^(l — k 2 s 2 ). 


To determine c we have from 4) 

dv VA #§0) 

For v = 0, this gives 

(ds\ = 

\<fo/*=0 Vk &o 

The right side of 5) reduces to c for v = 0. Hence 


o = 


y/k&o 


or using 3) and 194, 7), we get 


#g _ qjj 

’ n o — 7rt/ 'n’ 


Putting this value of c in 5) and setting 


U = 7 Tvd% 
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.Lei us therefore define three functions of u by the relations 


in u = ^2 , 

, #iO) 


#0 00 ’ 

A, 

cnu = -£ 

. *.00 

*2 

*o00* 

dnu = ^ 

. *.00 

*8 

*o00* 


(8 

(9 

(10 


where v is related to u by 6). Then if k is defined by 3), we have 
shown that z = mu satisfies the differential equation 7). As 
z — 0 for u = 0 we see that u considered as a function of z satisfies 
the relation 

u = 


£ 


V (1 - 2 2 )(1 - £ V ) 


The function 8) is therefore indeed the old m function studied in 
Chapter XI. 


2. Before showing that 9), 10) are our old cn, dn studied in 
Chapter XI let us note the periods, zeros, and poles of the functions 
8), 9), 10). 

The periods may be read off from 2). If we set 

2 J K= 7T#| , 2 iK' = 7TtO(?|, (11 

we have as primitive pairs of periods : 


Periods 


sn u 

4=K, 2 i K ' 

cn u 

4 K, 2 K + 2 iK 

dn u 

2 if, 4 iK 


As zeros and poles we have 


Zeros Poles 


snu 

2 mK + 2 m’iK’ 

2 mK + (2 m f 

+ 

1 )iK' 

cnu 

(2 m + \)K + 2m'iK‘ 

2mK + (2 m' 

+ 

1 )iK' 

dnu 

(2 m + 1)K + (2 m' + 1 )iK' 

2 mK + (2 m' 

+ 

1 )iK 
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8. We also note that from 191 we have 


m (u + 2 K) = — mu, 
cn(u 4-2 jST) = — cn u, 
dm (u + 2 J5T) = dn u. 

(12 

m(u + 2 iK ') = an w, 

+ 2 tiT') = — eww, 
cfoi (w -h 2 i2E7) = — dnu. 

(13 

sn(u + K) = c ? lu , 

dn u 

cn(u + K) = —Jc' u , 
dnu 

dn(u + K~) = * . 

dnu 

VF=^>, (14 

m(u + i J l') = * , 

*SWM 

cw(« + LffO= .f** , 

ikmu 

(15 

dn(u + iK'-)= cnu -. 

isnu 


8n(u + K+iK') = ? nu , 

k cnu 

cn(u + K+ iK 1 ') = ~ ^ , 
ken u 

dn(u + K+ iK ') = ** , ® n * 

CTl U 

(16 

4. We now show that the functions 9), 10) are the cn, dn func- 
tions considered in Chapter XI, that is, we show that the functions 
9), 10) satisfy the relations 

en 2 u = l — sn 2 u, 
dn 2 u = 1 — A 2 »n 2 u. 

(17 

(18 

Let us prove 18) ; the proof of 17) is similar. 

The function dn 2 u has 2 K, 2 iK as a primitive pair of periods 


as seen from 12), 18). 
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The zeros of dn 2 u are = K+ iK. Its poles = iK'. Both 
zeros and poles are of order 2. 

On the other hand, 1 — X? in 2 u has the same periods, zeros, and 
poles and to the same order. Thus the two members of 18) can 
differ only by a constant factor 0. To determine this, we set 
u — 0. This gives at once <7=1. 

5. Finally let us show that k 2 , k 12 as defined in 8), 14) satisfy 
the relation jfca + j V 2 = 1. (19 

In fact, setting u = K in 18), we get 

dn 2 K=\-W»n 2 K. (20 

But from 14) dn 2 K=k' 2 , m 2 K= 1. 

This in 20) gives 19). 


196. Numerical Calculation. 1. Let us now show how to calcu- 
late if, K\ mu , etc., by means of the #’s when the modulus k is 
given. We have 

VF = ^ = 1 " 2? + 2?4_2 ^ + ”'- (1 

$3 l-l-2g'-f2y 4 -}-2j' 9 +-- 

When q is small, we have approximately 

° r o = i 1-V ^. (3 

2l + y/k' 

To get a closer approximation, we note that 

o 7 _ 1 - VF = - #0 _ 2 9 + ^ + ^+- . (4 

1 + VF *s + *o l + 2^ + 2 ? 16 + ... 


If we develop the right side of 4) in a power series in q and in- 
vert this series, we get 

q = l + 2P + 15P+150l w + ••• (5 

This series converges with great rapidity. For example let 
#* = £• We find that ? _ .0432139 — 

On the other hand j __ ,0432136 ••• 
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This shows that the first term of 5) gives q correctly to 6 deci- 
mals for this value of k. 

Having found q, we get K by the relation 

yl*X=# s = l + 2q + 2q* + 2q°+ ... (6 


we can write 6) 


l + VP-l + a 

^3 


\2K^ + & jL=2 l + 2q*+2q*+ ... f7 

V x 1+VAr' 1+Vt' ’ ^ 

which converges more rapidly than 6). 

To get K’ we use 191, 1) and 195, 11), which give 

K' 

q = e ** 

<8 

The values of sn u, cn u , dn u for a given u and k are now found 
from 195, 8), 9), 10). 

2. Suppose on the contrary the value of z in 

z =871 (w, k') (9 

is given, and we wish to find the corresponding values of u. We 
start from the relation 195, 10) 

, u = 2Kv. (10 

, #oO) 

From this we get 

y__ VP __ # 0 (v) 1 — 2 q cos 2 ttv + 2 q* cosily 

Vl — A 2 *! 2 #s( v ) ~ 1 + 2 q cos 2 ttv + 2 j 4 cos4 ttv + ••• ^ 

As a first approximation, this gives, 

y __ 1 — 2 q cos 2 t tv 
1 + 2 q cos 2 7 rv 

or — — 02 
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To get a formula which converges still more rapidly, we set 


W= #,(*) - #nO) = Vl- W _ VA' 
#sO) + #o<>) Vl - AV + VA 7 

_ 2(<? cos 2 wtH- 5 s cos 6 7n> + • ••) 

1 + (2 <f cos 4 ttd + 2 cos 8 7 rv + • 

As a first approximation, this gives 

cos 2 irv = — • Tf. 

2q 


(18 


(14 


197. The © and Z Functions. 1. The # functions depend upon 
two variables u and q. Let us set 

@ r (w, K, K , )= qj , r = 0, 1, 2, 3, (1 

where as usual - w § ~ , K' n 

q=e K , Ord^L>0. (2 

The properties of the @’s may be read off at once from those of 
the #’s ; in particular : 

The ® r (u , K, 2T') are homogenous functions of 0 degree in u, X, 

K'. 

Jacobi denoted @ 0 (m) by ©(m) and @ x (w) by H(m) ; H is 
Greek eta. We shall not use the H notation, but shall at times 
write © for © 0 . 


2. By means of any one of these ®’s we may express an elliptic 
function by virtue of the following theorem: 

Let flu) be of order m and have 2 K, 2 iK' as a primitive pair 
of periods. Let 

«V C 2 > ; PvPv—Pm 

be a system of incongruent zeros and poles. Then 


f (u) = Oe 


®iO-.Pi) 


®i(«~0, 

®1 (P-Pm') 


where p is determined by Abel's relation 


(3 


2c„ — 2 p n = 2 XK + 2 piK '. 

The proof of this follows along the same lines as 166, 8. 


(4 
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Example 1 . Let us prove the important relation 

2 * 2 ®n ®1 (u + v)® x (u — v) 

m*u—8n*v= — 11 lv ^ ny . ; . , 

4 @§O)®§0) 


(5 


which for brevity we will write 

L(u ) = OR(u), 

v being regarded as a constant. 

For L(u ) having the periods = 2 jBT, g> 2 = 22-ST', vanishes at 
the points 

c 2 = - v. 

The poles of L are . _ 

* Pi = iK'=p 2 , 

being double. Thus 4) becomes 


0-2iK' = \ 2K+ /jl2 iK'. 


Hence /* = — !. Thus 3) gives 


©JO - iK ') 


«) 


Replacing © x O) by its value expressed in terms of © 0 (m), or 

1 i riu 

©iO) = — i<fe 2K © 0 O + iK') 

found from 191, we get 5). The constant is found by setting 

u= 0 . 


Example 2. in a similar manner we may establish another 
important formula : 


1 


k 2 8W 2 u sn? v = 


®o®o( w + v) @ 0 O — ») 
®o( M )®oO) 


(6 


3. With the @’s we can define four new functions 


Z ( v \ - d l0 S @ ’- («) _ ®rO) 

rW ~ du ~® r O) 


r-0, 1, 2, 3. 


a * 


For Zq(u) Jacobi wrote Z(u), and we shall adopt this notation 
at times. In developing his theory of elliptic functions W eierstrass 
defined the £0) function analogous to Jacobi’s Z(ui). 
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The properties of the Z’s may be read off from the correspond- 
ing $ relations. Thus we have: 

Z(u 4- 2 K) = Z(u), 

Z(u + 2iK') = Z(u)-% 1 


These show that is an elliptic function having 2 K, 2 iJSP as 
du 

periods. This function is analogous to Weierstrass’ p function. 
In a moment we shall show that Z f (u) differs from dn 2 u only by a 
constant. 

The addition theorem of Z(u) is obtained from 6) by logarithmic 
differentiation. Thus 


Z(u + v) 4- Z(u — v) - 2 Z(u) = — 


2 k 2 Bn 2 v Bn u cnu dn u 
1 — k? Bn 2 u sri 2 v 


Interchanging u and v gives, on noting that 
• ZQ-u) = - Z(u), 


Z(u + v) — Z(u — v) — 2 Z(y) = — 
Adding, we get 


2 k 2 sn 2 u sn v on v dn v 
1 — 8n 2 u8n 2 v 


Z(u -f v) — Z(u) — Z(y ) = — k 2 BnuBnv sn(u -f v ). (1 1 

By logarithmic differentiation of the &■ relations in 191 we get, 
without trouble : 

Z(u ±K) = Z(u) - k 2 * nU d ™ u “ = (12 

Z(u ± iK 1 ) = Z(u) + mu dn u T ^L, (1 8 

871 u 2 K 


= z i(*)T ( 


We have also 


Z(0)=0 , Z(iT)=0 , ^(#4-^0 = -^. i Z(iK>) = cc. (14 
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198. Hermite's Formula. The reasoning used to establish 168, 2) 
may be applied at once to Jacobi’s Z and gives, using the same 
notation as before, a celebrated formula due to Hermite: 

g(u) = A 1 Z 1 (u-a) — A^Z'^u-a)^ f ^ ( u-a ) 

— IJI 

+ B 1 Z 1 (_u - 5) -B 2 Z\u - i) + - + ( T 1) vf ' 1 Z^~»(u-l) (1 
H -f constant. 


Example 1 . Let us make use of 1) to show that 

dr? u = Z’(u) - Z\K+ iK'y (2 

For the poles of d r? u are = iK 1 and are double. By 195, 15), 


dn(u + iK<')= ™ u =-1+ ... 

I 871 U U 

Thus the characteristic of dr? u at the point u = iK 1 is 
Hence in 1), A x = 0, A 2 = — 1 and thus 


1 

u 2 


dr? u = Z\(u — iK ') -I- 0 

= Z'(u ) + 0 , using 197, 13). (3 

To determine C set u = K+ iK ! and recall that dn(K+ iK ') = 0. 
This gives (7= — Z r (K+ i-2 7 ), which in 3) gives 2). 


Example 2. In the same manner we show that 

\ =Z'(0)-Z'( m + ;at'). (4 

87? U 


Example 8 . Let us show that 

1 = 1 \Z Q (^ + \ Z^u-v')-^ Z^u+v)]. (5 

8r?u — m 2 v 8nvcnv dnv 

To this end we note that the poles of the function of u on the 
left, call it g(u ), are u s ± v. To find the characteristic of g(u) 
at the point u = v we have 


9(u) = 


1 1 

snu — snv snu 4 - snv~ snu 
Let us set u = v 4- w. Then, 

871 U — sn(v + w) = 871 V + W 871 f V + • 
h(u) = h(y + w) = h(y) + wh 1 (v) + 
= 2 $nv + ••• 


1 1 

— 87b V fl(u ) 
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Thus 

9(u) = 


1 1 

wsn r v ~ h ■ • • 2 sn v + 

1 1 

2 mv cnv dnv u — v 


+ higher powers of u — v. 


Thus 


Char g(u ) = 0 1 , • ^ • 

w==p * v 2 u — v 


The characteristic of g at the point u = — is the same term with 
a minus sign. Hence 1) becomes 

1 = 1 {C+^O — v)— + *>)}. (6 

m 2 u — m 2 v zmvcnvdnv 1 AV 1 

In this let us replace u by u + iK\ we get 

k*m*u * 1 \C+ Z(u-v)~ Z(u + v)l. (7 

1 — Jtr m 2 u srr v 2 mv cnv dnv 

If we set here u = 0, we get 

0=2 Z(v ). 

This in 6) gives 5). From 7) we get 

mv cnv dnv sn* u = Z(>) + i ^ _ w) _ j Z(tt + „) . (8 

1 — k 2 87ru8n 2 v " 

199. Elliptic Integrals expressed by O Functions. ‘Let 

F=Jf(x, y~)dx 


where /is a rational function of a and y and 
y = V(1 — a^Xl — 

In 178, 10) we saw that we can write 

CO 






y 


(i 

(2 

(8 


where and O are rational functions of x. The first integral on 
the right can be expressed by the elementary functions. Let us 
look at the second. We have 

0 = xE(x*) + L(2?), 
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where H , L are rational functions of a?. Hence 

■ dx 


f— dx= fs —+ fl— 

J y J y J y 


(4 


In the first integral on the right let us set t = z 2 , it becomes 

1 fff(t > dt 

2 J V(l-{)(i-Ft) 

which can be expressed by elementary functions. Thus the 
general elliptic integral 1) reduces to the elementary functions 
and the integral „ , 

*=/f’ 

where L is a rational function of V. 

Let us change the variable by setting 

x = m(u, k). 

dx = V(1 — x 2 ) (1 — k 2 Q^)du = ydu , 

<f> (p^)du. 


Then 

and 5) becomes 


(6 


Here, R being a rational function of 3?, is an elliptic function 
admitting 2K,2 iK' as periods. Hence by 198, 1), 

R = AyZy(u — a) — A%Z[(u — a) + ■ 

+ ByZ x (u — 5) — B^Z[(u — J) + ... 

+ ... + 0 . 


This in 6) gives 

<t> = Ay log &y(u -a)- A^ZyCu - d) + ... 

+ By log @(w - 6) - B 2 Zy(u - 6) + ... (7 

4- ••• + Cu + B. 


200. The Elliptic Integral of the 2° Species. This 
180, 1) is 


f 


Vl - 
Vl -V 


dx. 


we saw in 


(1 
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If we set x = Bn u it becomes, putting in the limits 0, w, 


on using 198, 2). 

We have already called 


E(u) = J dn 2 14 dw 

= Z(u)-uZ 9 (K+\K?') 


(2 


E = / <#w 2 w 


the complete integral of the 2° species. This corresponds to IT, 
the complete integral of the 1° species. 

Let us set in analogy to ijK 7 , 


/»jsr+<jr' 

a -S. 


dn 2 w c?m. 


If we set u = if in 2), we get 


Z'(JT+ iif') = - 


JE 


Thus 


JE(u^ = Z(u) ~f" u — ■ 

K 


(3 


Replacing m by m + 2 if and m + 2 ilf 7 and using 197, 8), we find 
E(u + 2 if) = 13(u ) -t- 2 .2?, 

-®(m + 2 iif) = J?(«) + 2 iJET. (4 

JE(^K + *if) — .27+ iS. (5 

In 3) let us set u = K + iK’ , we get, using 197, 14), 


Thus 


JEK'-HK = |, (6 

Ji 

which is the Legendrian Relation , whose analogue in Weierstrass’ 
theory is 171, 8). 

From 197, 11) we have the addition theorem of the elliptic 
integral of the 2° species, 

E(u 4* v) = EQu) + E(y ) — k 2 musnv m (u 4- v'). (7 

To calculate E we differentiate 3), getting 

dn 2 u= Z f (u) 

K. 
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Setting u= 0 gives 

1 _ @ "C°) = ? - 4 q i + 9 -16 q™ + • - 

K 0(0) K 2 l-2 ? + 2^-2^+ .-7' 


201. The Elliptic Integral of the 3° Species. 1. We saw in 
180, 1) that the elliptic integral of the 3° species used by Le- 
gendre is _ . 

I 1 dx 

J (l + « 


■ mz 2 ) V(1 - x*)(l - j&c 2 ) 

This differs only by a constant from 

1 dx 

(z 2 - a 2 ) V (1 - (1 - AV) ’ 

Let us set „ _ 

x = snu , a = sn v. 

Then we can write 1), putting in the limits 0, w, 


/, 


(i 


x 




'o sra 2 m — 8n? v 
Making use of 198, 5) gives 

f U 2 ^ 2 = 1 ^ f«^(t»)+llOg®l^- U >l, (2 

*/o sn^u—sn^v snvcnvdnv [ 2 ® x (v + u)j v 

taking that branch of the log which = 1 when u= 0. 

The relation 2) shows how the calculation of the integral 1) 
may be effected by means of the © series, which, as we remember, 
converge in general with great rapidity. 

2. Instead of the integral 2), Jacobi took as normal integral of 
the 3° species 

n («,«)= (8 

,/o 1 — tc*sn z usrfiv 

Using 198, 8), we find that 

n(«, v) = uZ(y) + \ log “ “X 
w 2 s @(m + v)’ 

taking that branch of the log which = 1 when u — 0. 


(4 
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From 4) we have a remarkable theorem due to Jacobi , which 
states that when the argument u is interchanged with the param- 
eter v in 3) we have 

II (w, v') — uZ(y) = II (v, u) — vZQu ). (5 

It follows at once from 4). 

From 4) we have at once the addition theorem of the integrals 
of the 3° species. Denoting the parameter now by a , we get 

TL(u -4- v, a) — IIO, d) — no, a) 

= - l0ff & ( U + V ~ a )®( U + «)®0 + CL) . 

2 ©O + v -h a)®0 “ «)©0 — ^ 


Relation between the Functions of Jacobi and Weierstrass 

202. Relation between sn and p. 1. We have now developed the 
two kinds of elliptic functions which are in current use to-day. 
To have two parallel theories may seem an embarras de richesse ; 
it might seem better to choose one theory and discard the other. 
Perhaps one day that will be done, but at present we stand too 
near the time when only the functions of Jacobi were employed to 
neglect these latter. Besides, each set of functions has its good 
points, and each suffers from the defects of its very virtues. 
Since then we have these two classes of functions, 

snu , &(u) , Z(u) ,••• & 2 , ... 

pu , a(u) , ?0) , • g 2 , g# ••• 

we must ask what is their relation to one another. Let us begin 
with j pw, sn u. 

In 186, 9) we saw that 

sn(u, k') = Ve 1 -e i <T 0i J u , a> v a>A (1 

— e 2 J 

where e v e 2 , e 8 are such that 

as given in 186, 7). From 172, 16) we can also write 


sn(u , k) = 


A- 




(3 
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The periods of mu are 

4 K= 4 m 1 y/e 1 — e 2 , 2 iK 1 = 2» 2 Ve 1 — e a . (4 

From 3) we have 

p(u, «!, o> 2 ) = e 2 + * “ 6l • (5 

— e 2 , h ) 

2. Let have the periods 4J5T, then sn 2 u has the 

periods 2 K, 2 iK ! . Let be a jp function constructed on 

these periods. Then 1 

P(u) , (6 

m 2 u v 

have a double pole in their common parallelogram of periods. 

Their characteristics at w = 0 are both ~ Hence the two func- 

v? 

tions 6) differ only by an additive constant. To find this we 
develop both functions 6) about the point u = 0. We have 

p (u) = \ + * + au 2 H 

u 2 

snu = u( . 1 — ^ — w 2 + . . . 


Thus by 165, 10 


+ + ...y 

1 =l4- 1 + * 2 +... 

S71 2 u u 2 3 


From 7) we can get the relation between p (ju) and m u when p 
has the periods 2 <o v 2 ® 2 and sn the periods 4 AC 2 iK' . 

For let us suppose, as we always do, that the indices 1, 2 are so 
chosen that if we set 


T=^ 


then Ord t > 0. We then set 

q = , 2 K= -rr&l , 2 iK' = 2 Kt, 

,/e **(0, r) _ 1 T ) 


/t * a (0, r) 1 

v* = yb ' , sn u = — — 


w \ 

.2 K' T ) 


(9 
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Then 7) gives r x t + p 

Xu 3 
1 m 2 — 

Differentiating 10) gives 

, r \ _ 2 if 8 cnv dnv 


p 1 («) = 


co? 8n*v 


203. The e v e 2 , e 8 in Terms of the #’s. In 202, 10) let us set 
u = coj, co 2 , g) 8 . Then 

^becomes# , iiT' , -(if+ tiT'). 

jpu becomes , e 2 , e 8 . 

* becomes 1,0 , A 3 . 


Hence 


From 1) we get 


0i - 0o = 


JT 2 1 4- &' 2 

^1 “ o Q 1 

0)f O 

jSm + A 2 
fi2_ ^ 3 ’ 

_ JPA 2 -*' 2 

““ O Q ’ 

6){ O 

01 -h 02 + 08 = 0. 

, 0 X “ 0 3 = A' 2 — , 0 8 - e 2= = * 2 — * 


Hence 


y[.2 = e a e 2 ^ £/2 _ e i e a . 


[f now we put in the values of k\ A' 2 , K in terms of the #’s, we 
Bnd If n r \2 


— 1 7T 

ea_ 3 \2 Wj 
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Their differences give 




(6 


204. Relation between <r s and #s. The two functions 
<t(u, 2 o) v 2 a> 2 ) , t ), 


where 


v = 


u 


T = — ^ 
CO-, 


are integral transcendental functions having the same zeros. Thus 
by Weierstrass’ theorem, 140, 1, 

#l(l>)= ^ (u) a-(w), 
where g is an integral function. 

If we take the second logarithmic derivative, we find as in 
166, l that g n = constant. Hence 

# X (V) = e a+bu+cui (r(u) 

= Ae bu+cu *<r(u'). (1 

As <r(u ) are both odd functions, 

g—bu+cv? _ g6w+ci*>^ 

or 


e 2bu = 1 


hence 5 = 0. 


To determine A and c let us develop both sides of 1) about 


w= 0. We have 


These in 1) give 


e cu3 = l + cu 2 + ... 
e cu> a(u) = « + eu s + ... 


'L, 

2a>j (j 8 <af 


= Aw + c?Aw 8 + 
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Hence 

Thus 1) becomes 




1_ ' 
24 atf&i 



We can give this relation another form. We have 


(2 


Thus 


< t(u + 2 «Bj) == — e 2 ’>i Cu+ “i ) o-(«), 
&i(u +1, t) = — ^(w). 


*1 


'u + 2 co r 
. 2a) x ’ 



l^VjL+iV 

e Q 2wi cr(u-\- 2 ©j), 


or 


A. i 




e 2 ^ u+ ^a-(u). 


This gives 


or 

This in 2) gives 

As 

we have at once 


e 6 ft* L<UX J e 27 7l (u+a) 1 ) = 

9 W 
2 


#1 


1 V2V 2 Wj v ' 


^2 


' w \a^f 


;). 




0 

ft)i 


(3 

(4 


(5 
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From these relations we get 


sn(u, t ) = 


cn(u, t ) = 


K a {-±' a, v t0 *) 

C0 1 (a>,u \’ 

®a^-» ® 1 ’ “V 

„ fa>,u \ 

\~K' **’ “ 2 y 


( 0 ,U 

“ 1 ’ ®2 


dn(«, t) = 


„ ( (O-tU \ 

\K' ® r " 2 j 

A WiM \ 

ff 2 Mb, ® 1 * ®2 


Also we find , N Ve, — e„ 
m (y, r) = 1 2 , 

Vpu — « 2 

ypw — <? 2 

cfol(v, t) = ^P u e a 
Vpw — e 2 



CHAPTER XIII 

LINEAR DIFFERENTIAL EQUATIONS 


205. Introductory. 1. In. the last three chapters we have given 
a brief account of the elliptic functions. These functions are of 
great importance in themselves ; they also furnish a striking and 
brilliant example of the great power and usefulness of the theory 
of functions of a complex variable. As usually happens, these two 
theories have mutually aided each other. The function theory 
has furnished the viewpoint and instruments of research; the 
elliptic functions in return have furnished fresh problems which 
have given rise to a broadening and deepening of the function 
theory. Without the notion of a complex variable, the imaginary 
period of the elliptic functions would never have been discovered, 
and without this period, there would be no theory of double 
periodic functions. Yet the double periodicity is their most im- 
portant and characteristic property. 

2. Another theory which has been revolutionized and put on an 
entirely new basis by the advent of the theory of functions is the 
theory of differential equations. In the old days, a differential 
equation meant merely this : Find some combination of the ele- 
mentary functions which satisfies it. The simplest type of differ- 
ential equation has the form 

dy =f(x)dz , 

whose integral is formally given by 



But already the simple differential equation 

dy= dx (1 

V(l-^)(l-*W) 

could not be integrated in terms of the elementary functions. 
The problem of integrating a differential equation was a kind of 

468 
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game of hide and seek, the solution being usually so well hidden 
that no amount of seeking could discover it. 

We owe to Cauchy an entirely new point of view. He first 
taught us to regard a differential equation as defining a function 
whose properties are to be unfolded by a study of the equation 
itself. This method we have already illustrated in studying the 
differential equation 1). We propose now to apply it to a broad 
class of equations called linear homogeneous differential equations . 
They have the form 


p^+p. dn ~ 1 y+ 
Fa dx n Fl dx*~' 


+p*y = o* 


(2 


the coefficients p being analytic functions of the complex variable 
x . Such an equation is said to be of order n. We shall restrict 
ourselves to n = 2 ; moreover we shall generally suppose the co- 
efficients to be rational. 

A number of important functions in analysis satisfy such equa- 
tions, and we have chosen these equations for the same twofold 
reason that induced us to choose the elliptic functions, viz. to 
illustrate the general principles of the function theory, and to 
develop the properties of certain functions of great importance. 

Examples of this type of equations are the following: 


Example 1 . The polynomials of Legendre satisfy 

^ ~ ^ 2 x &c + n(<n + 1 ' )y = °* 

Example 2, The associated Leg endrean functions satisfy 
(1 — z 2 )^ — 2(m + {»(» + l)—m(m + l)jy = 0. 

Example S. Bessel's functions satisfy 


Example 4- 
dfy 1 f 1 
d^2\x- 


The functions of LamS satisfy 


x — I 


- + 


*3L 

dx 


1 ax + l _ q 

4 (* e \) C x ~ « 2 )0 e %) 


(3 

(4 

(5 


(6 
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Example 5. The hypergeometric function satisfies 

x(x — 1 ) ^ + \x(a + 0 + 1 ) — yl ^ -f afiy = 0. (7 

We notice that all these equations have rational coefficients. 

3. The general theory of linear homogeneous differential equa- 
tions was first studied by Riemann. It owes, however, its present 
perfection largely to L. Fuchs, who began his researches in this 
field about 1866, and to a stately array of mathematicians who 
have followed in his wake. Prior to Riemann- we may mention as 
especially important the early investigations of Gauss and Rum- 
mer of the hypergeometric differential equation 7). 


206. Existence Theorem. 1. Instead of the general equation 2) 
of the last article let us consider one of the second order 

y"=Piy'+p 2 y, (1 

the coefficients p v p 2 being analytic about the point x = a. We 
propose to show that 1) admits an analytic solution 

y = bo + \( x - a ^+h(?~- a y+ - (2 

which is uniquely determined by the initial conditions that y and 
y f shall have assigned values y = a, y r = 0 at x = a. The reason- 
ing we shall employ can be easily generalized so as to apply to the 
general case of order n. By using an equation 1) of second 
order we simplify our calculations without sacrificing the general 
method. 

Suppose for the moment that 1) admits the analytic solution 2). 
The coefficients b n are determined as follows. From 2) we have 


yO) = h > y O) = y (n) O) = n ! b n . 

This gives at once h __ „ 7 _ Q 

(?0 ^1 P« 

From 1) we have 


Let us set 


y" («) =Pi( c 0 y'ia) +^ 2 (a)#0). 

A 1 =p 1 {a) , A 2 = p 2 (a). 


then the last relation gives 


2 ! b 2 — + b^A 2 = /3 A± -f- aA 2 . (3 

Differentiating 1) we get y nt in terms of y, y\ y ,f or 
y !" = p 1 y" + p\y' + P2 y' + p' 2 y. 


(4 
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If we set here x = a, we get 6 S . In this way we may continue 
and so determine one coefficient b after another. 

This shows that only one analytic solution 2) with a given 
set of initial conditions is possible. The form of these J’s is im- 
portant. To determine it let us set 

P\ = %PlX X ~ a ) n > Pt = ^P2nC X ~ «)"• ( 5 

n=0 n=0 

These are simply the development of p v p 2 in power series, since 
by hypothesis they are regular at x = a. 

The relation 3) shows that b 2 is an integral rational function of 
a, £ and p x ^ p 20 . The relation 4) shows that i 8 is an integral 
rational function of a, p 1Q , p 20 , p lv p 2V Thus in general 

K = -^n(^0’ ^1’ PlO' PlV PlV P 21 •*' ) C® 

is an integral rational function of the enclosed letters with posi- 
tive coefficients. 

2. Having shown how to determine a solution 2) which for- 
mally satisfies 1), let us show that this solution converges for all x 
which lie within a circle $ about x — a, and which reaches to the 
nearest singular point of the coefficients p x (x), p 2 (x) of 1). 

To this end we seek a simple differential equation of the same 
type as 1), which we know admits an integral 

z=c 0 + c x (z -a) 4- c 2 (z — a) 2 4- ••• (7 

converging within such that 

&<%, (8 

Here, as we have so often done before when dealing with series, 
we denote the absolute values by the corresponding Greek or 
German letters. Thus in particular yS n = | b n | , y n = | c n | . 

Let this auxiliary equation be 

*" = q 4- ? 2 z, (9 

where =%q u (x - a) n , q 2 = f q 2n (x - a) n (10 

0 0 

are the development of q v q 2 in power series about x= a. 

Now whatever the qfx), are ’ coefficients c n must 

satisfy the relations 

C n == ? 10 ,) ?11 *" ? 20 ’ ?21 *“ )’ 
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where F n is the same function as in 6), only with different argu- 
ments. 

As the coefficients are positive in 11), the o n will be real and 

positive when the arguments in 11) are real and positive. 

Now <? 0 , o x being arbitrary, we take them real and positive and 

such that „ ^ p 

c <s ^ 

^ ^ln 9 ^2n 


If now 
then 


c i > fir 
9 2 n ^2 n? 

£»<. -^nC^O’ &V £l0 *** ^20 '**) 

<Pn( 7o’ 7r ^io *** ^20 "O — 7m 
or fin < 7 »• 

Let us now try to choose the coefficients q v q% in 9) so that 12) 
holds. By Cauchy’s inequality 


where 


Pmn ? m — 1» 2, 

Pm > Max \p m (x) | 


on $ whose radius, say, is R. 


But then if we only take _ P m 

* mn B n 1 


the condition 12) is satisfied. In this case 

q .=p.n + x - B ‘ + ^- I ^ + -\ 

= 1 i m -a • I * - * I < 

R 

Thus our auxiliary equation 9) becomes 

(i- x i<y-rS + *+ ( 13 

We need only to show that 7) is convergent. The ratio of two 
successive terms of its adjoint series is 


I x — a 

7n+l 



458 


FUNCTIONS OF A COMPLEX VARIABLE 


Thus 7) will converge within $ if we show that 


lim JlJn±2 __ i 

To do this we derive a recursion formula to determine the 
or what is the same, the e’s. 

Differentiating 13) gives 

(i - * " a y ,n - = p x *" + pj. 

Differentiating again, we get 

(i - X b a ) zIV ~ 1 = PlZ "' + p *"- 

In general we see that 

(l - * “ a ) J z (n+1) = P^ n+l) + P 2 z (n> . 


Setting x = a and noting that __ {n) , ^ 

° n ~n\ Z W 

we get 

O + 2) !c n+2 _<«' + 1)! Cn+i = (w + 1) rp iCn+1 + n \ P ^ 


Thus 


B(n + 2) lc n+2 = (n + l)!{n + BP 1 [e n+1 + nlBP 2 c„ 


or 


Tf. _n + BP 1 1 

-*" G n+2 — 0 G n+1 i - i N /. , ox 

w -j- 2 -J- 1)(^% 2) 

Let us now take JP t so that 

JSPi > 2. 

As the last term in 15) is positive, this shows that 

R> C n+ 2 > C n f-1 


or 


-- • 4< i. 


°»+l 


R 


Let us now write 15) 

Jl £s±? n “h R?P i 2 _1_ 

<Wi w + 2 0+1)0 + 2) i2^ n+1 ’ 

Letting n = oo and using 16) we get 14). 
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3. The form of proof here given is entirely general, and holds 
for any n. We have thus proved the 


Existence Theorem . The differential equation 


d n y | r d n ~ l y 

dx n Fl dx*- x 


H \-PvU = 0 


(17 


admits one and only one analytic solution which together with its first 
n — 1 derivatives takes on assigned values at x = a. This solution is 
valid within a circle $ which extends to the nearest singular point of 
the coefficients p x ••• p n which are regular about the point x= a. 

4 * Let y = b 0 + b 1 (x -a)+ b 2 (z -ay+:. (18 

be a solution valid in $. Let a x be a point within We can 
write 18) y = b' 0 + b[(x - a x ) + b' 2 (z - a x ) s + - (19 

which is convergent within some circle $ x about x = a x which 
certainly extends up to the edge of $ and may go beyond. If 
we develop the coefficients p m (v) about x = a x 
and put 19) in 17), we get a power series 
about x=a x . Since 19) satisfies 17) within 
it will continue to satisfy it for all points 
within ; moreover will reach to the 
nearest singular point of the coefficients p. 

In this way we may extend the solution 18) by 
analytic continuation. Thus we have the 
theorem : 

If the function 18) is a solution of the differential equation 17), 
all its analytical continuations are still solutions of 11 ). 



207. Fundamental System. To each particular set of initial 
conditions y = a, y f ^ i 3 for x = a will correspond a particular solu- 

tlon of y" + Piy' +Pi,y = 0- C 1 

Let y v y 2 be two such particular solutions. Then 

y = c \ P \ + c 2#2 ( 2 

is obviously a solution of 1) also. Let us show that we may pick 
out particular solutions y v y 2 such that every solution of 1) has 
the form 2). 



460 FUNCTIONS OF A COMPLEX VARIABLE 


For suppose that y is to satisfy the initial conditions 
y(a)=a , y'(d) = t 3. 

On the other hand, suppose the initial conditions of y x are 
y 1 («)=« 1 , yi(a)=/S 1 , 

°f y% are y a («) = «a > yiOO* fir 

Then 2) shows that we must have 

a = CjCtj + ^2^2 ’ ft = c \ftl “h c 2^2* 

These two relations determine <? 2 when 


Let us set 


o 1 o 3 

I®1 Ai 

2>0) = y } y J- 

y\ y% 


(3 

O 


We note that D(d) is nothing but the left side of 3). 

Let us show that if D =£ 0 at x = a, it is also ^ 0 at any point x 
which is not a singular point of the coefficients p in 1). 

For since y x , y 2 are solutions of 1), we have 

y'i+p = ^ 

y S+mS+Mj = °' 

Then if L =jt 0, these give 

y'l Vi 

v = y'l y* LAW. C6 

Now we note that 
Thus 5) gives 


j-D<ix) = - AC*). 


or D(x) = Ce~l p ' lx)dx . (6 

At rr= a, D is ^=0, hence C=j=Q. Thus i) is always =£0 since D 
cannot vanish unless p x (z) = cc. But this point would be a singu- 
lar point of p r The reasoning being entirely general we see 
that : 


if 


a 


yv y-i - y » 
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are particular solutions of 

&3L+pfr- l y+ ... + py _ 0 , 

dx n Fl t”"- 1 

for which 


yn 

D<» = 


2/2 — y» 

••• V'n 


yf~ x \ yi n ~ u — yi n ~ l) 


(8 

(9 


25 =£ 0 at a point x — a at which all the coefficients p x ••• p n in 8) are 
regular , then D=?=0 at all such points in a connected region . 

Such a system 7) is called a fundamental system, and we have 
the theorem : 

Every analytic solution of the differential equation 8) is a linear 
function of any fundamental system 7) with constant coefficients . 


208. Linear Independence. We have just seen that a fundamental 
system y x , y 2 , ••• y n is characterized by the fact that 

Vi -Vn 

D=y'i (i 

yi"~ 1) — yi?~ l) 

is =£ 0. We now prove the theorem : 

For a linear relation with constant coefficients 

C \V\ + ^2 + + CyUn = 0 (2 

to hold, it is necessary and sufficient that I) = 0 identically. 

It is necessary . For if 2) holds, we get on differentiating 
C\Vi + <^2 + •** + C n2/n = 0 


e 1 y[ n " l) + C 2 y^~ l) + ... + ^ n_1) = 0. 

From these equations and 2) we have necessarily D = 0. 

It is sufficient. For let D = 0. Now y 2 - y n are all solu- 
tions of the differential equation of order n — 1, viz. : 


u, y 2 , y 8 ••• Vn 

«'» y 2 , y’ s -y' n 


u (n ~ ”, ••• Vn 11 


__ d n ~ y u , d n ~ 2 u 
~ dx n ~ y + 9l dx n ~ 2 


"• + </>„— = 0. (3 
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For setting u = y l , this determinant reduces to D which = 0 by- 
hypothesis. If we set w = y 2 , for example, two columns of this 
determinant are the same ; it therefore vanishes in this case. 

Let then u v u 2 , ••• w„_ x form a fundamental system of 3). Then 
Vi — y n being solutions of 3) are linear functions of the w’s. Thus 

y 1 = a n u 1 + ••• + a lt 


Vn — *nl M l + ••• +« n ,n-lW»-l‘ 

If we eliminate the m’s from these equations, we get a relation of 
the type 2). 

In the exceptional case that the coefficients <f> v <j> 2 ... in 3) van- 
ish, it reduces to an identity. Then by using a smaller number 
of the y' s we would still get a linear relation between them ; but 
we shall not urge this point here. 

Thus we may state that : 

Any set y n of linearly independent solutions of a differen- 

tial equation of order nform a fundamental solution. 

209. Simple Singular Points. 1. Having seen that 

0+ft^+Ay- 0 (i 

admits a solution taking on assigned initial conditions at any non- 
singular point of the coefficients p v p v we now turn to these sin- 
gular points and ask how the solution of y behaves about one of 
them as x = a. We shall restrict ourselves to the case that p v p % 
have at most poles at x = a whose orders are not greater than one 
and two respectively. Then we can write 1) in a normal form, 

( X ~ a ^^% + ( x ~ a ')<li% + W = Q- (2 

Here we suppose that the new coefficients q 0 , q v q 2 are regular at 

x = a and that q 0 does not vanish at this point. Then we have, 
developing about x = a, 

00 

tfmO) = 2?mnO - «) n »l = 0, 1, 2 (3 

and at least q w 0. 
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The equation 2) may be written 

2 (a? - a) m g' 2 -my (m) = 0. (4 

m=() 

Let us try to satisfy 4) by setting 

y=(x-ayic k (x-a) k , c 0 =£ 0. (5 

Our problem is to determine the unknown exponent r which in 
general is not a positive integer, and the coefficients e n . 

From 5) we get, on differentiating, 

y r = (r + A) 2.c k (x — ay +k ~\ 
y n = (r + h)(r + k — 1) 2e A (a; — a) r+ *" 2 . 

These in 4) give 

( x - a) 2 2y 0n O - a) n 2(r + £) (r + * - 1 )<?*(> - a) r+k ^ 2 

n k 

+ (x — «)2} lfl O — a)”2(r + Tc)c k (x — a) T+k ~ l 

+ tq u (x— a)*1e k (x - a) r+ * = 0. (6 

n k 

The coefficient of (x — a) r+n can be written, as Frobenius re- 
marked, as follows. Let us set 

/ 0> O - fc + ^1 + r ( r ~ l)?o 
00 

= 1 1 qm + rq ln + r(r - V)q^\(x - a) B 

= %fn(f)(x-ay. (7 

0 

Then 6) can be written 

£*!”“’ (8 

As this power series = 0 identically, the coefficients of the differ- 
ent powers (x— a) r+n must all = 0. Hence 

Co/oOO = 0 

«o/i( r ) + c i/o( r + 1) = 0 

VaCO + c i/i( r + 1) + c ifo(r + 2 ) = 0 ( 9 

VsO) + + 1) + *2/iO + 2 ) + c s/o( r + 3) = 0 


Thus when 2) admits a solution of the type 5), the coefficients <? 0 , 
c x ••• and the exponent r must satisfy 9). 
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As 6' 0 =£ 0, the first equation requires r to satisfy / 0 (r) = 0; or 
using its definition in 7), 

/oO) = ? 2 («) + r 9i( a ) + r(r - l)? 0 O) = 0- (10 

This equation for determining r is of fundamental importance; 
it is called the indicia l equation . It is a quadratic in r. 

Let now r be a root of 10). The coefficients c v c 2 ••• may be 
obtained in succession provided 

/o( r + l) 5 /o( r + 2) ? ZoO* + &)*•• (11 

are all =£ 0. But for that root r x of 10) whose abscissa is greatest, 
none of the coefficients 11) can vanish. Neither can they vanish 
when the two roots of 10) do not differ by an integer. 

Thus when the indicial equation admits two distinct roots r v 
r % which do not differ by an integer, there exist two series 

V\ = (* - + c nO* - a)+c 12 (x- ay + ... \ , e 10 =*0 

y^ = (x- a.y*\ c 20 -)- e n (x - a) + c^(x - af + ... { , c i0 =£ 0, 

which formally satisfy the given differential equation. These 
series converge within a circle whose center is x = a and which 
passes through the nearest singular point of the coefficients p v p 2 
in 1). 

This may be shown by the method employed in 206. As the 
reader has been through one existence proof it is not worth while 
here to repeat the proof. 

2. The foregoing results can be extended to the general case. 
Let the coefficients of 

d n y d n ~ l/ u 

^ + (M 

have at x = a at most poles of orders not greater than 1, 2, ••• n 
respectively. Then we can write 13) in the normal form 

o - a y%2« + c* - a > n-1 ?i£5 + - + wr = o (i4 

where the q ’ s are regular at x = a. They therefore have the form 
given in 3), where now m = 0, 1, ... n, and as before we suppose 
?oo * 3o( a ) ^ 0* 11 we n °w try to satisfy 14) by a series of the 
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form 5), we are led to a system of equations of the form 9). The 

indicial equation which determines the exponent r is here 

/o( r ) = ?»( a )+ r ?i( a ) + <»'- 1 )S' 2 ( a )+ "• + r(r — 1) 

(r — n + 1) q 0 (a) = 0, (15 

which we see is entirely similar to 10). Since by hypothesis 
?ooO) is =£ 0, the indicial equation is of degree n. 

Let us arrange its roots in groups 

r i - r l > rf[ — 

i , r'{ (16 


Here r t is the root whose abscissa is greatest and the first row 
embraces all the roots of 15) which differ from r 1 by an integer. 
Of all the remaining roots let r 2 have the greatest abscissa ; then the 
second row embraces all the roots which differ from r 2 by an in- 
teger, and so on. The roots 

r i . *•*••• (i^ 

which head their respective rows are called prime roots . And 
now the existence theorem states that : 

To each prime root 17) corresponds an integral of 13) 

y m = (x- a)'™ \ e m0 + c m (x - a>! + t? m2 ( x -a) 2 + • • • } , (18 

c mQ ^ 0, whose circle of convergence reaches up to the nearest singular 
point of the coefficients p. 

3. In case that each group in 16) contains but a single root, all 
the roots of 15) are prime roots. As to each prime root cor- 
responds an integral 18), the foregoing method gives us n in- 
tegrals of our differential equation 13). Let us now show that: 

When the roots of indicial equation 15) are all prime , the 
n integrals 18 ^ form a fundamental system. 

For suppose there exists a linear relation 

a i2/i + HVi + — + a n!/n = 0 (19 

between them. If we put the values y v y 2 ••• as given by 18) in 
19), we get a power series ; the exponents of course are not in- 
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tegers in general. If a m #= 0 in 19), our power series con t ain a the 

term , N . 

«) "» 

and this is the only term with the exponent r m . Thus 
c m o = 0, and hence a n = 0, or = 0. Both of these are con- 
trary to hypothesis. Hence a relation of the type 19) is im- 
possible. 

The case we have just treated is the simplest case that can arise 
at a singular point. We therefore call such points simple singular 
points. 

210. The Hypergeometric Equation. 1. This is, as remarked in 
205, 7), 

x (%— {*(<* + /3 + 1) — 7} = 0. (1 

Its singular points in the finite part of the plane are x = 0, x = 1. 
Let us find the indicial equation for these points. 

The point x — 0. Bringing 1) to the normal form 

(* — + -,z(a + /3 + 1) — y\xy l + al3xy = 0, 

we have 

?oO) = 2—1 , ?iO) = (a + /3 + l)x - y , q 2 (x) = aftz. (2 
The indicial equation for x = 0 is, therefore, 
r 2 + (y — l)r = 0, 

or r{r-(l- y)} = 0, (3 

whose roots are r x = 0, r 2 = 1 — y. 

The point x = l. The normal form of 1) at this point is 

x(x -1)Y'+ l(cc + /3 + l)x-y}(x- l)y' + a/3(x - Y)y = 0. 
Here 

%(. 3 0= x » ?i(*) = (« + ^ + 1)* — y , = a^(x— 1). 

The indicial equation is, therefore, 

r{r -(y - a- /3)l =0, 
r l ~ 0 > = y - « - /3. 


whose roots are 


(4 
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2. Let us investigate the 
end we set 

and 1) becomes 


nature of the point 



x 


oo. To this 


du 2 


(2 + 7 «-( a +y3+l)|^ + <*/? 

1m m(1 — u) J du m 2 (1 — u) 


Obviously u = 0 is a singular point. 


The normal form of 5) at u — 0 is 


(5 


(1 — m)m 2 ^ + {2(1 — m) + yw — (a + /3 + V)\u£j^ + afiy = 0. 
Here 

j 0 (m)=1-m , qi(u) — 2(1 — u)+ yu — (a + ft + 1) , q 2 (u) =aft. 
Thus the indicial equation for u = 0 is (6 


r 2 — (« + ft )r + a/ 3 = 0, 

whose roots are 

r 1= =a , r 2 =ft. 


3. Let us now calculate the coefficients of our solution by the 
formulae of 209, 9). We consider first the point x = 0. 

Now by definition 


f n (r)=r(r-l) 


<(0) 

n\ 


nl »I 


(7 


As the q’s are linear functions as shown by 2), all derivatives be- 
yond the first vanish. Thus 


/a( r ) = 0 > /s( r ) = 0 — 

Hence the equations 209, 9) are all two-term equations and they 
c --c /iO + w-1) ta 

°n — 0 n-\ ( 0 

/ 0 O + ») 

Let us now use the root r = 0 of 3). Then 


give 


/oO) = - »{ 7 + O - 1) h 

/i(m— l) = «/3 +(n — l)(a-l- ft + 1) + (m— 1)(m— 2) 
= (n + a — l)(w + ft — 1). 
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Hence 




_(n. + a — l)(« + yS — 1) i o 

— , N fc n— 1 ) 71 — ■*■» + 


m( 7 + ra — 1) 

We thus get 

x_ r^ 0 ’ C2 ~ 2- ( 7 + l) Cl " 1.2.7-7 + 1 0 ’ 
etc. Hence taking e 0 = 1, 


Vi 


-{ 


1 + «.^ + «.» + 1 ./3.^ + 1 j?+ 

l.ry 1 . 2 • 7 • 7 + 1 




C n — 1 


0 


-F(a, ft, y, x). 

Let us now use the other root r = 1 — 7 of 8). As 

fi(r) = r(r - 1) + r(a + 0 + 1) + a/9 = r* + (a + /3> + a/3, 
/oO)= - r(r - 1 + 7), 
we have, from 8), on taking r = 1 — 7, 

^ _ (» ~ 7) 2 + (n - 7) (« + /S) + a/9 
w(l — 7 + w) 

_ (« + a- 7)(w + /S - 7) 

w(l - 7 + w) 0-1 

Let us compare 9) and 11). We see that 9) goes over into 11 
on replacing a 

s « , P , 7 

^ a + 1 — 7 , $ + 1 — 7 , 2 — 7. 

Thus the integral corresponding to r = 1 — 7 is 

Hi — a?~ y Ji'(u + 1 — 7, $ + 1 — 7, 2 — 7, a;). (1 

4. Let us now turn to th s point x=\. The recursion formul 
is found to be for the root r = 0 of 4) 

c C» + *-!)(» + /8-1) 

n(n + a + 0 - 7) " _1 

We see that 9) goes over into 18) on replacing 

« > £ , 7 

y « , /9 , « + /S-7 + l, 

aside from the sign which can be made right by replacing x - 
by 1 — x. Thus the solution corresponding to the root r = 0 is 
Vi = F(a, & a + /9 — 7 + 1, 1 - 2). (1 


(1 
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The solution corresponding to the other root r = y— a— t Sof4) 
is found to be 


y 2 = (1 - xy A 7- a, y-a-/3+l, 1-*). (15 

5. Finally we consider the ^>owt x = oo. The recursion formula 
for the coefficients corresponding to the root r = a of 6) is 


c _(« + » — l)(« + w — y) 

»(« + — /9) B-l ‘ 

W e see that 9) goes over into this on replacing 
« » £ , 7 

Dy «,« — 7 + l*« — £+1. 

Thus the solution corresponding to the root r = « is 


yi = h F (?' a-,y + 1 ’ “-/3 + 1 , ^)- (16 

The solution corresponding to the other root r = /£? of 6) is 
similarly 1 . 

V 2 = ^ 7 + ~ a rf 1, — y* (17 


211. Bessel’s Equation. This is, as remarked in 205, 5), 

z 2 y " + xy' + (x? — m 2 ) y = 0. (1 

The only singular point in the finite part of the plane is x = 0. 
Let us consider the integrals of 1) for this point. The equation 
is already in the normal form. Here 


SoC*)®*! » 2i( a 0=l i q 2 (x~) = x? — m?. 
The indicial equation for x = 0 is therefore 

fo(r) = — vri 1 + r + r(r — 1) = 0, 

/ 0 (r) = r 2 — m 2 = 0. 

/iO) = 0 , / a (r)=l , / B (r) = 0 

Thus the equations 209, 9) become 

<?j = 0 , c 0 + + 2) = 0 , c% = 0, 

and in general, . , . n A 

e i«fo(. r +2 w) + ^-2 = 0 , c 2n+1 = 0. 


or 

Also here 


(2 


n > 2. 


(3 
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One root of the indicial equation 2) is r = m. For this root 3) 
n(2 m + ii)c n + <v_ 2 = 0 , n even. 


gives 

Hence 


Ca=* — 


2(2 m 4- 2) ’ 


4 4(2w + 4) 2.4(2w-h2)(2m + 4) 7 

etc. Thus the integral corresponding to r =m is 

V\ = 


i_ ^ + 24 

2(2 m + 2) 2 • 4(2 m + 2)(2 m + 4) 

z 6 


+ 


(4 


2 * 4 • 6(2 -J~ 2) (2 w i -f" 4) (2 tyi -1- 6) 

In case m is not an integer, the other root r = — m of 2) also fur- 
nishes a solution y 2 since the coefficient / 0 (r + 2 ri) of c 2n does not 
vanish for any n. 

Let us take the constant c 0 so that 

1 

°° 2 m U (rri) 

Then as solutions of 1) we have 

(-1)" 

*=o n O 

c-l) n 


Vx Jm(x) 'Zn(n-)U(m + n~) \2 


and 


y * g n(w) n (w _ OT )V2. 


m+2n 


2 n—m 


(5 


(6 


They are called Bessel functions of order m and — m respectively. 


212. The Logarithmic Case. 1. We have seen that when the in- 
dicial equation 

F(r~) = r(r - 1 )g 0 (a) + rq^a) + j,(a) = 0 (1 

has its first coefficient q^a) ^ 0, our differential equation, which 
we write in the normal form 

-£(«/) = O - «) 2 ?o («)/' + O - «)?i(*)y' + ? 2 0)3' = ( 2 

has one solution of the form 

y l = (x- a)'i{ Cq + c x ( x — a) + c 2 ( x - a) 2 + ••• }, (3 
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*1 * s ^at r00 ^ °f 1) whose abscissa is greatest. Suppose 
a roots of 1) are equal, or at least differ by an integer. 
>thod developed in 209 gives in general only one integral 
the integral 3). 

un another linearly independent solution Fuchs proceeds 
vs. We set 

y = y\j zdx (4 

This leads to a linear homogeneous equation of order 1. 
e a particular solution of this equation, and let y 2 be the 
f 4) for this value of z. Then y v y 2 form a fundamental 
f our original equation. 


C \V\ + = 0, 

), on using 4), ~ 

c iVi + 1 z &x = 0, 

(5 

O 

II 

+ 

i—i 


itiating this, we get c g _ q 



i requires that c 2 = 0. Putting this in 5), we see that 
Thus y v y 2 are linearly independent as stated. 


t us now set 4) in 2) and find the resulting equation 
satisfies. We have, differentiating 4) and setting for 



y' = y'lh + y& 
y" - y” z i + 2 y\z + y x z'. 

2) give 

+■ (* - «) { Wi + K x - “MmW* + 0- = o. (6 


(y x ) = 0 since y x is a solution of 2). Writing 6) in the 
orm, we get 


(*-*)?(/ + 
ite 3) 


■ ?i + 2(a;-a)j 0 ^ljz = 0. 
y x =(x- ay^, 


log y x = r x log (x - a) + log rj. 


O 
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Hence , 

(x— a)&= + (x - a)^(x'), 

V\ 

where ^(a) =£ 0. Thus we may write 7) 


where 


Jf(z) = (x - a) 8^' + 8jZ = 0, (8 

* 0 ^) = 

*iO) = +. 2 q Q (x) \r 1 + (x— a)i/r(a:) j. 

Thus the indicial equation of 8) is 

™oO) + «!(«) = 0, 

<?( r ) = rq 0 (a) + ?1 («) + 2 q Q (a) ri = 0. (9 


or 

Then 


(r + 1) G(r) = q 0 (a) J - r x (j x - 1) + (r + r x + l)(r + r x ) j 
+ 2i( a )l~r 1 + (r + r 1 + 1){, 

as is seen by actually multiplying out. This we may write 

(r+ 1)0<» fr x (r x - l) ?0 (a) + r l9l (a ) } 

+ { O + r x + 1) (r + rjq^a) + ( r + r x + 1) ?1 <» f . 

Hut the first term on the right is q 2 (a), since r x is a root of 
.F(r) — 0. Thus the last equation becomes 


( r + 1 )^Cr) = (r+r 1 + l)(r+r 1 )q 0 ( a )+(r+r 1 +l) 9l ( a ) + g a ( a ) 

= F(r + r x + 1) 

= (r + l){r-(r £ -r 1 -l)|. 

Hence the root of G(r) = 0 is 


r 2 ~ r i ~ f = - tn, an integer, 

mnce by hypothesis r x and r 2 differ by an integer, which may 

From this we have as result that the differential equation 7) 
admits a solution, 

3=0_ a )-« \e n + ei (x-a)+ ... J, 
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whose coefficients may be obtained as before. Then 

h 


S 


zdx = 


»-i 


-i + 




’(*-«> 

4- h x (x — a) + h % (x — a) 2 4- ••• (10 

But we have seen that 

Vi^Vij zdx 

is a second solution of 2). Putting in the value of y 1 as given 
by 3), we get 

V 2 = 0“ <O r ’<KaO + (* - i(») log (rc - a), (11 

which may also be written 

y 2 =:(x — a) r *\<f>(z') + h(x — a) m ~ l >lr(x) log (x — a)\; (12 

where <j>(x ), ^r(a;) are regular at # = a and do not vanish at this 
point. 

3. Thus when the indicial equation at the point x — a has two 
roots which differ by an integer, there exist always two linearly 
independent solutions of the form 2) and 11) or 2) and 12). 

Let us note that the logarithmic term in y 2 may not be present. 
This takes place, as 12) shows, when h = 0. 

That the two roots of the indicial equation may differ by an 
integer without y 2 containing a logarithmic term, is illustrated 
by Bessel’s equation 211. For let m = l 4- \ in 1) of that article, 
l being an integer. Then the two roots of the indicial equation 

are * + £ , -l-h 

whose difference is 2 Z 4- 1, an integer. However, the recursion 
formula 211, 3) for determining the coefficients c n is such that 
the c n of odd index vanish, and thus c n for even index are uniquely 
determined if only m is not an integer. 

4. There is no difficulty of generalizing the foregoing result. 
We may therefore state the theorem : 

At the point x = a let the indicial equation of 

y in) + Piy n ~ l + -•• + p*y = o O- 3 

be of degree n. Let 

r , r r , r ,f ••• r (s) (14 
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be the group of roots belonging to a prime root r, arranged according 
to diminishing abscissae. Then 

y = (x- «) r 0(*), 

y t = (x- ay {<j> 10 O) + cf> n log (x — a)}, 

y 2 = (x- ay" {<j> 20 (x) + <f> n log (s - a) + 0 aa log 2 (x- ay, (15 


y. = O - ay w { 0«oC») + 0.i O) log (x - a) + — + 0„ log" (x - a) } 
are solutions of 13). The functions <f> are one-valued analytic func- 
tions within a circle about the point x = a, and passing through the 
nearest singular point of the coefficients p of 13). Each group of 
roots as 14) of the indicial equation furnishes a group of integrals as 
15). The total number of integrals obtained in this manner is n. 
They form a fundamental system . 

5. When the degree of the indicial equation at a singular point 
x = a is the same as the order of the differential equation, we 
say x a a is a regular point . They include the simple singular 
points of 209. 

When the indicial equation at the singular point x = a is of 
degree less than n , the foregoing method does not give us all the 
integrals of 13). Such singular points are called irregular , and 
their theory is too difficult to treat in this work. We shall soon 
see that Bessel’s equation has x = oo as an irregular point. 

213. Method of Frobenius. 1. In the foregoing article we have 
established the existence of a fundamental system when the roots 
of the indicial equation differ by an integer, using a method due 
to Fuchs. Knowing the form of the solution, the coefficients may 
be obtained in any given case by the method of undetermined 
coefficients. Frobenius has given a method which leads more 
quickly to the desired result. 

Let us take the singular point x = a at the origin ; we write 
our equation in the form 

L(y) = 2:2 £f + *?(*) fa + ?(*)y = 0- 


(1 
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XJ&ing still the notation of 209, 9) let us set 

c o/i(«)+«i/o(* + l)=0, 

°oAO) + ClAO + 1 ) + CifoC* + 2 ) = 0 , (2 


^-here s is not necessarily a root of the indicial equation, but an 
^jrtoitrary parameter. 

Then <?„ will have the form 


Cn(<0 fo« + l)/ 0 (*+ ( 2) — /„(« + ») ' Co( °- 
X-fOt us now set 

y =x‘2j o n x n = g(x, s) 

71=0 

in !)• It becomes 


(3 

(4 


QO^ 

i IX*. *)] = X I C nfob + n ) + Cn-lflb + » - 1) + • • • + Co/»(8) l *" 

72=0 

= «o/o(*)*% (5 

since all the terms on the right vanish except that which corre- 
sponds to n = 0, by reason of the relations 2). 

Thus when a is a root of the indicial equation 

/o( r ) =»*(>- 1)+K°> + ?(0)= 0, (6 

w© see that „ 

</i = * r 'Sv" (7 

0 

satisfies the equation 1), 

Suppose that the two roots r v r 2 of the indicial equation differ 
by an integer, say r x = r 2 + m, m > 0. Then 6) has the form 

/oO) = (r- r x ) (r - r x + m). 

For <? 0 let us take 

<?o = °fob + 1 )/<>(« + 2 ) -/o( 8 + m )• ( 8 

Then the e„ in 3) will have the form 


cu*) 

/ 0 (« + »* + i) — fob + w ) 


(9 
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in which the denominator does not vanish. Also the coefficient 
of or? in 5) has the form 

Vo(0 = C® - »i)(« -r 1 + myS. 

Hence in this case 


Now 


L[g(x, «)] = (* - rj)(s - r x + mySx?. 

—L(g') = 3?- ^ + xp- ■ &+q— ■ g = L[ 
ds ^ J dido? F d» dx J ds y U 


(10 


— (s — r x )(« — r x -f m) 2 S = (* — r x + ra) 2 ^ 4- 2 (s — r x )(» — r a + 

+ (®-n)(*-»-i + «») 2 ^- 

Hence differentiating 10) with respect to s and then setting «=r 2 , 
we see that - 

dS _s=rj 


is a solution. Thus, provided the series 4) can be differentiated 
termwise, we have as a second solution of 1) 


Vi = Jjjf = a:" 2 log a: jj} c n 3 n + s r « ^ (j*) x n . (11 

2. When the coefficients of 4) are determined by 3) and s = r v 
the first prime root of the indicial equation, the series 4) is a 
solution. But if we give the o n values as determined by 9) and 
take s = r 2 the second root of the indicial equation, we see that the 
series 4) will also be a solution in the case that r v r 2 differ by an 
integer. 


214. Logarithmic Case of the Hypergeometric Equation. 1. We 

saw in 210 that the two roots of the indicial equation at x = 0 are 
0 and 1 — 7. Thus when 

9 = 7-1 

is an integer, we have the logarithmic case. 

To fix the ideas let us suppose that y >1. Then our two inte- 
grals have the form 

V\ = & % aO, 

y % = ft, 7, x ) log x + x l -y& (x), 


(1 
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where Q- is regular at a; = 0. We proceed, to apply the method 
of Frobenius given in 213 to find G. We have here 


/»(*) = -«(«- 1) - 7« = - «(« + $0, 

/i(«) = *( 8 — 1) 4- 8(a + @ + 1) + 
fi(. 8 ^) = fsC 8 ') = "■ — 0. 

Thus the relations 213, 2) become 

c nf 0 ( 8 + n) + Cn-j/iC* + 71 - 1) = 0, 
or c _ (« + n+ a — 1)(8 + n + fi — 1) 

" (» + •)(« + » + 7-1) ^ 

The coefficient c 0 is by 213, 8) 

«b(0 -<%(• + !) -/oO + F) 

= (- iyO(e + 1) ... (8 + <0(a + <7 + 1) ... (a + 2 0). 

As 0 is arbitrary, let us take, in order to get simple formulae, 


(2 


(3 


(4 


0— (- 1 )' 

0 + «) ... (s+ a +g- 1)(8 + 0) — 0 + 8 + g— 1 

Then 3), 4), 5) give „„ w _ «,,(,) C-„ W , 

where 


c 0 oo= 


<uo- 


Thus 


(s + l) — (8+#)(8 + y + 1) ... (8 + 2 g} 

(8 + a) ... (s + a + g - l)(s + /3) ... (s + /3 + y - 1)’ 
(8 + a) ... (8 + a+ n — 1)(8 + /3) ••• (8+ /3 + w— 1) 
(8 + 1) ... (8 + W)(8 + y) ... (8 + 7 + n — 1) 
<? 0 (8)=1. 

y = c 0 ( 8 )s* 2 G n (/)x n , <? 0 = i 

n=0 


is a solution for s = 1 — 7. We call this y v 
From 8) we have 


(5 

(« 

(7 

(8 


(9 


®o(0 0«+c( 8 ) 

_(*+ 1) ••• (a+ 2 <7) (s +a) (8 + a + 0 1 + w — 1)(8 + $) ••• 

(* + «) -. (a + a + y- l)(s + /3) ••• (a + /3 + y- 1)(8 + 1) 

••• (8 +y + «-)(> + 7) ••• (8+y+ 7 + tc-I) 
_ (a+^+a) ••• (s+a+g+n— l)(s+g+ /9) ••• (s+/3+g+n— 1) 
(a+^r+l) ... ( 8 +g+ n )(s+g+ 7) (8+^+7+n-l) 

= <?»(« + O- 
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Thus we can write 9), 

V = <7„( *)*" + 2 (7 n (s + g')tf i+a . (10 

n =0 n =0 

This series satisfies formally the hypergeometric equation for 
$ = 1-7=-^. 

As tf 0 («) contains the factor ($ + ^), <? 0 = 0 for 8 = 1 — 7. Thus 
10) becomes . * 

Vi = 2 0^(0)^ = F(a, /9, 7, a?), (11 

n = 0 

since the recursion formula 3) goes over into 210, 11) for s =1 — 7. 

In order to apply 213, 11), let us show that 10) may be differen- 
tiated termwise with respect to 8 at the point 8 = 1 — 7. To this 
end we show that the series 

a=l O n (a + g')x*+° = 'ig n (s) 

71=0 

is steadily convergent in a small circle c about the point 8 = 1 — 7. 
In c we will have 0 < <r < | « +g\ < r. 

Thus if we set | a | = a, 1 0 1 = 6, we have 

( T + d ) ••• (T + a + %-l)(T + i) ••• (r + 5 + n- 1) _ 
|Cn| - (<r + l)- (a + ^)(cr + 7) ... (<r + 7 + tt-l) “ 

Let us now consider the series, 

F — 6q -f- 6-yI& -h H* ••• 0 <[ R < 1, 

This series is convergent since the ratio of two successive terms is 

(T+a + w)(T + 5 + w) £ 

(<r + w-f-l)(o--f 7 + ft) ’ 

and this = JR as n = qo. 

Thus 10) converges steadily and we may differentiate it term- 
wise. The new series so obtained is a solution of our differential 
equation for 8 = 1 — 7 by 213. 

We get thus 

^=2/loga;+tf' 0 (s)a:* 2 + c 0 (8)x ,B 2 Ol(s)z n 

08 n ==0 7 i =0 

+ & 2 Cl(s+g)x n+0 . 

n =0 


(12 
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Let us now set 8=1 — y = — g. Then 

c 0 («) = 0 , y = F(a, /3, 7 , a;). 

To find C" n (0) we take the logarithm of 8 ) and then differentiate 
with respect to a. This gives 


Ci(O~0.(O( * 

U + a 

Setting in this s = 0 gives 

^(0)=a,(0){i+...+ 

l a 


+ ... 1 + ... _ i 

s + /3 a + 1 


1 

« + 7 


1 + i + 

cc + n- 1/3 


- (7„(0){i+ ... + i+- + 


> + 


1 

w-lJ 


n 7 

To find O^ — g) we note that 


+ 


7 + 


1 -} . 

n-ll 


c'f -g~) = lim ~ c °( S) = lira c ° ^ 

s=—g & 9 s=—g8 -f- Q 

-(1)v(7-2)!(7-1)! 

7 + 1)(/9- l)--(/3-7 + l)' 

We have thus a second solution. 

Vi = & 7, ») log a? + F x (a, /3, y, x). 


where 
F x (ct, /3, 7 , x) = 


+ ••• + 


(_1)v(7_2)!(7-1)! J_ 

(oe- 1 ) ... (a- 7 + l)(/3 - 1 ) ... (£- 7+I) "arr -1 

r ivi 1 )*- + r^- + 4-T--V (13 

(« — 1) (/3 — 1) a 1 • 7\a /3 1 7 y v 

«( a + l)/3(£+_l)rl 1 1 1 1 , 

1-2- 7(7 + 1) 1« T « + 1 r^+1 1 2 7 7 + 1 

+ ... 


2 . In the foregoing we supposed 7 > 1. If we suppose y is 0 or 
a negative integer , we have a fundamental system 

V\ = x'-vF^u + 1 — 7, /9 + 1 — 7, 2 — 7, a:), 

y2 = yi lo g* + z 1-v ^i(« + l-7* 0 + 1-7. 2 — 7, a:). 


(14 
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8. Let us now consider the point x = l. If y — a — /3 is an 
integer , we have the logarithmic case. If 7 — a — /3 <_0, a funda- 
mental system is 

y x = F(a, 0, a + 0 - 7 + 1, 1 - x), 

V* = V\ lo gO- “*) +^i(«> A a + £ - 7 + 1, 1 — ®). 
If7 -«-j 8 >fl,a fundamental system is 

Vi = (1 — *)r — ^(7 -Ay-«iV-«-/8 + 1, 1 — ®), (15 

y 2 =yi logCl-^+a-^v— ^(7-/3, 7— 0,7— «-/8+l, l-®). 


4. Finally let us consider the point ® = 00 . If a — & it a positive 
integer ', we have 


y 1 «ar*i F ^a, «-7 + l, « — + (16 

= y x logi+®— jF/o, a - 7 + 1 , o - /9 + 1 , 

X \ xj 


If a — ft is Q or a negative integer, we have 
0 - 7 + 1 , 0 - a + 1 , 

y 2 = y 1 log - + artF-I, 8, 0 — 7 + 1 , 0- a+ 1 , 1 \ 
x \ x] 


(17 


215. Logarithmic Case of Bessel’s Equation. 1. The indicial equa- 
tion of Bessel’s equation 

has, at x = 0, the two roots ± m , as we saw in 211. When m is an 
integer, we have the logarithmic case. As in most applications m 
is an integer, we wish to find a fundamental system in this case. 
Applying Frobenius’ method given in 213, we have here 

/o(«) = s 2 - OT 2 , / x (s) = 0 , / 2 («) = 1 
an< * /„(s) =0 for n > 2 . 

The equations 213, 2) have the form 

c«f { i>(* + »0+e»-2 = 0, 

3r <U (s + w) 2 — wi 2 ? + <V- 2 = 0. 



LINEAR DIFFERENTIAL EQUATIONS 


481 


~ (« + 2) 2 - rrfi' 


C * “ { (s + 4) 2 - Wl 2 | j( 8+ 2)2 _ * 

etc. We notice that/ 0 (* + n) occurs in these denominators only for 
even n. We may therefore modify the formula for c 0 in 218, 9) 
and take ^ = 0f ^ g + 2 y o(g + 4) .../ # (* + 2 m). (2 

Let us set = + 2 )* _ w 2 | ...{( 8 + 2m- 2) 2 -w 2 } 

so that <? 0 = (— V) m Q \ (* -f- 2 m) 2 — ot 2 |P(8). (3 

Then the series 


■ = rr* 5 


becomes here 


y = c.af 1- 


C ° _ ” (» + 2) 2 - wi 2 + {(» + 2) 2 - m 2 H (* + 4)2 - »»2j 


p _ + ^ 1 - (g + 2 + 2)2- m 2 


+ |(* + 2m+ 2)2 — wi 2 } { (8 4- 2 w + 4) 2 — to 2 } 

= c 0 afu + Cx? +2m v = U + V. 

Here Z7 embraces only a finite number of terms. The series v 
is steadily convergent for eveiy x and for any 8 > — (m + 1). 

For let | ® | < 22. Then 

(* 4- 2 + 2) 2 — m 2 > <r > 0. 

Hence each term in v is numerically < the corresponding term in 

1 ^ +... 

+ <r + <r(<7 + l 2 ) ^ <r(<r + 1 2 )0 + 2 2 ) 

The ratio of two successive terms is here 


B? 

<r + n 3 


and this = 0 as « = oc. 
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Hence from the general theory of 213, if y x denote the value of 
4) for 8 = — m, 

y 1 = U 1 + Pi and f 

are solutions of 1). 

From 3) we note that c 0 = 0 for $ = — m, thus JJ X = 0. Refer- 
ring to 211, 5), we see that 


» the logarithmic in 
■ = x a uc[(f) + c 0 {x 9 u log x+ x*u f f. 


(6 


2. Let us now turn to the logarithmic integral. We have 

dU 
d 8 

Hence 


dU, 

ds 


where 


: X 


1 + 


l) + 


m — 1\2/ 2 (m — V)(m - 2)\2. 


5 + 


<?J( — 77l) 


' V. V 1T/'_ n TT /'7.x l 2 i ’ 


II(m— 1) 11(A) 

i>(- m) 8 ( - l)2m-l 2 2m-2 n 2( m _ 1). 


Similarly 

^ = (moo^o) log z+ |(V.(a.) 


+ 5 <V ‘S ( - ^ n(t)% + i) !“(*)+ “C* + ™)1 ©“■ 


*=0 


where 


j(A)=sl-hi+ ••• , o)(0) = l. 


Here we can neglect the term \OJ m (a?), as we are seeking a fun- 
damental system and this term is y x aside from a constant factor. 
Also for simplicity let us set 

0= ~~ 1 
2 m-1 II(m) 



d_v \ ar, 

dg + dg 


Thus the solution 
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leads us to take as second independent integral 


#2 — 


— 1 — ft ) 

\x) jQ n(&) 




(- !)* 

w *ti;n(wi)n(m+A) 
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216. The Differential Equation for K, R. 1. In 189 we saw 

“ *=!*§■ I' 1 '**) ■ 

Thus jBT and if 7 satisfy a special case of the hypergeometric equa- 
tion for which a = /3 = J, 7 = 1, viz. : 

*>-l)g+(2*-l>! + l y , *=*>. (1 

Referring now to 214, we see that a fundamental system of in- 
tegrals of 1) for x = 0 is 


Here 


Vi = Kh h 1. *). 

y-i = Vi log * + Ji(J, 1, a:). 


(2 

(3 


(^D’K-VAyH <4 


+ 


2. Let us find the development of K f about x = 0. Since K ] 

is a solution of 1), we must have 


or since 


K' = Ay x + By v 


(5 


7 r-K 7 = 2 AK + 2 BE log A 2 * + n tBF v 
From 196, 2) we find ^2 = ^ _ 16 y + 


Hence 


a; = & 2 = 16 y + ... = 16 e K + 


(6 
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= log 16 — log k 2 + 


= irB 
K : 


i»+ ... 
S(l + ±* i + 


= B1<? + ... (fc 

In 6) let us divide by K and put in 7), 8) ; we get 

(4 log 2 — 2 A) — (1 + 2 B~) log A 2 + ... =0. 

Thus .4 = 2 log 2, B=-\. 

Hence 5) gives 

K> = (2 log 2 - * log 1, **) - ^ J, 1, *2). (9 

217. Criterion for a Regular Point. We saw in 212 that x = a is 
a regular point of « , 

g + K*)g +sWy =o, (i 

if p, q have the form 

p _ 9(f) h(x) 

x-a ' q ( x-cif (2 

where g, h are regular at x = a. When x = a is a regular point, 1) 
admits a fundamental system of integrals, 

y x = (x- ayufi^x) ( 3 

y i= (x — a) r >\j> n (x) + 4> 22 (x) log (x — a)\, 
where r v r 2 are roots of the indicial equation at this point. 

We wish now to establish conversely : 

If 1) admits 3) as a fundamental system of integrals at the point 
x — a, it is necessary that p, q have the form 2). 

For we saw in 212 that if we set 


then z satisfies the equation 


i = 9if edx, 


& f 

— + ^3 = 0, where g=p + 2<k. 


(5 
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From 4) we have 

Thus from 3) we see that z must have the form 

(a?-a)*{^(*) + ^r(a?) log (a? - a)}, 
where </>, yfr are one- valued about x = a. 

Let now a; make a circuit about x = a. If g acquires the value 
£, this must be a solution of 5). Hence 


l/b v 

dxKyJ 


But 


3 = ez. 

5 = — a)*[0-f ^Jlog (a — a)-j- 2 7ri}] 

= e 2iris z-i- 2 7rie 2,r ”(a; — a) a yjr. 

Putting this in 6) gives 

z(c — e 2,r<s ) + 2 7 rie 2ff<, (£ — a)'^ = 0. 
This requires that i/r = 0. Hence 

2 = (x— ay<f>(x). 

1 dz 8 


(6 


Thus 

z dx x — a 

where f is regular at x = a. 

On the other hand, 5) gives 


+/0O. 


1 dz , 0 

;e=s , -* +2 §7 


a 


(8 

x — a 

where k is regular at a. 

Thus 7), 8) show that pQx) has at most a pole of order 1) at 
x = a. 


From 1) we have, setting y = y v 


y'l 


vl 


q(x) = — ^ — p 

Vi Vi 


Now y ” _ l(x) 

Y\~ i x ~ «) 2 ’ 

where l is regular at a . Hence q lias at most a pole of order 2. 
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218. Differential Equations of the Fuchsian Class. 1. When all 
the singular points of a linear homogeneous differential equation 
are regular, it is said to belong to the Fuchsian clast. 

Now in order that x = a is a regular point of 

(- 1 


the coefficients p , q being one-valued, it is necessary that * = a is 
at most a pole of p and q. Hence p, q having only poles, even at 
x = oo, must be rational functions of x. As the poles of p cannot 
be of order > 1, and those of q of order > 2, we can write 



where/, g are polynomials and 



(2 


h = x m + c 1 x mr -i H +c m 

= (x-a 1 )(x-a 2 ) ... ( x-a m ). 

To find the degrees of these polynomials we use the fact that 
x= co must be a regular point. Let 


/ O) = a 0 xT + a i xr ~ 1 H +a r , 

g(x) = b 0 af + b lX r i + ... + 

We set now x = ~ in 1). Since 
u 


dx du 


^1. — M 4 — + 2 u s —, 
da? du* + du 


we find as transformed equation 

-u*p\dy + L 
I* 4 / du 


—V _L 

du 2 


2 u z — u 2 \ 


As 


«0 + . 

1 -)-«?!« + ... + c n u m ’ 


? = 


+ ... b t U’ 

1 + d^u -|- -j" 
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we see that 


Pi = 


_ 2 u 3 — v?p _ P( u) 


W 4 




r r-«H-2 9 


_1 = <?(«) 


^ = # 




A-2m+4’ 


where P, $ are regular at u = 0. 

As^pj cannot have a pole of order > 1, and q x one of order > 2, 
r—m + 2 <^1 , « — 2wi + 4<2, 
r<7?i — 1 , $<2m— 2. 

tti — r = 1 -h & , 2m-8=s2 + i , A, Z > 0. 


we have 
or 

Thus 


Also 


Hence 
Let us set 


Pi = — { 2 — a Q u k + •••{» 


P(m) = 2 — a,,# + • 


\ = lim-2 = lim 

U=^0U X=sao 


Q(u)=b 0 u l + • 
xp, 


(3 

(4 


fi = lim = lim (5 

u=0U 2 ar=*> 

Then we see from 3) that 

jP( 0)= 2 — \ , <?(0)=/x. (6 

2. At the singular point x = a* let r* p* be the roots of the 
indicial equation. The roots at a; = oo we will denote by r*,, />*>. 
Fuchs showed that these roots must satisfy the relation 

2(r 4 + ft) = m — 1, i = 1, 2, — m, oo. (7 

This is called Fuchs' relation. 

Let us find the indicial equation at x = 04 . We bring 1) to the 
normal form 

(x - atfliK + OAiOOifO) ^ + 0O)y = 0 . 

The indicial equation is 

r(r — 1 4- rh i (a i ')f(a i ') + ^(a.) = 0. (8 

h(x) =(x— a { )h { (x). 
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Hence h! (») = h(x) + (x — a ( )h^x). 

Thus h i (a i ) = h'(a i ). 

We may thus write 5) 

r(r - 1) + r + 0. 

A' (a,) A'(a«) 2 


Hence 


n+pi = i 


. = i _/(«<). 


A' (a,) 


(9 


Let us now write 1) in the normal form for # = ao. Setting 


x = we saw that it takes the form 
u 


w 




* = 0 . 


du 2 du 

Its indicial equation is therefore 

r(r-l)+rP(0)+ ^(0)-0, 
r 2 + (1 — \)r + = 0. 

Thus Too + /Ooo « X — 1 . 

From elementary algebra we have 

,_/(*)« v / OO . 1 


or, using 4), 


2> = 


Hence from 4), 
Thus 


A (a;) 


*=i 


A' (a,) a: — Oj 


\ = lim xp = V . 

r« + - 1. 

T A'(a<) 

From 9), 10) we have 7). 


(10 


219. Expression of F(«, /3, y, a;) as an Integral. We leave now 
the general theory of linear differential equations and return to 
the hypergeometric function. Let us show that when 

|a?|<l,O<0<7, (1 

we may express F (a, ft, y, x) as a definite integral, viz. : 

F («, 0, y, x) = 1 1 - m) v ^ -1 (1 - xu)~ a du (2 

7 — P)Jo 
J 
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where B (jj, q) is the Beta function 


B(p, t4 p_1 (l — u)i~ l du. 


For by the binomial theorem 

(1 — xu')~ a = 1 + ^x xhfi + ••• 

1 1*2 

when | xu | < 1. Hence the integral J in 2) may be written 

J= f w^" 1 (l — uy~^~ x du -f a ’ x C v,P(l — u^-P^du 

*/0 1 t/o 

+ * : * 1 1 * rw - + 

i • * ./» 

= #(/9, 7 -£) + oa;.8(/3 + l, y-/3) 

+ a - flt + 1 ^i?<jS + 2, 7 -/3) + ... 


Hence 


i?03 + l, 7 -£) = £i?(/3, 7 -/3). 

7 


j B(/3 + 2, 7 -^ = ' 3 + 1 j BC/3+1, 7 -^) = ^^ + 1 j B(/9,7-/9), 
7 + 1 7 ■ 7 + 1 

etc. Putting these values in 4), we get 2). 

220. Loop Integrals of the Hypergeometric Equation. 1. In the 

last article we have shown that the hypergeometric equation 

a:(l-a:)^+ {7-(« + /3+l>}^-«/3y = 0 (1 

admits as solution the integral 2) when the conditions 1) of that 
article are satisfied. Let us replace the path of integration (0, 1) 
by a more general path j L, properly chosen ; we proceed to show 
that 1) admits a solution of the form 


y = / (z — x)~°-u(z)dz. 
Jl 


In fact, putting 2) in 1), we get 


r v Mj, + m d „ o, 

Jl dz J l dz 
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where 


v = (z — x)~ a . 


F=z(l -3)3 {a — 7 + (/3 — a + Y)z\u, (5 

az 

Gf = 3(1 — z) • + {«— 7 H-(y 8 —oc 4 - Y)z } uv. (6 

[ az az 

To prove this we may proceed as follows. From 5) we have 

v^-~z(l — 2) vu n + Jl — a + 7 4 - z(cc— ft — 3 )}vu f — (ft — cc+l)uv. 
az 

From 6) we have 

= — z(l — z)vu n 4- [a — 7 — 1 + (/3 — a 4- 3)2?} vv! 
az 

4" { a>(jx> -t-I])2(T — 2)(j2J — x) a ^ aQy — Qcc — ar ~* 
+ (/3 — <x.+ Y)v\u. 

Thus 

v ^ + ^£ = {<k + 1>(1 -•><>- * ) ~ a ~ 2 

4 - a[7 — a — 1 + (a — /8 + 1)25] (z — x')~ a ^' l \u = Hu. 

On the other hand we have from 2) 

A-.f (2 — x)~ a ~ l udz , 
dx Jl 

= a(a-{-V) C (z — #)- a “ 2 udz . 

„ war */z. 

Thus 1) becomes 

w{a(«4-l)a;(l— a;) (2— a?)“" a_2 + a(7— (a~f-/ 9 +l)a;) (2 — a) - *” 1 

— a$ (2 — a;)~ a | cfe. 

Now we have identically 

#(1 — x) = 2 (1 — 2) -1- (2 2 — 1) (2— a;) — (2 — a?) 2 , 

7— (a + £ + l)a = y— (a 4 - £ + l)as + (a 4-/3 4 - 1)0 — #)• 

Thus the brace in the foregoing integral reduces to the function 
S above, and this establishes 3). 

An integral of F— Q 




-V-K/B-a+l )z 
z(l~z) 


= z*-l(z — l)v-3- 


(7 
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This in 6) gives 

a = «* a - v+1 o - iy\z - x y^\ (8 

Thus when u is chosen as in 7), 0 and hence the first integral 

in 3) vanishes for any path. Also if L is so chosen that Or in 8) 
takes on the same value at the end of L that it had at the start, 
the second integral in 3) vanishes. 

In this case 2), or what is the same, 

y = / z a ~^(z — l)v-0-i(3 — x)-*dz = I w(z)dz , (9 

Jl Jl 

is an integral of 1). Here 

w = z a ~v(z — 1 )y- 0 -i (z — #)“«. (10 

2. Let Z 0 , l v l x , l * denote loops about the points z = 0, 1, x, oo, 
respectively, each circuit being described about the corresponding 
point in the positive sense. 

Let # 0 , w 0 be the end values of G 0 , w 0 after describing ? 0 , etc. 
After a circuit about z = 0, 

2*-Y+l — g(a-y+l)log» 

goes over into 

g (a— y+l) (log *+27ri) = ^^(a-v+Djga-v+l 

— g27ri(a--y)^a-7+l > 

Thus ~Gf 0 — g2ffi(a— 7) 

Similarly w 0 = e 2ni ^ a ~ y) w 0 . 

In the same manner we find 

G 1 = e 2iri ^-^ G x , = e 2iri ^-^ ) io 1 

G x = e- 2rria Q- x , = 6 “ 2,rf X 

, w 00 = 

Let a, b be any two of the four points 0, 1, a?, 00. Let L ab be a 
path about a, b as in Fig. 2, § 150. Obviously, as far as the values 
of Q- and the integral 9) are concerned, this path is equivalent to 

WrV 1 . 

As G- returns to its original value, 
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is a solution of 1 ). 


Since we can choose the points a, 6 in 


• 3 

• 2 


ways, we get in this manner six solutions of 1). They must of 
course be linear functions of a fundamental system, as shown in 
210 . 

3. As an illustration let us consider y^. For simplicity let us 
take | x | > 1 and suppose that a, /3 do not differ by an integer. 

As the loop Lqi let us take a double loop 8 running over two 
little circles about 2 = 0 , 2=1 and the segment of the real axis 
joining them. 

Then on 8 , - < 1 and 

X 

(2 -x)~ a = a,tfr a (l - £) * 

2 z 2 1 

= x a • a 0 + a a 2 — + ... L 
l x x* \ 


Hence 


op ft 

y = x-* V ^ / z»+*-y( z - 1 )y- 0 -i dz 


= x a b + + ^2 + 

X 


A 

X 2 


(11 


Now the two fundamental integrals at x — oo are, as we saw in 
210, 16), 17), 


Vi- 


L “ a, a — 7 + 1, a— £ + 1, 

V 2 = £-7 + 1, £-a + l, 

Hence y must have the form 


V = c iVi + 

As y does not contain any powers of x in common with rj 2 , we see 
that c 2 must = 0 . Hence 11 ) differs from ^ only by a constant 
factor. 
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FUNCTIONS OF LEGENDRE AND LAPLACE 


Functions of Legendre 

221. The Potential. 1. We wish in the present chapter to de- 
velop some of the more important properties of these functions 
which are of great importance in mathematical physics. We begin 
with the polynomials introduced by Legendre, who was led to 
study them while treating of the attraction exerted by the earth 
on a mass exterior to it. Such questions arise in celestial me- 
chanics and in geodesy. 

Let us find the attraction exerted by a body 5ona unit mass 
\jl situated at the point A . 

The force exerted by an element of mass dm situated at P on /* 
is, by Newton’s law, 

jy dm 

S 2 = (x — a ) 2 '+ ( y — S) 2 + (z — <?) 2 . z ^ 

If AP makes the angles a, /9, 7 with A.^-£-rJll P ) 

the x , y, z axes, we have a & c V 

cos a = * “ a , eos(3 = y- b , 

S 8 

cos 7 = * . \ 


The a?, z components of f are there- 

^ 0ie dm x — a dm y — b 

8 ’ 0 S 2 ’ 8 



dm z — e 


If we denote the total force of attraction exerted by B on by F 
and the x , y , z components of F by X, F, Z , we have 

x = c dm , Y = c dm , Z = <? dm. 
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Let us consider the function 


We have 


Similarly 


V=cf d f. 


dy dz 


= -X 


Thus the function 1) has the remarkable property that its first 
partial derivatives are, aside from sign, the components of the 
force exerted by the body B on a unit mass p situated at A. This 
function V is called the potential of the body B with respect to 
the point A . It is of extraordinary importance in many parts of 
applied mathematics. For simplicity we shall set c = 1. 

2. Let us now show that V satisfies the partial differential 
equation 

VV 3?V *V_ 0 

dx> + df + a* 2 ~ ’ (3 

This is known as Laplace' s equation and is often written 


We have from 2) 


AF= 0. 


3 O — a) 2 11, 

» -&\ dm ' 


and similar expressions for the two other derivatives in 3). Thus 
,ddtog ’ 

3. As a special case we see that 


is a solution of 3). 


v -i 


4. As an exercise in the calculus the student may transform 3) 
to polar coordinates, 

x = r cos 6 cos <f> , y = r sin 6 sin <j> , z = r cos 6 . (6 
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It is convenient 1 to call 0 the altitude and <j> the azimuth of the 
point x, y , z. 

After a lengthy calculation we find that the left side of 3) 
becomes 


Ar-i.fr 


■)+ • 1 2 
/ Sin^ 


dr\ dr ) sin 0 30V 30/ sin 2 0 d<jy> v 

When the attracting masses are symmetric with respect to an 

axis, we may take this to be the 2 -axis. Then V cannot change 

when <f> changes. Hence — 

o V 


and in this case 7) becomes 


3fodF\. i 


AF=- r 2 — )+ . 

dr V dr J sin 0 58 




2552. Definition of Legendre’s Coefficients. 1. In many investiga- 
tions it is useful to develop the quantity i in a series. In doing 

0 

this we are led directly to Legendre’s 
coefficients. z \ 

Let 0 be the angle between a and p. 

^ en 8* = a* + p 2 — 2 ap cos 0. p 

Let a i e 

r = - , when a <p r . - 

p yo y 

= ^ , when a > p. ^ 

a 

^ en 8 = a 2 (l — 2 r cos 0 + r 2 ) , a > p 

= p 2 (l — 2 r cos 0+ r 2 ) , a<p. ^ 

In either case the development of \ leads us to develop 

o 

V= 1 , 0<r<l. (2 

Vl —2 r cos 0 + r 2 


This we now do, using the binomial series 

/1 ,1 .1*3 o . 1 • 3 • 5 0 . 

(i_„) -i+|«+ 2 . 4 » i + 2 . 4i6 >**+ 


(* 
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which is valid when | u | < 1. Let us therefore set 
x = cos 6 , w = 2 tx — T* 2 , 
m ! 


whence 


^ m = S (- 1 )' n r ( 2 x') m -'r m+ r 

s !(m- 8)1. 

This in 2), 3) gives 

m 

V -XX c-v. 


(2w)I 


771=0 3 


2 m+a m ! s I (m — $) ! 


yW+4/jjW - ® 


= 5r»V(-iy (2 m — 2 *) ! 0<2 , <m 


771=0 3=0 

Thus 


v= 2 P m (x)r m = P 0 + Py + Pjr* + - (4 

771=0 

where 

_ 1 • 3 • 5 ••• (2 m — 1) 

' TO. ! 


2 m-m- 1-m- 2-m - 3 4 1 , 

2(2 — 1) ^ 2*4* 2m — 1 • 2^-3 " J ^ 

These are Legendre 8 coefficients or polynomials , for on the one 
hand they are polynomials in a?, and on the other they are the 
coefficients in the expansion 4). 

We have 

Pfl=l , P 1 = X t = (6 

= , P i = s $-&- 1 £-x i + %, etc. 

2. From 5) we see that 

P m (-*) = (-l) ro P m <>). (7 

Thus P m (x) is an odd or even function as m is odd or even. 


3. When 0 = 0, x= cos 6=1. Then 

V= ^ = 1 + r + r 2 + ... 

1 — r 

Comparing with 4), we see 

P m (l) = l, m= 1,2,... 


(8 
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4. 


From 5), 6), we have 


p 2m (0) = (-ir 


i 


• 3 ■ 6 ••• 2 m — 1 
2 .4- 6- 2 m ’ 


iW0)=0. 


(9 

(10 


5. The equations 6) enable us to express x, x*, a? in terms of 
iV -^1’ -^S 1 

Thus we find 

x=P 1 (z), 

*=lP 2 (x)+%P o(»), 

= i P,(») + f -PjO)* etc. 


In general we see x n has the form 

x n = a 0 P 0 ( x ) + ajPiCa:) + • • • + a n P n (x), (11 

the coefficients being constants. 


223. Development of P m in Multiple Angles. 1. We have 


But 

where 


1 — 2 r cos 8 + r 2 = (1 — re’ 9 )( 1 — re~ ir ). 
(1 — re' s )~ i — a 0 + ape 19 -(- a 2 r 2 e 2ie + ••• 


1-3 


a 0 — 1 ’ a l — h a 2 — 2 . 4 ’ 


1-3-5 

2.4-6'' 


Hence 

V= 1 =(a 0 + a 1 re i9 +--)(a 0 + a 1 re- <a +...) 

VI — 2 r cos 6 + r 2 

= 1 -t-iy+jy + ••- 

Thus 

_P n (cos 0) = 2 a 0 a n cos nd + a x a n _i cos (n— 2)0 
+a 2 a„_ 1 oos(n— 4)0H — 


= 2 


1 


• 3 • 5 ••• 2rc-l 
2 .4 ■ 6 ... 2 n 




cos (n — 2)0 (1 


1*3 n-n — 1 

. COS 

1-2 2% - 1 • 2 w — 3 


(ti — 4) 6 + • • • | • 


From this we have 

P 0 = 1 , « cos 6 , P 2 = i(3cos20 + 1) ... (2 
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2. We note that all the coefficients in 1) are positive. Thus 
P„(cos 0 ) has its greatest value when 0 = 0, for then 

cosn0, cos (n— 2)0, ... (8 

all take on their maximum positive value 1. 

Thus P n (x) has its maximum value for x = l. On the other 
hand P n is certainly greater than the right side of 1) when we 
replace the quantities 3) by — 1. Thus 

-P n (l)<P n (cos0)<P B (l), 

or using 222, 8), _l < p, (o „, «) < 1 . (4 


224. Differential Equation for P n ( x). 


Then 


V= 


VI — 2 r cos 9 + 


Let A be on the z-axis. 

r = £ < 1, 
a 


is independent of </>. Now V satisfies Laplace’s equation AF= 0 
as we saw in 221, 8. This we saw in 221, 8) is here 


dr \ dr ) sin 9 d9\ d9 J K 



Hence P n satisfies n , p 

n(n + l)P n + J-(l _ = 0. (4 
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If in this we set . 

u = x\ 

it becomes 

yj/i r 

■ + n(n + l)y = 0 . 


~ u ^ S + ^ w ~ 


du 
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(6 


This is a special case of the hypergeometric differential equation. 
Comparing with 210, 1) we get 


2 

2 


fi = 


n + 1 


7 = 


A fundamental system of integrals of 6 ) is, as we saw, 210 , 10 ), 12 ), 

y, = *r(-V'”t 2 44 

Now when a or /3 is a negative integer, yS, 7 , x) reduces to a 
polynomial. Hence when n is an even integer, y 1 is a polynomial 
and y 2 is an infinite series; while when n is odd, y 2 is a polynomial 
and y x is an infinite series. This shows that 

A (^) = c x y x , n even 
= o 2 y 2 , n odd. 

Comparing with 222 , 5), we get 

i > 2»(a0 = (-l)“ 1 2 3 4 5 e. 2 .^ ljT <- w ’ n + ^ ^ (7 

P 2 n + l(^) = (- 1 )” 3 O. A . 9 w 1 XF (~ n ' n + S’ h *>- ( 8 


225. Integral Properties of P n (x ). 1. In 224, 4) let us set 
y=P m and then y = P n ; we get 
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Multiply the first by P n , the second by P m , and subtracting, 
get on integrating 

(m — n)(m + n + 1) C P m P n dx = 0. 

Thus 


x 


P n P n dx = 0 , m=fcn. 


From this follows the theorem : 

Let F m (x) be a polynomial of degree m <n. Then 

£F n (_x)P n (x-)dx = 0. 

For by 222, 6, 11) 

F m = c 0 P 0 -f CjP x 4- ••• 4- c m P m . 

Thus the left side of 2) 

m f*\ 

— T / P t (x)Pfx)dx 
3 «'-i 


i=0 

— 0 , by 1). 


2. We have 
1 

Vl — 2a^ + r 2 


= 1 + rP x (x) + PP 2 (x) + - = 2 r m P m (x). 


Squaring, we get 

l-2xr + r 2= 2 r m+n P m (x)P n (x) , m, n = 0, 1, 2, ••• 
Now 

A 2^ 

J_il — 2 zr + r 2 r 1 — r l 3 5 J 

Hence, integrating 3) and using 1), 4), we have 

Hence, equating the coefficients of like powers of n we have 
f l Pi(x-)dx= 2 n = 1,2,... 

J-l S» + 1 
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3. We have 

1 


= 1 + zP x O) + z 2 P 2 O) + 


Vl — 2 xz + z 2 

Hence, <7 denoting a small circle about the origin in the 2 -plane, 


f. 


dz 

z n+l Vl — 2 xz + z 2 


-£& + ™B + - +p ^B 


+• 


= 2 iriP n (x). 


Thus 


•<*>=raX 


dz 


**Wl — 2xz H- 2 J 2 ’ 


(6 


the radical having the value + 1 for z = 0. 


Let us set z = i in 6), we get 


P ' (x ' ) -2li£ V1 ™2 


du 

xu 4- u 2 ‘ 


o 


where D is a large circle about u = 0, which m describes in the 
positive direction. 


4. In 7) let us set 

Vl — 2 xu + u 2 ~w — u , 
Then w 2 — 1 

U ~~ 2(w — a;) 


or 1 — 2 rcw + u 2 = (w — u) 2 < 

, W — Uj 

, rfw = aw. 

W —X 


While u describes the large circle i>, w will describe a curve $ 
which is approximately a circle of radius 2 JB. Thus 7) gives 


AO) = 


i <y-i)» 
2mJ%2 n (w~-xy+ l 


(8 


Since the integrand has no singular points in the distant part of 
the w-plane, $ can be regarded as a large circle whose center is x. 
The relation 8) is due to Schltifli. 
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226. Rodrigue’s Formula. 1. Let 

Then by Caucby’s integral formula 

J 2 TTlJ a W-X 


where $ is a circle about the point w = x. Hence 

= 2"m!P B (a:) , by 225, 8). 


Thus 

a relation due to Rodrigue. 




a 


2. From this relation we can prove the theorem: 

The n roots of P n (x) = 0 are all real , and lie in the interval 

3t = (-l,l). 

We start with 

f(x) Kz 2 - 1)- = 0- 1 y(x + 1)-. 

This shows that x = 1 is an w-tuple root, and the same is true of 
x = — l. As / is of degree 2 n , f(x) has no other roots. 

By Rolle’s theorem 

/(l)-/(-l)=0 = 2/'(a 1 ) , — 1 < % < 1. 

Hence f'(x) vanishes at x = a x , a point within SI. But 
f'(x ) =2 M (iB 2 — l)" -1 * 

has a: = ± 1 as roots of order % - 1. Thus f'(x) = 0 at * = ± 1 and 
at x = 0 ^, and only at these points. We may reason in the same 
way on We have 

/"(a!)= 4 w (n — l)(g? — l) n_ V + 2 ra(a? — 1) B_1 . 

This has a: = ± 1 as roots of order w — 2. Rolle’s theorem again 
shows that /"(a;) must = 0 at some point J x within (- 1, a x ), and 
at some point within (atj, 1). We have thus found 2 n — 2 
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roots of f n (x). Since the degree of f tJ (x) is 2w — 2, there are no 
other roots. Thus/" (x) vanishes at just two points J 2 within 81. 

Continuing in this way, we see that / (n) ($) vanishes at n and 
only n points within 21. By Rodrigue’s relation 1), P n (x) and 
/ (n, (a;) differ only by a constant factor. Hence P n (p) vanishes 
n times within 21. As P n is of degree n, these are all the roots of 
*.(*)■ 

227. Development of f(x) in Terms of P n (jr). 1. Let f(x) be a 
one-valued continuous function of x having only a finite number 
of oscillations in the interval 21 = ( — 1, 1). Then it can be shown 
that f(x) can be developed in a series of Legendrian functions 

f(x ) = <? 0 + O) + O) + — (1 

which is valid for any x in 21. Moreover this series can be inte- 
grated termwise in 21. 

Admitting this, let us show how the coefficients o n may be found. 
Multiplying both sides by P n ( x ) and integrating, we get 

f /O) Pn O) dx = 2 f o n P m P n dx. 

J-l 

All the terms on the right vanish by 225, 1), 5) except that 
corresponding to c n . Thus 

£f(x) Pndx = c n £p l (P)dx = 2 l C ^j- 

Hence Qn m 1 

= £J_/(z) P»(*)dx. (2 

Thus we have the theorem : 

Let f(x) be a one-valued continuous function having only a finite 
number of oscillations in the interval (—1, 1)- Then 

K*) = t 2n o lp ^ f 1 f(x)P n {xydx. (3 

72=0 ^ nJ ~ 1 

2. Since P' n (x ) satisfies the condition of this theorem, we have 

dP»(x) = an l p n l + a n _ 2 P n _ 2 + ... 

ax 
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Since P' n is odd or even with n — 1, we must have 

P' n O) = * n -\P n -\ + a n - 3 -P»-3 + — 
Here by 2) «.= ^ W- 

Integrating by parts gives 

am = 2rn + l{ 2 _'j*p nP ' dx 

= 2 ?w -t- 1 


since the integral vanishes as P^ (x) is the sum of P’s whose in- 
dex is < n . Thus 

P' n (x. ) = (2 ^ - 1)P._!+ (2 n - 5)P m _ 3 + (2 * - 9)P rt _ 6 4* ... (4 

3. Let us show that f(x ) can be developed in a series of 
Legendrian functions 

/O) = a 0 + ^P^x) 4- a 2 P 2 <» 4- • • • (5 


in but one way. For suppose that 

f(x) = b 0 4- SxPiCa?) 4- 4- 


were a second development valid in (— 1, 1). Subtracting we 
get 

where 


0 = <?o + ^lAO) + C 2 P 2( X ) + 

C n = dL ^n* 


(6 

we 

(7 


Let us multiply 7) by P n (x) and integrate between — 1 and 1. 
Granting we can integrate the resulting series termwise, we get 

0 = c 0 f P n dx 4 c x J^ P x P n dx + e? 2 j* l P 2 P n dx + ••• (8 

Here each term is 0 by 225 except the term corresponding to c n . 
Thus 8) reduces to 0 

0 = c n f P*dx= 

J-l 2 71 + 1 

c n = 0, 


Hence 
and thus 


a n = b n 


n = 1, 2 ••• 
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228. Recurrent Relations. 1. 

(» + l)P nf i — (2 n + l)xP n + nP n _ x = 0. (1 

(1 - 2 P)P' n + nxP n - nP n _ i = 0. (2 

(1 - x 2 )PL, + nP n - nxP n _ x = 0. (3 

*PL ~ PL, - nP n = 0. (4 

PLi - PL i - (2 n + l)i> n = 0. (5 

These may be proved by putting in the values of P m , P' m as given 
by 222, 5). There results a polynomial in x whose coefficients 
are all zero. A more expeditious method is the following. Let 

V = (1 — 2 xz + z a )~i 

= Po O) 4- zP x (x) + hP 2 (x) -f ... (6 

Thus q y 

dz x — z 

~V~ 1 - 2 M + aP 1 

or 

(1 — 2 *2 + z 2 ) — + (g _ #) F = 0. (7 

On the other hand, we get from 6) 

— = Pi -f- 2 zP 2 + 3 z 2 -P 8 + ... (8 


Putting 6) and 8) in 7) gives 

2^0 + l)P n+1 - 2 xnP n +(n - 1 )P n _ x + P n _ x - x P n \ = 0. 
As all the coefficients are 0, the coefficient of z n here gives 1). 

2. To get 5) we use 227, 4). Thus 

Pn+i =(2 w + 1)P„ +(2n — 3)P n _ 2 ■+- ... 

PL i= * +(2n - 3)P m _ 2 h 

Subtracting gives 5). 

3. To get 4) we have only to differentiate 1) with respect to x 
and use 5). 

4. To get 2) we multiply 4) by x, getting 

= xP n_i + 7lxP n . 
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Hence 

or 


(1 - = P'~ *PU - nxP m 

(1 - a?)Pl + nxP„ = PL- xPU 


on using 4), 5). 


= nP n . i, 


229. Legendre’s Functions of the Second Kind. We saw in 224, 

6) that P n (x) satisfies the equation 

“ cl -“ ) 5 + (i“ _ !)S +nC ” +1)! ' =0 • “-* 1 - (1 


This equation admits, by 210, 16), 17), two integrals about 
u = oo , viz. : 


yi =*•*(- 

_ 1 -n(n + 1 n + 2 

2 ’ 2 ’ 


2»-l 1\ 

2 W 

2w + 3 n 
2 ’ A 


(2 

(3 


Since -^(a, j3, 7, a:) is a polynomial when a or /3 is a negative 
integer, we see that whether n is odd or even 



2» — 1 \ 
2 'V 


is a polynomial in w, and thus 2) is aside from a constant factor 
nothing but P n (x). 

The other integral 3) multiplied by a constant factor gives rise 
to Legendre’s Functions of the second kind, viz.: 


<?»0) = 


1.2.3 

3.5.7... 


• • n 1 -p( n+ 1 n + 2 2w + 3 _1\ 

2»+l‘5 5T V. 2 ’ 2 ’ 2 W 


x \ >1. 


(4 


230. Recurrent Relations for Q n . 1. If in 229, 4) we set n = 0, 
we get 

h I s) 


(?oO) 


i 

9 


log 


a; -f- 1 
a; — 1 


or 


(i 
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and 


(2 

(a 

(4 


Using 229, 4) we prove at once that 

Q\- z @ 0 + 1=0 

(n + 1) Q n+1 - (2 n + V)xQ n + nQ »_! = 0. 

These show that 

Q n (x) = S n (z')\og x + \+T n (x) 

when $, T are polynomials. We can go further by observing that 
the recursion formula 3) for Q n is the same as that for P n in 228, 
1). Let us set , ^ 

J-lo < + ] , . 2.-1 

x — l 

in 2), 3), we get ^ = xQq _ 1 = j 

2 $2 == ^ ^ 5 ^ P 2 = 3 xP j Po- 

(?2 = £ ^2 ^ — -^2 

if we set 


Then 
Hence 


v 2 
£> = 




This is perfectly general. For let us admit that 

Q n = \P n L-Z n (5 

is true for n and show that it holds for n+1. Here Z n is a poly- 
nomial of degree n — 1. 

For by 3), 

(^ + I)^ nfl =(2w4-l>^n-^^i, or using 5), 

= (2n + V)x\\ P n L — Z n \ — n\\ P n -iL — Z n . _i } 

= | L\ (2 n 4- V)xP n — wP n -i| — (2 n + 

= l(n 4- l)LP n+l + \nZ n _ x - (2 n + 1 )xZJ, 


which goes over into 5) on setting 

- (n + 1 )Z n+1 = nZ n _ (2 n + 1 )xZ n . (6 

This is a recursion formula for Z n and shows that Z n is odd or 
even according as n — 1 is odd or even. 

2. Since L is a logarithm and P n , Z n are polynomials, we see 
that Legendre’s equation 224, 6) does not define any new class of 
functions, that is, its general integral is a combination of poly- 
nomials and logarithms. 



508 FUNCTIONS OF A COMPLEX VAEIABLE 

231. Development of Z n in Terms of the P m . Since Z n is a polv- 

T ™ d6Vel ° P iQ t6mS ° f P »’ P v P 2 - V 227, i, or 
oy 5. lhus 

Z n = OjPn.! + a 8 P„_j + . . . (1 

the being all 0 on account of the parity of Z n . To determine 
the coefficients in 1) we use the fact that Q n is a solution of 
.Legendre s equation 224, 4) 


dx + w O+l)y = 0. 


dx^ 

This gives ^ r _ 

fa} 1 ~* ?) f X Z «+ n( - n + l ') Z n-2P'n= 0 . 
But by 227, 4) 

P' n = (2 n - l)P n _, + (2 n - 5 )P»_ S + ... 
Thus 1") and 3^ in 2^ give 

2 n — 4m — 1 


(2 


CS 


^m+l — 7, 


Hence 


(2m+l)(w — m) ’ m — 0,1,2, 


^ 2n_l 2n-9 

1 . W n-l T , 7-^n-3 + _-P, 


3(w — 1) 


5 (n — 2) " 


n — 5 


(4 


232. Laplace’s Equation. 1. One of the most important equa- 
tions in mathematical physics is Laplace’s equation 


Am = ~ + 4. _ o. 

dz~ 


(1 


nowfT! Suppose heat is passing into a body at certain 

Tn \b ! IT ' a ° e ’ and l6aving at other P° in ts. It is easy to 
show that the temperature u at any interior point P of the body 

satisfies the partial differential equation 7 


du A 
-=oAu, 


(2 


where c is a constant. In many cases a stationary state sets in ; 
as much heat leaves an elementary cube described about the 
poin as enters it. In this case the temperature u is constant, 
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and hence —■ = 0. Thus u satisfies in such a case Laplace’s 
equation. 

It can be shown that when u is known on the surface S in this 
case, the value of u can be found at any point P within the body ; 
in other words, the solution of 1) is uniquely determined when 
u is given on the boundary S. 

Any function u satisfying 1) is called a harmonic function. 

Example 2. Suppose a fluid, that is, a liquid or a gas, is in 
motion. At the time t, the particle at the point P is moving 
with a certain velocity u whose components call u, v, w. Let V 
be the volume of an element of the fluid at the time t ; at the time 
t + dt, this volume has changed to V+ dV Thus the rate at 

3 yr 

which V is changing is -f-; it is called the divergence of the 

(Jit 

vector u- It is denoted by . . 

J div u. 

One finds easily that diy u = tot + + . 

dx dy dz 


If the fluid is incompressible, as it is sensibly for liquids like water 
- div u = 0. (4 


In an important class of problems the velocity u is such that its 
components are the derivatives of some function <f>(x , y, z), that is 


d(f> 
u = -*- 
dx 


w 


= M. 

dz 


dy 

W e call <j> the velocity potential . 

If the fluid is incompressible and its velocity has 

potential <£, then <£ satisfies Laplace’s equation 1) as 

once by putting 5) in 4). 

The surfaces N „ 

y,z)=C 


(5 


a velocity 
is seen at 


(6 


are called equal potential surfaces. 

A curve in space such that the tangent at each point of it 
has the direction of the vector u at that point is called a stream 
line . 
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These cut the surfaces 6) orthogonally. For the normal at a 
a point of 6) has direction cosines which are proportional to 

d(f> b(j> b<j> m 
lx ’ ly ’ dz’ 

but these by 5) are proportional to the direction cosines of the 
vector tt. 

2. When the particles of the fluid are all moving parallel to a 
plane, which we take as the x , y plane, we may neglect the com- 
ponent w of the motion since it is 0. Let 

f(z)=U+iV (7 


be an analytic function not necessarily one-valued. Then, as we 
have seen, the Cauchy-Riemann relations hold, or 

bU^bV ,g 

dx by ’ by bx 


From these follow that 

b 2 U 3 2 Z7_ 0 b 2 V b 2 V 
bz ? + by 2 5 bx 2 by 2 


(9 


Thus U, V satisfy Laplace’s equation for two variables. Let us 
take one of the functions U, V (to fix the ideas, say U) as a veloc- 
ity potential. Then by definition the components of the velocity 
It are 



dU m 

by 


The relation 9) shows that div tt = 0, thus the fluid is incom- 
pressible. 

From 8) we now have 

dUb_V + bUbV = 0 
bx bx by by 


Thus the two families of curves 


U = const , V = const 


(10 
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cut each other orthogonally. This gives the theorem : 

The two components of an analytic function 7) may he used to 
define two families of curves 10), such that one family represents the 
stream lines of the motion , the other the curves of equal potential. 

3. To illustrate this theorem let us take as analytic function 

f{z) = z 2 = 2 ? — y 2 + i . 2 xy. 

^ en — y 2 , V=2 xy. 

These give rise to two families of equilateral hyperbolas whose 
asymptotes are the lines 

y = x , y = — x and y = 0 , x = 0. 


233. Theorems of Gauss and Green. 1. In studying the solution 
of Laplace’s equation we shall find it extremely useful to use 
some theorems relating 
to surface and volume 
integrals due to Gauss 
and Green. 

Let S be an ordinary 
closed surface. Let us 
effect a rectangular di- 
vision of the 2/3-plane. 

Each rectangle dydz 
may be used as the base 
Df a cylinder which cuts 
Dut elements of surface 

la 3 , d<r n , d<r ,n ••• on S whose normals call n r \ n ,n •••. 

Then as the figure shows 

dydz = — d<r r cos (nix') = da n cos ( [n"x ) = . • . 

Let dr = dxdydz 



De an element of volume. Let u be a vector whose components 

ire w, v, w. Then if — is one-valued and continuous, 
dx 


J^^-dr = j* dydz = j* udydz = J* u cos ( nx)da . (1 
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We set similar relations for — , — . Thus addins, 
8 by bz & 


rfdu | sv 

Js\bx by 


+ ?»Vt 


by dz 


^dr= j* div u • dr 

-/<* cos (fix') -f v cos ( ny ) -f w cos ( nzy)dar . (2 


Now the component of the vector u normal to S is 

u n = u cos ( nx ) 4- v cos ( ny ) + w cos (wz). (3 

If u denoted the velocity of a fluid, UndS would denote the amount 
of fluid which passes across the element of surface dS per unit of 
time. For this reason we call quite in general 


the flux of u across dS. Thus 2) may be written 
C div u dr = C flux u • dcr. 


This is G-auss ' theorem . 

2. Let us now deduce Green's theorems . To this end we con- 
sider the integral taken over a volume bounded by S, 

i=1 ' 2 ’ 8 <s 

where x v x 29 x 8 are simply x, y,z. We use the subscript notation 
in order to use the 2 sign on account of brevity. 

We have now 

duev = _d_ # jjd v jj&v 

dXi dXi dXi bx { bx? 

Let g be the vector whose three components are U — . Then 5) 
becomes _ 

J = / div g dr — I TJA Vdr . 

Js J 3 

By Gauss’ relation 4) 

J div g dr = / flux g dcr = — C TJ—da 
s Js Js dn 
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if we reckon the normal n inward. Thus 

J=- f U—da-- f UAVdr, 

Js dn Js 

or interchanging U, V 

= f J^—da - f VAUdr. 

Js dn Js 

Equating these two values of J gives 

If we set U= 1 in 7), we get 

f^Zda = - f AVdr. 

Js dn Js 

If we set U= V in 6) it becomes 

C Y^dr=- f v^-da - f VAVdr. 

Js ** dxf Js dn Js 

If Vis harmonic , that is, if AV= 0, this gives 

Js ^ dxj Js dn 

If U and V are loth harmonic , 7) becomes 


rdV 


dn 


U~—d(T = I V-f—d<r. 


rdU- 


dn 


If V is harmonic , the relation 11) gives for TJ = 1 

d -Zda = 0 . 

sdn 

These relations are due to Green. 


(6 


a 

(8 


(9 

(10 

(11 

(12 


234. Potential Expressed in Terms of Boundary Values. 1. Let 

a be a point within the surface S. The distance from a to any 
point x in S is 

r = VO?! — a x y + 0 2 ~~ a 2) 2 + 0^8 “ a s) 2 * 
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TJ=- 


is not continuous in S. Let us therefore describe a small sphere 
K of radius Jc about a and let T denote the remaining volume, as 

well as the surface bounding this vol- — ^ 

ume. The normals n we will reckon s' 

inward as in the figure. / x \ 

From 233, 7) we have, denoting an / \ 

element of surface by da, f L 1 


m^v^d^-fUvdr (1 

jT\r dn duj Jtv 

since A U= 0. 

Let us suppose ^satisfies the relation 


< some Q- , as r = 0. 
r 


C^dr < a f dr = 
Jk r Jk 


0 , as h = 0 . 


Hence the integral on the right of 1) converges to 

/1a T7--7 . _ 7 . 


— / -A Vdr , as k = 0. 
Jsr 


Let us turn to the integral on the left of 1). We have, taking 
account of the sign of the normals, 


-fx >-sx 


Now relative to jBT, ^ ^ dr d 1 1 

dn r dn dr r r 2 

Let now V v V 2 be the minimum and maximum of V on K. Then 


4 IT WV 1 < £ Vdcr < 4 ttIi?V 2 , 
J^Vd<r = 4irWV m , 


where V m is a mean value of V on K. 
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Let now k A 0, then V„ = V a , the value of V at a. Thus 

f 4 ttF 0 . 


Let us now look at 


f 1 


lar 

dn 


da. 


dV 

dn 


Since the first partial derivatives of V are continuous, so is 


• Hence 


Thus 


d V r 

— — < some S on K. 
dn 


liZda- H = 0, as & = 0. 

xr dn Jc 


We thus get, the point a being within jS, 



d_ 

dn 


lii>_riAPSr. 

r dn J Jsr 


(3 


In case V is a harmonic function, this gives 



ian 

r dn J 


dcr . 


(4 


2. In the foregoing, the point a was taken inside the surface ; 
let us now take a without S. 

Let $ be a sphere of radius K=cc. About a as a center let us 
describe a sphere f of radius k= 0. The three surfaces S , f 

limit a region T whose boundary may be denoted by the same 
letter. 

Let x be any point in T. Then 



is continuous in T and we have again 



iar_ y±V) 

r dn dnr J 


da = — 


rh 

Jr r 


-AT^r. 
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In passing let us note that the rectangular xyz coordinates are 
a.l an defined by a system of triply orthogonal surfaces, viz.: 
planes. To solve „ 

= 0 , (1 
da? dy* 6z 2 V 

by the method we have here in view, we first pass from the rec- 
tangular coordinates #, y, z to a system of coordinates determined 
by the triply orthogonal surfaces. 

To illustrate this let us consider the case of the sphere. Here 
the family of surfaces are given by 

x 2 4- y 2 + z 2 — r 2 = 0, 

x 2 H- y 2 — z 2 tan 2 0 = 0, (2 

y — x tan <f> = 0. 

If we solve these, we get 

f t (x, y , 2 ) = "v/st 2 + y 2 4 - z 2 = r, 

/ a (®, y, z) = arctg + y = 6, (B 

f z (x, y, a) = arctg ^ = <f>. 

X 

Giving r, 0, <f> definite values, we can solve 2) for x, y, z, getting 
x = y x (r, 0, <f>') , y - g 2 (r, , z = y s (r, 0, <#>). 


In the case of the sphere these are 

x = r sin 0 cos <f> , y = r sin 0 sin <£ , z = r cos 0. 

The new coordinates are polar coordinates. 

In general the family of orthogonal surfaces corresponding to 
3) may be written 

fi(x, y,z)=% , /,(*, y,z~)=Ti , f s (x, y, z) = £ 

To each triplet £, 97 , £ will correspond one surface in each family. 
Their intersection, takiug account of the octant, will be the re- 
quired point. The next step is to take f, 77 , K as new independent 
variables and transform Laplace’s equation 1) to this set of 
variables. For polar coordinates this has been done already. 
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We saw, 221, 7), that 1) becomes 



A ±f 

sin 6 dd\ 



+ 


1 9% = o 

sin 2 0 8<fP 


(4 


Having transformed 1) to the new coordinates £, rj , f we try to 
find solutions of the very special form 




where F, H depend respectively on a tingle variable as indicated. 
With this end in view we set 5) in the transformed Laplace 
equation Au = 0 and find that it is possible to break it into three 
ordinary linear differential equations of the second order, of the 


and similar equations for r) and 

Let be a particular solution of 6), while 6^(77), 

may denote particular solutions of the equations analogous to 6). 
Then 

is a solution of Au = 0. 

As we shall see, it is possible to get an infinity of solutions 


= F 1 Q- 1 H 1 


o 


u l 9 u 2 ’ U S 


of Au = 0 of the type 7). Then 

u = -f* “b ^3^3 (8 

is found to be a solution and it is possible to determine the con- 
stants c which enter so as to satisfy the given boundary values. 
All this will be made clear in the following. 

236. Solution of Au = 0 for the Sphere. Axial Symmetry. 1. Let 

us apply the method outlined in the last article to find a solution 
of Au = 0 for the case that u must assume given values on a sphere 
S of radius J2, which are the same on all meridians having the 
same axis. This axis we call the axis of symmetry , and we say the 
boundary conditions have axial symmetry . 
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Let us take this axis as the z-axis. Since the boundary values 

a . 

are symmetrical, we take u as independent of <£. Then — = 0 

d<b 

and Laplace’s equation becomes 


d_ 

dr 



+ 


1 d_ 
sin Odd 



= 0 . 


a 


According to the general scheme we now set 
u = F (r) 0(0) 


(2 


where F depends only on r, and O only on 9. 
becomes 


1 d f . dF\ 1 1 d ( • a dO\ 
F dr\ dr) 0 ' sin 6 d$V m ° d6J 


We find 1) 

(3 


Here the left side is a function of r alone, the right side is a 
function of 0 alone. Suppose then that we determine F so that 


and Q- so that 


^df r 2dF\_ a = 0 

Fdr\ dr) 




Q- sin 0 d6 


dd J 


(4 

(5 


The corresponding values of -F, Q- put in 2) will obviously 
satisfy 1). 

2. Let us look at 4). This may be written 

+ 2r$f-aF=0, (6 

dr 2 dr 

which is a linear homogeneous differential equation and so belongs 
to the class of equations treated in the previous chapter. 

Its only singular point in the finite part of the plane is r = 0. 
At this point the indicial equation is 

s 2 -I- a — a = 0. (V 


Let s be one of its roots. We then set 

V = + c i r + c 2 r2 + — )• (8 
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re the c’s are determined by 209, 5), viz. : 

«o/i(«) + c i/o(* + 1 ) = ° 
c o/a(®)+ c i/i(® + 1) + ^/o(®+ 2) = e ^ c * 

w in the present case/^/a are all zero. Thus <? 2 ••• are 
zero. Thus 8) reduces to 

y = r*. 

ce we are seeking only particular solutions of 1), let us choose 

I 7) so that its roots are integers. Then if n is one root, the 
er must be — (n + 1). Hence 

&=n(w + 1). (9 

r this value of a, 6) admits the two integrals 

r 11 and , n = 1, 2, ••• (10 

bh types of solution are useful, as we shall see. 

Let us now turn to 5), which becomes on giving a its value 
9), and setting 

CC — COS 

(l_^)^_2^ + »<> + l)tf = 0. (11 

dx M dx 

t this is Legendre’s equation for which 

-P.O) , Qn O) 

m a fundamental system. 

Thus by 2) . D , ,,\ 

17 y «„ = r n P n (cos 6) 

1 n = 1, 2, — (12 

w » = ;^ri p »( cos O 

i solutions of Laplace’s equation A u = 0. 

The boundary values being symmetrical with respect to the z- 
s, the value of u is known on S when it is known on a meridian. 

II this value v, it is a function of 0 . If continuous and having 
Ly a finite number of oscillations in the interval (0, i r), it can be 
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developed in a series 

v = a 0 + OjP^cos 6 ) + a 2 P 2 (cos 0) + ••• (IB 

where o „ j. i r* 

a n = + / vP B (cos 0) sin Odd (14 

* c/0 

as we saw in 227, l. 

According to the general scheme we now set 

U = + < 7^2 + G Z U Z + — 

and try to determine the coefficients c so that u reduces to v when 
the point P = a, y, z is on the sphere S . 

There are two cases. If P is within 8 , we take 

u - c 0 + e x — P 1 (cos 6) + c % (|Jp 2 ( C0S 0) + •• (15 

If P is without 8, we take 

u = c^ + eJ^Jp^oos 0 ) + c 2 (f) 3 P 2 (cos 0) + ... (16 

To determine the <?’s we take r = JB. Then 15), 16) give, since 
w = v now, 

v as (? 0 -f ^P^COS 0) 4- c 2 P 2 (cos 0) 4- (17 

Comparing this with 13), we see that the boundary condition is 
satisfied if we take 

c n —a n 

where a n is given in 14). 

Functions of Laplace 

237. Spherical Harmonics. 1. We have just seen how to solve 
Au = 0 when the values assigned to u on the surface of a sphere 
8 are symmetrical with respect to an axis. We wish now to con- 
sider the case that the values assigned to u on S have no such 
symmetry. This general case was considered first by Laplace, 
and the functions he introduced to effect the solution have been 
named after him. We begin by proving a number of theorems. 

2. The equation ~ 2 y 2 j j $ 2 rr 

A V= 4- 4- • 

dx 2 by 2 dz 2 


0, 


(1 
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admits as a solution the homogeneous polynomial 

TJ = 2,a ifk x i y i z k 

of degree n = i +/ + h containing 2 parameter*. 

For 2) contains . H N 

y 0 + 1)0 + 2) 

2 


(2 


terms. Putting 2) in 1) we get a homogeneous integral rational 
function of degree n — 2 which contains 

n(n — 1) 

2 


terms. As A TJ must = 0 identically, the coefficients of all its 
terms must = 0. The number of independent parameters is 
therefore 

0 + 1)0 + 2) n(n — 1) „ 

2 2 =^ m + 1 - 

We call such polynomials harmonic polynomial* of order n . 


3. We have at once the following theorem : 

There exist 2 n + 1 linearly independent harmonic polynomial* of 
order n . 

As examples of such linearly independent harmonic polynomials, 
we add the following table : 

n = Oa constant. 
n = 1 x, y, z. 

n = 2 x 2 -y 2 , y 2 - z 2 , xy, yz , zz. 

n = 3 3 &y—y\ 3^z-z 8 , %y&—y\ Syh—zP, Zahc-a?, $z 2 y-y B , xyz . 


4. Let us pass to polar coordinates, 

x = r sin 0 cos 0 , y = r sin 0 sin <£ , z = r cos 0. (3 

Then the harmonic polynomial TJ of order n becomes 


U=r*Y n , 


where Y n is a homogeneous polynomial of degree n in 
sin 0 cos <f> , sin 0 sin <f> , cos 0 . 


(4 


(6 
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We call Y n a spherical harmonic of order w, and have the theorem : 

There exist 2 n + 1 linearly independent spherical harmonics of 
order n. 


If we transform 1) to polar coordinates 3), we get, as already 
en 

1 d 2 V ld 2 V 1 d 2 V 2 dV eot0BV -(K (Q 
dr 1 r 2 30 2 r 2 sin 2 0 d<f > 2 r dr r 2 60 


If we put 4) in 6), we see that Y n satisfies 


6fY 1 d 2 Y 
60 2 sin 2 # 6<f> 2 


cot 0 + n(n + 1 ^ Y = 0. 


a 


Let us also note in passing that 


~f= w n_1 Y n . 
dr 


(8 


5. If U, V are two harmonic polynomials or two spherical har- 
monics of orders m=£n, then 

UV da = 0, (9 

the integration extended over the sphere S. 



Let us first suppose that U \ V are polynomials, 
relation 288, 7) 

U— - V—)da= 0. 


dn 


dn J 


By Green’s 


Using 4) and 8) this gives 

f ( nR Y m F„ - Y m YJd* = 0, 

J 3 

or fY n Y n d*= 0. (10 

If we multiply this by i2 m+n , it goes over into 9). If we sup- 
pose, on the other hand, that U, V are spherical harmonics, say 
JJ= Y m , V= Y n , they may be converted into harmonic polynomials 
by multiplying by r n respectively. Then we are led to 10) 
again. 
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(1 


238. Integral Relations between Y m and P, 

Let V- p m Y m 

be a harmonic polynomial. Let 
P(p', <f>\ 6 1 ') be a point inside the 
sphere S , and Q(p, <j>, 6) a point 
on its surface. Let 

r = Dist(P, Q ). 

Then by 234, 4) 

4 „Vj,= (2 

J js\ dnr r dn j 

Let 

fi = cos (/>, p ') = cos o) = cos 0 cos 0' -f- sin 0 sin 0 f cos (<£ — <£'). (3 

Then by 222, 4) 

- = >:i 



Hence 

Also 


1 

dn r 


l — ^ + 1 )r^ J> ' <>) ' 


(4 


dV 


= — mp m ~ l Y m 


dn 

da = p 2 sin 0d0dcf). 

These ini), 2) give 4 „ Vp = 4 T m (0', </>') 

«/ 5 i w== 0 ^ 

+ rnp m ~ s r m y( £) m P n <» ) p 2 sin dddcto 
n=sQ\p J J 

= * j r O + » + 1) F M P„(/i)sin 6ddd<f> . 

S IPVs J 

The right side is a power series in /o'. Equating coefficients of 
like powers gives 

C d<j> C Y m (0 , <£)P n (/A) sin 6d6 =0 , (5 

Jo Jo 

^)= 2w ! + 1 r f ' </>)Pn(M)s in AW (6 

** 7T t /o Jo 

where /a is given by 3). 
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239. Development of /(0, <|>) in Terms of F m . Suppose the 
values of a function / are given at all the points 0, <}> of a sphere 
jS. If /is continuous and has only a finite number of oscillations 
along any great circle, it can be proved that / admits a develop- 
ment of the form 

/= W <f > ) 4 Y x (0, <f>) + r 2 (ft 0) 4 **• (1 

where the F w are spherical harmonics of order m. Moreover 
this series may be integrated termwise. 

Admitting this, we can easily show how to determine the terms 
in 1). Let P (0, <£) be an arbitrary but fixed point on S ; let 
Q(a, )8) be a variable point on jS ; let 

ft = cos co = cos a cos 0 4 sin a sin 0 cos (£ — <f > ). (2 

We multiply 1) by ain 

and integrate over S. Then by 238, 5) every term on the right 
will drop out except that with the index n . Thus 

f d/3 f / • P n • sin ocda = f ' d/3 C Y n P n sin ada 
Jo Jo J o Jo 

= /T n (M),l)y23M). (3 

L Yl 4 J- 

Hence o , i nu /» «• 

f(P, *) = y “ + d/3 f. P„(cos «) sin ado, (4 

4 7 T ,/ o J 0 

where cos <d is given by 2). 

For later reference we note that 3) gives 

Y n (6, <f>) = 2n + 1 C* d& fy (a, y8)P n (cos ©)sin ada. (5 
Jo Jo 

240. Fundamental System of Harmonics of Order n. 1. We saw 

in 237, 2 that there are 2 n 4 1 linearly independent spherical har- 
monics of order n. Such a system we call fundamental . We 
show how to form them. 

We saw in 237, 4 that any spherical harmonic Y n of order n is 
homogeneous in 

sin 0 cos <f> , sin 0 sin <j> , cos 0 . 


(1 
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Thus Y n = 1A V ' a (sin 9 cos <f>') p (sin 9 sin $)« cos” -3 ’ -9 9 

= 2.4^ a cos® 4> sin* <f> sin 3>+9 9 cos” -3 ’ -9 0. (2 

Now cos 1 ’ <£ sin 9 <f> can be expressed as a linear function of sines 
and cosines of the angles 

G> + q)<t> . 0+?-2)<£ , ... 

1,1 cos Sin. * _(** + < ''")’(«» - '"*V. 

Expanding this gives 

2P+* i q cosP <f> sin? <j> == e* p+q) * + (p — ... + 


Hence, when q is even, 

cos* <f> sin 2 cf> == a 0 cos (jt? + cos(jt? + q — 2)<£ + ... 

= 2 a 5 cos (p + q — 2 /)<£. 

When £ is odd, we get similarly 


cos 31 sin 2 <j> =: 2J y sin (p + q - 2 /)<£. 
y 

If we set these in 2), we get 


F n = 2 0^^ sin m 0 cos n_m 0 


Now 


cos (w — 2 /)<£ 
sin (m — 

sin m 0 cos n 7,1 0 = sin m_2j * 0(1 — cos 2 0)* cos n ~ m 0. 


This in 3) gives, on setting n— m = Tc, 


where 


n 

Y n — 2 \F k cos Jc<f> + G- k sin Jc6 }, 

le= 0 

= Lk sin* 6 , G- k = M k sin 4 0 


and L k , M k are polynomials in cos 9. 

Now we saw in 237, 7) that Y n satisfies 


(3 


(4 


(5 
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Putting 3) in 6), we get 

Jo 1 sin2 °hd + sin dc 0 a M + + ^ sin2 6 - ^ I cos hf> 

00 

+ ^ £ similar expression in Gr k } sin h<f> = 0. 

This relation holding for any <f> requires that F k , Q k are solu- 
tions of 

Sin2<9 § + sin 0003 6 % + M^ + l)sin 2 0-£2}y=»O. 

If now we set 

y = u sin* 8 , 


we get by 5) the equation that Jj k , M k satisfy, viz.: 
s ^ n2 + (2& + l)sin 9 cos 8~ 


If we set 
this becomes 


+ \n O + 1) _ k(k + 1) l sin 2 6 . u = 0. 
x = cos 6 , 


^^~ 2 ( k + V>x^ + \n(n + V)-k(k + r)[u=Q. (7 


This is closely related to Legendre’s equation 

(1_a:2) S“ 2a: l +w(ra+i > ==o - 

For if we differentiate 8) k times, we get 7). 

Thus one solution of 7) is 


u = d^P n (x) 

dod° 


W*). 


(8 


(9 


Since now every solution of 7) is the 4th derivative of a solution 
of 8), it follows that L k , M k are. 

But L, M are polynomials in x. Now we have seen that 8) 
admits no solution besides cP n (x ), which is a polynomial. Hence 
Pd k are aside from constant factors the function given in 9). 
Thus by 5), F k , G- k have the form 

sin* 6P<» (cos 0) = (1 - tffpw (x) = P n% k (x). 

They are called associated Legendnan Functions . 


(10 
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Thus we have : 

P h ! = VT- s 2 - 

P 21 = 8*vT-^ , P % 2 = 3(1-^), 

JC> 8,i = K 5 ® S_1 )' N/I ~ a ^ * P 8)2 = 15o!(l-a?), 

P 3i8 = 15(1-2?)V1-^. 

2. Returning now to 4) we see that Y n has the form 

Y n = 2 \a n k P-k (cos 0) sin *<#> + K, k?n, t, (cos 0) cos hf > } . (11 

Jfe=0 

Since sin &</> = 0 for fr = 0, Y n is the sum of 2w + l terms of the 

type sin kd>P n , k (cos 0) , cos k<fiP n> * (cos 0) . (12 

It is easy to show that the functions 12) are homogeneous in the 
quantities 1) of degree n. To do this we reverse the process 
used in 1. Thus each of the 2 n + 1 terms 12) which enter 11) 
being homogeneous and also satisfying 6), is by definition a 
spherical harmonic. 

Since any spherical harmonic Y„ of order n can be expressed 
linearly in terms of the 2 n + 1 harmonics 12), these latter form 
a fundamental system of order n. 

We have thus the theorem: 


The 2 n + 1 harmonics 

P„(cos 0) , ( 13 

cos<t>P n , iCpoaff) , cos 2<£P n , 2 (cos0) , ••• cosn<pP n , n (cos 0), 
sin <f>P nA Ccos 0) , sin 2 $P n ^(cos 0) , — sinn<f>P n , n (cos 6), 

form a fundamental system of order n. 


241. Integral Relations between P„ tk , P n , TO . We now prove the 
important relations 


f~P^(z)Pnk(x)dx = 0 


m=fcn 

2 

2 « + 1 


0 - 

(2 
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J== J^ l PmkPnkdX 


k d*P m #P 
dx* ds* 


To fix the ideas suppose n > m. We integrate by parts, using 
the formula 


We take 
Then 
and hence 


udv = [mvJLj — 

w = Cl - ^ = Pi k ~ X) . 

[ nv ]!! = 0 

- JT pr x) £(1 - **yp%>dz. 

Repeating this process h times gives 

c7= c - a - w 

• = c-iy£w x , 


(3 


where is a polynomial of degree m. 

Thus when n > -m, = 0 by 225, 2), which gives 1). Suppose 

n = m. We have from 222, 5) 


P„0) = 1 * ? + 

1 • 2 • •• n 


Hence 


P n <*>0) = 4^0 - 1) ... (w-H l)a^"* + — 

Also Cl — = ( - 1)V*+ ••• 

Hence 

tf n+it = P^OXl - = C - 1 yAn(n - l)—(» - * + l>" + *+ ••• 

F n = -f- Q- n+k = (- 1) -4,»(n-l)...(n-* + l)(» + *)(»+ *-l) 
cfe* 

• ••(n + l)a; B + ••• 


= C — 10* ' _Aa;» + ... 
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Now F n is a polynomial of degree »; it can therefore by 227 be 
expressed in terms of P 0 i ••• P.* Wo ff**t 

+ , + V.-, + ~ 

Tima 8) becomes _ (_« + k)\ l‘ x jnfo 

since each of the other terms =» 0 by 22. f », 1). If we now use 
22f>, f>), wo get 2) at once. 

242. Development of /(«, 4») i» Term* of P„. In 289 we saw 

that when f(d, <f > ) is a one-valued eontinuoUH function of 0. $ 
having 1 but a finite nuinlwr of oscillations along any great circle, it 

could l)e develojwd in a series of spherical harmonics 

•> 

M<f»= r 0 + r, + r, + ... a 

But in 240, 10) we saw that each Y„ is a linear eoinbinntion of 
certain fundamental harmonics. Thus 

/(& £)= 2 2M, 4 cos k<f> + sin (2 

N * 0 4 . If 

wluiro / - t!UH 8. . 


To determine the j4’s and H'n we note that 

J i cos ni<f> sin n<f>d$ = 0, always 

P'itK 

I coh ctm = 0, m n* 

Jo 

r 'iw fin fin 

ucm % n<f>d<f> = 7 r, I <*os «<£</<£ = 0,1 aiu » 0 , n > 0. 

»MI *'0 

Let us multiply 1) hv dtp and integrate, wo get 

= 2 t&amz). 

J « « 0 



FUNCTIONS C)F LAPLACE 531 

This we multiply by P m dx and integrate, getting 

= 2 ■jr'2A n0 J n ^P m P n dx 

= - i7r A. 

2n + 

since all the terms on the right = 0 except when m~n. Hence 


-* 4 - 72.0 


2 w + 1 
4 7 r 


T ^ /P m sin acZa , w= 0, 1, 2 ... (3 

Jo Jo 


Let us now multiply 1) by cos k<f>d4 >, k > 0, and integrate, we 


get 


C f G °8 k<f>d<f) — 7 
Jo «=o 


We now multiply this by P^dx and integrate. We get, using 
241, 1), 2), 


Thus 


= 2 2 ^ 1 (w + ifc) \J^ C ° S ^C° 08 “) sin arfa> ( 4 

Similarly we get 

^ n ^J' ^ ^ f sin A/3 P wA (cos a) sin ada. (5 

There are no coefficients since the factor sin k 4> = 0 for & = 0. 
Putting in these values of the A s and 2?’s in P - * we get 


where 

Thus we have 


{cos h(f> cos kf3 + sin Jc<f> sin A/3|P nifc (cos a) sin ad/3, 
rj k = \ when A = 0 
= 1 when k > 0. 


r * -r*n c» + s ' 2 2 » 1 ^ «' p ^° o8 “)- p » ( :' :os *> 

cos &(<£ — /9) sin adyS. (6 
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243. Expression of P„(cos ft in Terms of P n , P nk - Let ' 

P(«,/3) , Q(0, ft 

be two points on a sphere whose center is 0. If a> is the angle 
between OP, OQ we have 

cos o) = cos a, cos 0 + sin a sin 0 cos (jS — ft. 

Now in 239, 5) we saw 

Y n (0, ft = 2 * ' + 1 r sin ada f/(«, /3)P n (cos ftd/3. 

^ ^ 4/0 4/0 

If we compare this with 242, 6) we get 
P B (cos ft == -P„(cos «)_P n (cos O') 

+ 2 s ? _ S ; -***(«» cos kp - ft- (i 

244. Solution of Dirichlet’s Problem for the Sphere. 1. This 
problem is to find a solution V of Laplace’s equation AF=0 
which takes on assigned values f(0, ft on a sphere S of radius P. 

If the point P is in S, we set 

V=Y 0 +Y 1 j t + Y 2 (£) + ... r<P. (I 

Each term is a solution of AF=0 and hence 1) is. For r = R it 
reduces to F, - F 0 + Pi + F a + ... (2 

Thus V t must =/(0, < £) if 1) is to satisfy the boundary conditions. 
Thus the coefficients F 0 , Pi- in 1) are the terms of the develop- 
ment of/(0, 0) given in 242, 6). 

If the point P is outside S, we set 

r=r 4 + r,f + r a (f)’ + ... t>b (s 

and reason as before. 

2. By the above we have solved the problems : 

1° Determine the temperature at any point in a sphere S which is 
in a stationary state, the temperature being given on the surface of S. 

2° Determine the potential for any point outside a sphere 
knowing its value on the surface of S. 

3° Determine the motion of an incompressible fluid having a 
velocity potential V. \ knowing V on the surface of &. 
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BESSEL AND LAME FUNCTIONS 


Bessel Functions 


245. The Integrals of Bessel’s Equation. 1. This equation was 
studied in Chapter XIII ; it is 


a: 2 + (of — m 2 )y = 0. 

CLOb dCC 


When 2 m is not an integer, we saw in 211 that 1) has two linearly 
independent integrals 

r (- 1 )” f x Y +2n ( 9 


Jm( - x) "§n(«)n( M + n) (2. 

-T_ C -1 )" (* 

~ h n(n>n(« -mM 


The first converges for every a, the second for every x=?=0. 

In the applications m is usually an integer. For m = 0, 1, we 

have ,,.,**** # . 


1 — 9 9 + 


2 2 . 4 2 2 2 • 4 2 • 


J Y X ) - 2 ~ 2 2 • 4 + 2 2 • 4 2 • 6 ~ 2 2 • 4 2 • 6 2 • 8 + 

The function defined by the series 2) is called a Bessel's function 
of order m. 

2. When m is an integer, we have 
For k being an integer or 0, 


n(-i) 


(6 
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Hence the first m terms in 3) vanish. Let us therefore change 
the index of summation in 3), setting v = n — m. Then 3) becomes 


j \* v+m 

= (- iyJ n (x). 


3. Since 2) is a power series, we may differentiate it termwise, 
which gives 

jr (■„■) _ N' ( - rro + 2 n) +2n _! 


‘^2 w+2 «ri(7i)nc^ + w) 

4. When x is complex, 

x = r(cos 0 + i sin 0)> 

we may write 


(7 

(8 


Now 


Thus 




= (I] (cos 2 w0 + isin 2w0). 


... ^ ( - 1)" cos 2 « , • v' ( ~ l) n 2 nd fr\ 2n . q 

3m ^ in(M)n (m + n)\V + Sn(n)n(m + w)W‘ ( 

When m is real, this enables us to write J m (x) in the form 

^m(^) = + i Vmi 

where U, V are real. 


5. From 2), 3) we have 

J", (x) = \/— sin x , 

* Xr TTX 


$ *7TX 


COS X. 


(10 


(11 


246. Relations between the J m and the f n . 1. The following re- 
cursion relation exists between three consecutive Bessel’s Func- 
tions. o „ 

^n+lC®) = — J n (x) - J*r- l(®> 

X 


(1 
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2. We show next that 

2 J' n (x) = J n -i(x) - J n+l (x) . (4 

For subtracting 3) from 2) gives 

J -J = xn ~' + f7_ n + 2s 

»-i »+i 2 n - l n(» - 1) a ^ } 2 n+2 * -1 ' n(«)n(n + *) 

= fr-iv (w + 2 
7^ } 2 n+2 '- 1 n(«)i I (w+8) 

= 2^). 

3. From 4) we get, on replacing j» + i by its value given by 1), 

J&z') = -*J n (x) + J n _,(x). (5 

X 

From 1) we also get 

J'n O) = -«/„(*) - «W*)- 

X 


(6 
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4. From 245, 7 ) we have 

d„(x) « - 

5. We have also 


or using 5), 


Jr (W,) » iur u ' l J n + z"./„'. 


dx 




(7 


(K 


6. By means of 1) and 245, 10), 11) wo have the theorem : 

When n it a positive or negative odd integer , J n ( r ) ran be ex- 
pressed in terms of the elementary functions. 

Thus in particular the recursion formula 1) gives 


«/,(*) - 
i 

V 1 ! 

sin dr 

X 

- COS X | , 

«/„(*) - 
2 

V-( 

*7 r\r I 

sin 

> 0 - 

J »(x)m 

-V- 

[ cos 

- + Hin z 

2 


• ( dr 


•I 

2 

Tra? [ 

COHx| 

3-0* 


3 ] 

COM X • , 

x ! 


247. Integral Relations. 1. As a first such relation let ua prove 

/ xJ a (x)dxm,xJ x {r). (1 

n’ n 

For 0 Bessel’s equation becomes 

This is satisfied hy -/„ ; it therefore gives 

db l 0 + r ' / "“°- 

Integrating this gives 

*J' n (x)+ ( rJglxm 0. 

Using 246, 7), this goes over into 1 ). 
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If we use 246, 6), we get from 8) 

(/3 2 - « 2 ) f xJ n (ax)J n (&z)dx 
o 

= x\pj n («x-)J n+l (Px) - «J n (fix')J n+ - l (a.x') } . r? 
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lifferentiate 8) with respect to /3 and then set /3 = «. 


ax)dx 

axJ^^ozx) — ^(oca?) J£(oea?) — ccxJ^ax^J^ax ) } . (10 

r J K (oca?) by means of 1) this gives 

xJ$(ax)dx - j | Jl\ctx') + (.- J— j • • (11 

, 6, this gives 

)dx = ^ St72(«a;) 4- ^|+i(aa:) } - — ^(as) «^«+i(<*®)» (12 

A 0C 

if we differentiate 9) with respect to /3 and then set 
jet 

(ax)dz = zJ n (ax)J n+1 (az) 

+ (^{Jn<L<*X)JU l(^)~ («»)!• (18 


e Roots of J m (x), m Real. 1. In many of the applications 
■tant to know that J m (x) has an infinite number of real 
st us consider the general question of the nature of the 

.(*)• 

s °f ^m(^) = 0 are att r& ol when m is real . For suppose 
x = a 4- MO. Then the series 


■w- fra 


:Yy (- 1 )" 

!/ sn(w)n(m + w) 

A ~h Z>5 = 0, 

A = 0 , 5 = 0 . 


ows that then the conjugate number x f = a — ib must be 
jet us therefore suppose that 

oc = a + ib , yS = a — ib 

>ots of J m . Then 

o? — /3 s = 4 ia6. 

^(ckc) , </ m (/3a?) = P - 


T] 

six 

Bi 

va 

1 ) 

H< 

va 

ro< 

In 

Tb 

£ 

Th 
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These in 247, 9 

since 


— 4 idb fx(P*+Q*)dx = 0 

«40) = o , <403) = o. 


(2 


But the integrand in 2) is positive. Hence the left side cannot 
vanish unless a or b = 0. 


Suppose a = 0, so that a = i&, 6 > 0 is purely imaginary. Then 
1) becomes 

^-(D'Snonc^jCs)" 



Here is a series all of whose terms are positive; It cannot 
vanish. As b > 0, J m does not vanish. Thus J m has only real 
roots. 

2. The development 1) shows that : 

<4(0) = 0 , when m > 0. 

It also shows that : 

If x = a >0 is a root , 80 is x = — a a root . 

8. No two consecutive functions \(x) have a root in 

common , aside from x = 0. 

For if a were such a root, 247, 9) gives 

x J n Qax) J n (y&r) dx = 0. 

In this relation let y8 = a ; we get 

xJ^ctx)dx= 0. 

This is impossible as the integrand is > 0 for x > 0. 

4. The roots of J m (x) are all simple , aside from x= 0. 

For consider /(*) = x m J m (*) . 

This does not vanish for x^=Q, unless J m — 0. 
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But from 246, 8), f (jB) = ^ 

As J" m , Jm-i have no root ^0 in common, /'(a?) does not van* 
ish for any non-zero root of J m . 

fi. J m (x) has an infinity of roots. 

For we have seen in 247, 2 that 

satisfies 
where 


U = ^/xJ m (x) 


d 2 u , A 


^ = 1' 


4 m 2 — 1 
4s 2 


The index m 
The equation 
admits 


being fixed, let us take f > 0 so that 
0 < g < 1 for x > f . 

^ +,= ° 

v = sin a; 


as a solution. 


If we take 
we get 


Then by 247, 2 

m — = / (1 — gjuvdz. 

_ acr t / a 

a = 2 /wr , = (2 ti + l)7r, 

w (/3) 4- ^ (a) = — (1 — 'iwd#. 


(3 


Suppose noww is positive in the interval 31 = (a, #). Then the 
left side is positive and the right side is negative, since 1 — g > 0 
in any case, and v is positive except at the end points of 31. Thus 
the two sides of 3) have opposite signs, which is a contradiction. 

Similarly, if u is negative in 31, we are led to a contradic- 
tion. Thus u must vanish at least once in 31. Hence in any 
interval (a, 6) of length 77*, J m (x) vanishes at least once, pro- 
vided a>%' 
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249. Bessel Functions as Loop Integrals. We have seen that 
Bessel’s equation 

(i 


admits J m as a solution. As J m has the form 


let us set 
in 1). We get 


o + a x x-\ ), 

y = x m u 

x ^ +c2m + 1)! t +xu=0 - 


This is a special case of a class of equations 

Oo+ V0|^; + Oi + V) +••• + («„ + b n x)u = 0 


(2 

(3 


whose integral may be expressed in the form 


u 


-Jf 


e xt w(z)dz. 




Let us suppose n = 2 in 3) and let us change the independent 
variable x by setting 

v' = a 0 + V* 


If we make this substitution in 3) and then drop the prime from 
x\ we get an equation of the form 

X dstfi 0*4- dx)u = 0. ( 5 


Comparing 5) with Bessel’s equation 2), we see that 

a = 2 m + 1 , 5 = 0 , <? = 0 , d= 1. (6 

If we divide through by a, the equation 5) becomes 



Here the coefficients have poles of order 1 at x = 0. Hence the 
integrals are regular at this point. 



542 


FUNCTIONS OF A COMPLEX VARIABLE 


Let us now consider the point x = go. If we set 

we get 


1 

z 


S+(*:--a= + G + S-* < 8 

j 

As the coefficient of — can have a pole of order at most 1, and 
dz 

the coefficient of u , a pole of order at most 2 when x = oo is reg- 
ular, we see this point is an irregular point of 5). 

Bessel’s equation 2) becomes, on setting 6) in 8), 


<Pu 2m — ldu. 1 n 


dz 2 


(9 


2. Suppose we try to satisfy 5) by a power series of the form 


u 


= x r { — ? + ••• 


X x 2 


(10 


which shall be valid about x =oo. We shall find it possible to 
determine the coefficients A 0 , h x ••• so that 5) is formally satisfied, 
but we shall find that 10) is divergent. 

To illustrate this let us consider the equation 2) for m=0 which 
is satisfied by J Q (x). 

I£ we set y = 


it becomes 


cPu 
dx 2 


+ 


S +2i ) 


dx x 


(ii 


Comparing this with 7), we see that 

a = 1 , 5 = 2 i , c = i , 

If we put 10) in 11), we find 

r = ~h 

and o . - (2«- iy, 

2*nA n = v - J K-v 


d = 0. 
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The ratio of two successive terms in the adjoint of 10) {s' 

l l K l\* im 

K-i «|*|\ n) 

The series 10) diverges therefore for every x. 

3. Returning now to 5), let us try to determine w and L in 4) 
so that the resulting integral satisfies 5). Putting 4) in 5), we 
get 

j' e XI Fdz + J*dG = Q, (12 

where ■, 

F=(az + c)w — — • w(z 2 + bz + <d), (13 

G = e xt (z 2 + bz + d ) w. (14 

Thus if we determine w so that F = 0 and choose L so that G 
takes on the same value at the beginning and end of L, the inte- 
gral 4) will be a solution of 5). 


Let us write 13) 
Then 

Hence 

or 


~(pw) = qw. 


pw 


p 


lo gpw = J* %-dz, 


1 Jo*** 
w = -e 3p . 

P 

Let us now decompose ^ into partial fractions. We have 
P 


+ 


£ _ az + c __ 
p z 2 + bz + d z — a ' z — /3 

where a, yS are the roots of p = 0, which we will suppose unequal . 
Thus we may take 

w = 1 (z - «) \Z - py = (z - «) x_1 (z - /S)^ 1 . (15 

P 

This in 14) gives 


G — e xz (z — a) x (z — jS)'*. 


(16 
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As a path of integration L we may take a double loop about 
<*, /3 as in 220. 

Hence, remembering that 

*“= 1 +ff+ff+- 

we get from 4) n 

= / «“(ss - aY~\z -py-Mz (17 

= 5 |j- JWz - «y- x o - $y~ l dz. 


4. For Bessel’s equation 5), 6) 


p =s z 2 + 1 = 0 gives ct. = i , £ = — i, 

(2 m + 1)». 


Hence 

2_K 2w +i) + K 2m + i) 

p z—i z+i 


which gives 

\ = fx = m + 


Thus 4), 17) become 



w aj3 s= Jjf^ + l) m_i ^ 

(18 


=x^£^ 2+i ') m ~ idz - 

n=Q v l 

(19 

Now 

H r 

1 

t— 1 

1 

r-O 

a 

11 



where Z, k are loops about z = i, 2 = — i. 

When « describes a small circle about z =i, the end value of 


is 

Thus 


Z n = z n (z 2 + l) m ~£ = 2 f n (2 — l) m ~b(z + 
e ( m -i)™Z n = - = - 7?Z n . 


But obviously 


f=f+yf + *f + ,f • 
f +,r =0 , r +vf =0 


(20 


since the integrand has the same values, while the direction of 
integration is reversed in Z and Z"* 1 , etc. 
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Thus 20) can be written 


f Z n dz = (l- v -){ f Z n dz — f Z n dz\. 
Jl Jl Jle 


Now when n is odd, 


when n is even, 


£z n dz=£z„dz; 

J f Z n dz = — i Z n dz • 
l Jk 

j* Z n dz = 0 , n odd, 

= 2 ( 1 - rifz n dz , n even. 


To compute the integrals we set 


Then the loop l will go over into a loop j about y = 1, and 


2j^Z in dz =(- lyifctr* (1 - yY^dy. 

f = r-yf°=a + v) fV-ki - yy-^dy 

Ji Jo Jl Jo 


= (1 + y)B(n +£, m + £-). 


Thus finally 19) gives 

O m 

=i(l + J™yrQ-) T(m+ 1) • (2B 

by 245, 2). 

Thus aside from a constant factor is nothing but J m (x). 

250. Other Loop Integrals for x>0. 1. A second path of inte- 
gration L for which the function 

G = <?‘(z-ay(z-py, (1 

considered in 249, 16) takes on the same value at the beginning 
and end is indicated in Fig. 1. We will denote them by A and B ; 
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both are parallel to the real axis and < B 
pass about the points a, $ respectively. 00 ' ^ 

On A for example the real and imagi- 
nary parts of . . - 

are such that | v | < some rj while u comes Fiq 1 ‘ 

from — oo, moves up to a, and recedes again to — oo. 

If we set 

z — a = re 10 , z — p = se 1 ?, 
we have sy *.ll a-j-ua) 


Thus 


(jf- = 

| #1 = e^rH* = 0 as u = — oo, 


and takes on the same value at the beginning and end of A or j B. 
2. Let us now consider the integral 

u a = J* e xz wdz= J * e xz (z — a) A_1 (z — ^)^~ l dz (2 

where w is given by 249, 15). Similar results hold for the other 
integral for the loop B . 

Setting z-a = y, a-fi «a, 

2) becomes r* 

u a = I e z{v ^y k ~ l (jy + ay~ l dy (3 

«/ & 

where 81 is the new path. 

As y approaches indefinitely near 0 for a part of 81, call it 8^, we 
have 

*<1. (4 


Then 


(y + aY~ 1 = ar--'(l+?fj' 1 


- <n*-i \ 1 4- ** “ 1 V- + * “ 1 ‘ ** “ 2 ^ ■ 
“ 1 ^ a 1-2 a a 


where 


= 2 c„y», 

71 — 0 

1 • 2 ••• w 
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For the other part of SI, call it Slj, the relation 4) does not hold, 
and we write 6) 

(y + a) M_1 = e 0 + c 1 y + — + W + B,. 

This in 8) gives 

« a = e°* 2 o n f e tv y x+n ~ l dy + e°* f eS*>y k - x B,dy 
«=o J % r J% 


o 

(8 


We set now 


=e“(U+F). 

xy — — t 


c * 


in the U integral. Then SI goes over into a $ > 

loop 8 as in Fig. 2. Ew. 2. 

We get now 

Z7 = (-l) x z- x 1 (-l)»c n ar» T e~ t t X4n ~ l dt. 

**=0 c/fi 

But, as we have seen in 149, 2), 

C e-H^-'dt = (e 2 ^ - 1) T (\ + n) 

where by 144, 8) 

T(\ + n) = \(\ + 1) (X + n - l)r(\). 

This in 10) gives 

u= (- ly^o 2 ^ - 1) i (- i> n r(\ + *)«&- 

= * -x ip 


flaeQ 


where 


ip = (- lyo 2 "* - 1) l c o^W - c i r O + 1) • - 
+ c 2 r(x. + 2>.l — j. 


(9 

(10 

(11 

(12 

(18 


251. Relation between and u„, Up. We have now found three 
integrals of our differential equation 


viz. : 


+ (« + hx)^ + (c + dx)u = 0, 

dor dx 

u a p = J * e x '(z - «) x_1 (a - py-'dz 


(1 

(2 
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of 249, 17), and 

u a = 


j «-(* - a) k ~Xz - Py-'dz, 


u B = f e**(z - a.y- l (z - /3y~ l dz (4 

of 250, 2). Jb 

Since 1) is of the second order, a linear relation exists between 
them. Here the path of integral L in 2) may be taken 

L = ABA~'B-\ 


Since (z — «) x is multiplied by the factor e 2 * 4 * after describing 
the loop A, and a similar result holds for £, we have 

w a /3 = / = / + f + e 2,ri<A+ ' t) C + C . (5 

•/ L «/ A J B J 1 (/ jg-l 


Since 

f =0. 


Jaa- 1 

we have 

f + r = 0, 

J A J A - 1 

or 

f = — e~ 2niK r. 


J AT 1 J* 

Similarly 

f =- e -w f. 


J B -\ Jb 

Thus 5) gives 

= (1 — e 2,r *>) J* — (1 — j* 


= ( 1 - (1 - (6 

and this is the relation sought. 

252. Asymptotic Solutions. 1. We show now that the solution 
u a admits the asymptotic development 

u a e~ aX Q^ ~~ $ , x real and = -j- oo. (1 

Referring to 250, 8), 12) we have 

Uo.e^x^ = $ + V. 


(2 
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Thus 1) holds if lim ^ y_ Q 

where by 250, 8) 




The path of integration SI we 
take as follows. About y=0 we 
describe a circle c of radius 7. Let 
a = (—00, — 7) as in Fig. 1. Then 


Hence 

and 


549 

(3 

(4 


-y\jyyo 


Fig. 1. 


! = a • c • cr 1 . 


r= i + j + f.-'’ 


(5 


3 *+* v= J + +- ***j£_, = A + B + o. (6 

We show that A, B, C all = 0 as x = + 00. 


2. We consider first A . From 250, 7) we have 

R, = (if + a )" -1 - (c 0 + c x y + ••• + C,y t '). 

Hence /» 

A = x* +K I ( y -f ay~ l e xv y K ~ x dy — 2 6vr n+A / e^y^^dy 

e/a *=° e/a 

= J. 0 - 2 

A=0 

We show now that J. 0 , -4. x , ••• A a = 0 as x ^ -foo, beginning with-4 0 . 
For complex z = re t9 we have 

log z = log r H- id H- 2 W7n. 

Thus for large values of y on the path of integration, 

I log V | = log | y | , nearly. 

But from the calculus, , 

lim 10 **-!). 

X — +00 X 

Thus for | y | > some Y, 

I lo g y I < I y 1 - I lo £0 + y) I < I y I • 
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Hence for some ij > 0, 

| log y K ~Ky + a)" -1 1 < v I y I • 

I y^~\y + a)' 1-1 1 < , y < some y 0 < 0. 

| A,) | < £B* + * / y e v(T ~^dy = 0 , as z = +oo. 

l/ —x 

JFe wow aAaw that A k = 0. Changing the variable by setting 

xy = -t, 

we have /»+<» 

A* = (— 1 y+ k a?- k I e-H^-'dt 

Jy* 

= 0 , as x = + oo . 

3. Having shown that .A = 0, it is easy to see that (7=0 also . 
For (7 differs from A only in two respects. The path of inte- 
gration is reversed and the integrand has another value at y = 
— 7, due to the fact that y has described the circle c. After this 
circuit y k ~ l is multiplied by the factor e 2iri \ while (y + a)^" 1 is 
multiplied by e* r * t . Thus the (7 integral behaves essentially as 
the A integral, and we see at once that 

lim (7= 0. 

a?=4-oo 


Thus 

Hence 


4. We show now that i? = 0. We have 

B = e^y^R'dy 

where R a is the remainder of the series 

t=ax 

0 y + a)*" 1 = <?o + c iV + c 2 y* + ... 

beginning with the exponent s + 1 . 

If we set xy = — t, we get 

5 = ( - 1) Vjf e-^B.dt (7 

where (S is the circle corresponding to c 
in Fig. 1. 



Uxy 


Fig. 2. 
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As the singular point of iJ, is t = ax which lies 
outside of £, we can replace E by the loop 8 in v # ^ 
Fig. 3. This loop is made up of a segment l and FlQ - *• 
two small circles about the points t = 0, t=xy. Thus B will be 
the sum of three integrals 

B = B 0 + B l + B Xy (8 

corresponding to these three parts of 8. 

Since the integrand in 7) is one- valued about £ ±= av y, the inte- 
gral B xy = 0. 

The integral B Q = 0 also. For 


B, = c, + iy* +1 + c J+2 y +: 

= r- 1 J « 


(9 


Thus R, = 0 as the radius of the circle about t = 0 converges to 0. 
On the other hand, the reasoning often employed shows that 

B t = (- 1)* • x\e^ - X)Ce- t *-'R,dt. 


To estimate the numerical value of R, we use 112, 3). Here 
a = 0, 1 1 1 = p < | xy | , r = \ az\. 


Thus G- denoting a sufficiently large constant, 


Hence 


| 9 I _ ^+1 a , 


8+1 


1 

y x* +1 



e 2lHk — 1 1 • JTjf* 


(10 


taking the real positive value of the integrand. 

Let now s = + ao. Then the integral in 10) converges to 
r(\), and hence B t == 0. Thus 

lim B = 0. 

X— +00 

We have now shown that each term of 8) is 0 or == 0. Hence 
B = 0 as asserted. Thus the proof of 1) is finished. 
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253- Asymptotic Development of J m ( jc). 1. Let us apply the re- 
sults of the last articles to the equation 249, 2) which results from 
Bessel’s equation 249, 1) on setting 


As in 249, 4 

a = i , ,/3 = — i 


y = x™u. 

\ = H = m + % 


a = a — /9 = 2 i. 


The coefficients c are given by 
( y 4- a)* 1 - 1 = ^ 0 + HV + c 2 y 2 + — 

= (y + 20 w '5 = C2iy|l + ^r , p = m-i 


Thus 


(2 i) 2 


+ 


1 




_ (2m — l)(2m — 3) ••• (2 m — 2 r 4- 
1 • 2 ••• /• 


Substituting in 250, 13) and 252, 1), we get 


where 
D = 1 


u#r*x 


2 m -5e"T r ’ re -5)(l + + £)Z>, (1 


(— 1)* 4 m 2 — 1 4 m 2 — 9 

2*i* 4 4 


4 m 2 — (2 « — l) 2 1 

4 ‘ s 2 ' ^ 


In a similar manner we have for the integral Up = 

w ^a: m+ 5~2 m “5eT^)(l + + \)E, 


where 


E= 


=1+ S* 


1 4 m 2 — 1 4 m 2 — 9 4 m 2 — (2 » — l) 2 1 


■ *! 


(3 


(1 


2. Another integral of Bessel’s equation is x m u a p as given in 
249, 28). Now in 251 we have expressed w 0]8 in terms of u a . Up. 
Thus the asymptotic expressions 1), 3) just found enable us to 
express J m (x) asymptotically. In fact 251, 6) gives here 

Ua p = (1 + e 2rin ') (u { - M_i). 
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Hence if we take only the first terms in D, JB of 2), 4), we have 

J m (%) ~ , , 1 { ) _ e -*( ) } 

or, since rj = Vtt by 144, 15), 

008 { * - f ( m + 1) } • ( 5 


254. An Expansion in a Series of Bessel Functions. Let us show 


that 


«— ti— 1 oo 

e x 2 = 1u n J n (x) 


(1 


for any x and for w =4 0. For 


£*» -1^ 
e 2 =«2 g 2« 


= |l +«*+ , .1 fj X 2 _ \ 

l 1+ 2 + 2 2 .2I + Jl 1 2u + 2 2 2!u 2 "T 


Now for any x, and for any u=£0, the series in the braces are 
absolutely convergent. Their product may therefore be written 
in the form 



+ 


+ 

+ u n \ I 

+ (-l)"M- n j I 

+ 


= J 0 (x) + uJ 1 (x) + v?J 2 (x) + ••• 
_ , J~sO) 
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255. J n (x) expressed as an Integral. 1. Let us show that 

J n( x ) = n X ,-Tr \ 1\ f 008 (* 008 £) Sin2n 0# (1 

2 n V7 r C^ + iVo 


where n is a positive number . 
For 


cos J(-iy w 


Hence 

Thus 


cos 


- 2 « 

o (2*)!' 

(-!)« 


(a? cos <£) = V ( , ar* cos 2 * <f>. 

o ( 2 ®) ! 


cos (a: cos 0) sm 2n <f> = ^ ^ "^*a; 2 * cos 2 * <£ sin 2 " <f>. 

o (2 ®) * 


As this series converges steadily in the interval (0, w) for any 
value of z, we may integrate termwise, getting 

cos (x cos $)sin 2 “ ^ ^j*®*jf* cos 2 * <£ sin 2 " <f>dcf> 

/2 s + 1 \-p/2 w + 1\ 

= JC-DWV 2 M 2 7 


a^*r x “ ' ' 1 by 142, 3). 

o (2 s)! r(* + n + l) J ' 


But 


r ( ! . + y.8. S; ( ! ,- 1 ) v7 , byM4il6) . 

Thus the last series above 

= f 2 n + 1N if <“ ^ 1 • 3 ’ 5 - & 8 - Ujt 

2 Jt(2*)I 2*n(«+«) ^ 


Thus 


?v;r<» + })X' C0S 008 « 


=5 


( — l)*a: 2 * +n 
2 2 * + ”s !n(n + s) 
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2. Another integral expression is 

J m (x) = — I ooQ(m<l> — x sin <£)d<£, 

TrJo 

where m is a positive integer . 

For from 254, 1) setting u = e**, 

e xiBLn<f> __ 

-00 

= e7 0 (a;) + 2 2 cos 2 m<f> <4* (a?) 

-f- 2 i 2 sin (2 m — 1) (f> <4»- i(aO* 
i 

®^ nce _ oos ^ gin <£) i s i n (a; s i n <£), 

we have C08 ^ s ^ n ^>) = ^(V) + 2 ^ cos 2 m<}> 

sin (a? sin <£) = 2S sin (2 w — l)<5b«4n-i(^)« 

3 

Let us multiply 3) by cos 2 m(f> and integrate, then 
j* cos 2 mf) cos (a sin $) = 

since all the other terms = 0, by virtue of the relation 


£ 


r 

cos mx cos nxdx = 0 , m^n 


7T ^ „ 

= 2 ’ m = U ' 


If we multiply 3) by cos (2 m + 1 )</> and integrate, we get 
J* cos (2 m + 1)<£ cos ( x sin <p)d<\> = 0. 

Similarly we get 

X sin (x sin <£) sin 2 m<f>d<f) = 0, 

^ sin(a; sin </>) sin (2w + 1)0# = 7rJ’ 2m+1 (a?). 
Adding 5) and 7), or 6) and 8), we get 2). 
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256. Bessel’s Solution of Kepler's Equation. This equation is 


2 irt 

— — = u — e sin u = t, 
m 7 


(i 


where T is the period of the planet, e the excentricity of its orbit, 
u the eccentric anomaly, and t the time. 

As u is a periodic function of t or of t, it can thus be de- 
veloped in Fourier’s series, 

u = 2 a n sin wt, (2 

*i=l 

where 2 C* 

a n = — I u sin nr dr , or by partial integration 
7 Tjo 

= - [ ( — 1)” + V + - f*’ cos nrdu 1 • 

7T l n nj 0 J 

This in 2) gives 

-i\ft 4 .isinwr , 2 sin nr 

u = 2 y, ( — 1) + + — I cos n(u — e sin u)du . 

1 W 7tT 71 Jo 


But the first series on the right = r, while the integral in the 
second series is rrJ n (ne). Thus 3) gives 


u = t -f 2 ^J n Qne) 
which is Bessel’s solution. 


sin nr 

T 


257. Development of /(*) in Terms of J n . It can be shown that 
if f(x) is continuous and oscillates but a finite number of times 
in 21 = (0, a) then f(x) admits a development of the form 


where 


f(x) = c 1 J n {a 1 x) + + 

a l < “2 < "* 


are the positive roots of J n (ax). 

To determine the coefficients o we make use of the relations 


(1 

(2 


J ! o>f n (jz T x)J n (a s x)dx = 0 
o 

jf xJXa^c)dx = ^J' 2 n+l( a r a ) 


obtained from 247, 9) and 12). 


(3 

(4 
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Let us therefore multiply 1) by xJ n (u m x). Granting that the 
resulting series can be integrated termwise, we have 

a f(. x ')^n(.«m x ')dz= c m J^ zJ$(.a m x)dz (5 

since all the terms on the right = 0 except the one written down, 
by 8). 

Thus 4), 5) give 
Hence 1) gives 

/W = 11 (T 


258. Development of /(r, <}>) in Terms of the 7 n . Let/(r, <£) be a 
one-valued continuous function in a circle 31 about the origin, of 
radius a . Then, f admitting the period 2 7 r, we have, for a given 
r, by Fourier’s theorem, 


where 


/(/*, <£) = a 0 4- cos <f> + cos 2 <f> + ... 

+ b r sin 0 + S 2 sin 2 </> + ... 

* Vjo 


(1 

(2 


1 Z* 2 " 

a n — ~f f(r, cf>) cos n<f>d<f>, (3 

'nV/o 

1 /*2jt 

&n = - / /<>, </>) sin n<f>d<f>. (4 

TTJO 

But these coefficients a, 6 are functions of r and may be developed 
by 257. 

Let therefore a^, k~ 1, 2, 3 ••• be the positive roots of 


JnCar) = 0. (5 

Then by 257, ^ = + AJfar) + - (6 

a n = -4»l^i( a nl?*) +-d*i2^n( a n2 r ) + "• (7 

= S n iJ n {a nl r) ^ 4- ••• (8 
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where 

^ *« ( ** ,) *' (9 

9 / , »2n- /»a 

Amk= 2 r2 . . / cos m<f)d<f> I rf(r,4>y m (ci mk r')dr i ( 10 

a 2 ^t+i(«m*a) Jo Jo 

Smk= 2 T „ 2 , J sin m<t>d<t> ( rf(r, (11 

« , rJm+i(>,»*«) Jo Jo 


259. Solution of Au = 0 for the Cylinder. 1. Let us apply the 
method outlined in 235 to find a solution^ of Laplace’s equation 
which takes on assigned values on the surface of a given 
cylinder 0. 

Here the triply orthogonal surfaces are a family of cylinders, 
meridian planes, and planes perpendicular to the axis of <7, which 
we will take to be the 3-axis. Our new coordinates are therefore 
r, <£, 3, where 

x = r cos <f> , y = r sin <£. 

Transforming to the new coordinates, we find that Laplace’s equa- 
tion A% = 0 becomes 

&u lfltt ,^ =0 (1 

dr 2 r dr r 2 d<f> 2 dz 2 


According to the general scheme, we now set 

u = RQZ, 


(2 


where J? is a function of r alone, <3> of <£, and Z of z. If we set 
2) in 1), we find it gives rise to three equations : 


d?R 

dr 2 


IdR 
r dr 


-(«•— £)*-«, 


3 + 


<8 

(1 


0-^ = 0. 


(5 
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The general solution of 4) is 

<I> — A cos n<t> + B sin n <\> . (( 

As <E> must admit the period 2 7 r, we take n a positive integer. 
The general solution of 5) is 

Z = (7 cosh az + D sinh az. ('I 

The equation 8) is a form of Bessel’s equation. To reduce it tc 
the standard form we have only to set 



Thus a special solution of 3) is 

R = e7 n («r). 0 

2. Problem 1 . It is now time to specify the boundary condition 
on the cylinder (7, which we will suppose is of length l an< 
radius a. 

Let us suppose that on the lower base and on the convex sur 
face of (7, u has the value u 0 , a constant. On the upper bas< 
3 = Z let 

« =/(>)• 0 ( 

The boundary values being symmetrical with respect to the 3 - axis 
<E> is independent of <f> and is hence a constant. Thus we tak 
n = 0. A special solution of 1) is therefore 

u = iZZ = J. sinh ( az)J 0 (ar ). 


With special solutions of this form we now construct the series 

u = 0— s + ^«. ShO$’' iCv) ’ 


where 0 > cq > > ••• are roots of J^ar). 

Since each term of 11) is a solution of Au = 0, is a solution 
Let us see if i/r satisfies the boundary conditions. 

For 

3 = 0 , 'xjr = u 0 since sinh (a n z) = 0. 

r = a , = u 0 since <7 0 (a n a) = 0. 


For 
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Let us now look at the boundary condition 10). If it is satisfied, 
we must have, setting z = l in 11), 


or setting 
we must have 


u 0 + fc n J' 0 (a B r) = /(r); 

71=1 

9 (r) = f(r)- u 0 , 

oo 

g(f)= 2e n J 0 (a n r). 

n=l 


(12 


Using 257, 7), we see 12) is satisfied if we take 

"■ - «VKv)/* rKrW(v) *'- <W 


Thus the c n being taken in this way, the solution of our boundary 
value problem is 11). 


3. Problem 2. Let us keep the boundary values as in 2 except 
for 


z = l , m=/0, </>)• • (14 


In this case u is no longer symmetrical with respect to the axis of 
O and hence u now depends on <f> . A special solution of 1) is 
therefore 

(A n cos n<l> B n sin sinh (otz')J n (u,r'). 

With special solutions of this form we now construct the series 
u = ^(z, </>, r) 

= u 0 + cos n<j> + B nt sin w<£) ^ J n M, (15 

where a nk , k = 1, 2, 3 ••• are the roots of «7 n (ar)= 0. 

Since each term of 15) is a solution of A u = 0, we see u is a 
solution. Let us see if 15) satisfies the boundary conditions. If 
we set z = 0 in 15), we see that 

u = u 0 , since sinh (a^) = 0. 


If we set r = a in 15), we get 

u = u 0 , since e7 n (of nl; a)= 0. 
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Thus two of the boundary conditions are satisfied. If the condition 
14) is satisfied, we must have 

9(7, 0) cos n<f> 4- B nk sin n<^J n (ji nk r), (16 

where we have set ^ _ 

£=/0, ft- w 0 . (17 

Referring to 258, we see the condition 16) is satisfied if we choose 
the coefficients A nk , B nk as in 258, 9), 10), 11), where, however, we 
should replace/(r, <£) by g(r, <£) in 17). 


Larne Functions 

260. Confocal Quadrics. 1. We wish now to consider very 
briefly a class of functions introduced by Lam6 which play the 
same role for the ellipsoid as Laplace’s functions for the sphere. 
Suppose we wish to find a solution of Laplace’s equation • 


dhi dht <Pu 
da? by 1 dz 2 


(1 


which takes on assigned values on the surface of an ellipsoid (g 

whose equation is 0 0 0 

or z* 

- + j + - = l, a<b<c. (2 


According to the general scheme outlined in 235, our first step is 
to replace the x, y, z coordinates by a set of coordinates defined 
by a family of triply orthogonal surfaces, one of which is the given 
ellipsoid This family is the family of confocal -quadrics de fin ed 

^ 3*2 nji m 2 

F= ,+/, + \ -1 = 0 , (3 

(X — X o — X c — X 


the parameter X ranging from - oo to + oo. We note that for 
X = 0, 3) reduces to 2). We observe that F is 

an ellipsoid for X < a, 
a hyperboloid of one sheet for a < X < b, 
a hyperboloid of two sheets for b < X < c. 

Let us give to X values \ v X 2 , X 8 lying respectively in these three 
intervals. The corresponding surfaces 3) will cut in 8 points 
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symmetric with respect to the origin, one in each of the H octants. 
Thus, if we state in which octant tin* point lies, the three numbers 
Xj, X,, X 8 determine the position of the ixiiiit in that octant uniquely. 

Let us now show that through a given point P <m r, y, * there 
passes one and only one of each of those three kinds of surfaces. 
To this end we have only to show that the cubic equation in X 


F(\)- 


, £L + /L + .jL.i-o 

a — X A — X c — X 


O 


has a root in each of the above intervals. 
Let e be a small positive number. Then 


F(a-e) = ’ ,a + r & + — 

€ ft - rt - He e — <1 4- « 


since the first term ” + x? art e » 0. Let U^a large negative 

number. Then F(\^)< 0 si net* — 1 hhX* — ». Thun 

*’(X), having opposite signs at X 0 and a — « and being continuous 
in the interval (X 0 , « — «), in lint vanish somewhere in thin in- 
terval. Similarly we see that F = 0 for some point within the 
interval {a, ft) and within (ft, e), Ah £’(X)« 0 i« a cubit*, it ha* 
no other roots. 

These considerations show that we rimy take X P \ r X # as co- 
ordinates of a point. They are called rllipwidal mfinihuttri k 
When we do not wish to use subscripts, we may denote these 
coordinates by any three letters as X, /*, v. 


2. Lot us show that the three surfaces X, p, v meeting at a 
point jr s (h 2 (, »*t orthogonally. 

Since the X ami /* surfaces pass through the point ry*. we have 


x* 


a — X 



f 

c — X 


1 


0 , 



(t — fX 0 — fj ~ fX 


0 . (J> 


The direction cosines of the normals to these surfaces at jryz are 
proportional to 


a — X 


if 

b — X 


_ z 
e-X 
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These angles are at right angles if 

^ +_ y 2 _+. z2 o. 

(a — X)(a — fx) (5 — \)(6 — /a) (c — X)(<? — p) 


(6 


This is indeed so, for if we subtract the two equations 5) and 
discard the factor \ -/twe get 6). Thus any two of the three 
quadrics X, /*, v meeting at the point a, y , z cut at right angles. 

3. Let us now express x, y, z in terms of X, /*, v. To this end 
let us establish an identity in u which will also be useful later, viz. : 

a 2 + y 2 + 2 2 _ l _(u-\')(u- Ii)(u-v) (J 
a — u b — u c — u (a — u)(b — u)(c — u) 


To prove 7) let us consider 


a(u)= 


a — u b 




+ - -i 

u c — u 


( a — u) (b — u) (c — u), (8 


which is a polynomial of third degree in u. The coefficient of 
u 8 is 1. Since the X surface goes through the point xyz, the 
first factor of Q- vanishes for u = X. Hence u = X is a root of Qr . 
Similarly u ^ u ~ v are roots. Thus 

Q- (u) = ( u — X) (u — y.) (u — v). 

Putting this in 8), we get 7). 

Having established 7), let us multiply it by a — u and then set 

u= a. We get , . N 

x 2^( a ~ x )(<* ~ P)( a ~ v ) . 

(i — a)(<? — a) 

Similarly, 


r = 


(i — X)(6 - fi)(b - v) 
(c — V)(a — b) 


z 2 = (c 


-X)(c — p)(c - v) 
(<2 — c)(b — c) 


C» 


These determine 8 points ± #, ± y, ± z, one in each octant. 

4. For later use, let us find an element of arc, or the value of 

ds 2 = dx 1 + dy 2 + dz 2 (10 

in terms of ellipsoidal coordinates. 
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Taking the logarithmic derivatives of 9), we get 


2— = 

dX 

+ 

djx + 

dv 

•> 

X 

X— a 


[a — a 

v — a 

2^ = 

<2X 

+ 


dv 

T 9 

y 

X — b 

(a — 0 

v — b 

1* 

11 

d\ 

+ 

dn + 

dv 


z X— o fi— c i > — e 


Putting these in 10), we get 

d& = AdX 2 + Bdfjfi + Od 


where 


A 


-U 


x 2 


+ 


4\( a _X)2^(5-X)2 (fl-X) 2 


(11 


and similar expressions for -B, (7. The other terms which result 
from this substitution vanish by virtue of the relations of the type 
6), which express the orthogonality of the X, /a, v surfaces. 

To eliminate the x, y, z in the coefficients of 11), let us differ- 
entiate the identity 7) with respect to u and then set u = X, fi, v . 
This shows that 

1 (X-/a)(X-v) 

4 (a — X)(J— X)(c — X)’ 


D __ 1 (/A-I/)(/A-X) 

4 (a - At) (6 - /*)(*- M)’ 


(12 


/7 = 1 ,_(* / - X)(l/- /i) 

4 (a — ^)(J — z^)(c — y) 


261. Elliptic Coordinates. 1. The equations 9) show that x, y , 2 
are not determined as one-valued functions of the coordinates 
X, ya, v , or using subscripts X r X^ X 3 . We may remove this 
ambiguity by introducing three other quantities -w, w, w or using 
the subscripts w 2 , w 3 defined by 

pu a = \ a , oc = 1, 2, 3 


as follows. 


(i 
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The ellipsoid (g on which the boundary values are given is, by 

260 , 2 ), » 2 2 

21 + 2. + L_ 1=0. 

a b o 

Let us set ^ . 7 ^ A 

Q> — Xq € j 6 — X^ #2 ^ £ — Xq ^3* 

and determine X 0 , e v e 2 , e z so that 

«i + ^2 + e s = 0 5 e 2 < e 3 < <? r (3 

Then the equation of S is 

-4- + a* + ^ _ 1 = 0j (4 

\) e l ^0 e 2 \ — e 3 

and the equation of our confocal quadrics is 


+ . n + H . 

\ X &2 X 63 


1 = 0 . 


We see that 5) is 

an ellipsoid when X > e v 
a hyperboloid of one sheet when e z < X < e v 
a hyperboloid of two sheets when e 2 < X < e 3 . 

Let us now set 

4 P 3 ~9tP-9 s = Kp~ *1 Xp - hXP - h) 


and suppose the jp function introduced in 1) to be constructed on 
the invariants g v g z , in 6). The periods 2 co v 2 co 2 of this p func- 
tion are given by 

»,= r d ±. , •.-if' , . ir . (7 

A V4 p s -9 2 p-9s J-~ v-(4 p % -9*JP-9%) 




-r' a 


as we saw in 173, 9), 14). Putting 1) in 260, 9), we get 

, = J(.p u 1 - 00“~ a - «.) , 

* ^ Ce a -e,)(e.~e y ) 

where #, /3, 7 is a permutation of 1, 2, 3. 

Now from 172, 16), 17), we have 

Vpu - e a = aa ^-~ 1 — e 0 = . 

cr(w) crcog 


(9 



566 


FUNCTIONS OF A COMPLEX VARIABLE 


These in 8) give 

x a = ± - a ‘- a> & a ‘ a> -V . a = 1, 2, 3. (10 

<T a G> fi (r a (D y au x au % (JU z 

The quantities u v u 8 are called elliptic coordinates . Haying 
once chosen the ± sign in 10) they determine x , y, z as one- 
valued functions of u v u B . Let us agree to take the + sign in 
10). From 172 we have 

<x a ( — u) __ __ cr a (u) m cr a (u± 2 o> a ) ct ol (u± 2 cog) __(r a (u) 

<r( — u) o-(w) 5 a(u±2a> a ) <r(w ) 9 <r(u±2cop ) 0*(m) 

(u 

These relations show that the re’s are periodic functions of the v ! s 
admitting 4<w x , 4 g> 2 as periods. They also show that if we restrict 

u x to range in the interval (0, a^) = U x 
w 2 to range in (a> 3 — a> v co 2 + a^) = ]!% 
to range in (<» 1 — 2 « 1 + 2 co 2 ) == U 3 

the point a? x , a? 2 , # 8 passes over every point in space once and only 
once. Such restricted u's we shall call normal elliptic coordinates. 
Let be the value of u x lying in U x such that 

pu\ = \ 0 . 

Then the point x : , x v x 8 describes the given ellipsoid @ once and 
only once when u v u 8 range in the normal intervals U 2 , U 3 - 

2. The expression for 

ds 2 = da? + dy 2 4- dz 2 


is extremely simple in elliptical coordinates. We saw in 260, 4 
that 

d& = A x d\\ + A 2 dX | + A s dX% (12 

where A = (X.J — x 2 )(\ 1 - \ 8 ) a3 

^0*1 ~ e l)C^l — — e s) 


and similar expressions 
membering that 


a o 


du = 


dp 


V4 (p - e{)(p - e^Cp - «„) 
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we see that 


d8 2 = (pu 1 -pu^C pu x - pu s ) du\ + ( jt)M 2 - pu 3 ) ( pu 2 - pUl ) du\ 
+ (p u z - P u i){pu z — pu 2 ) du\. (14 


262. Transformation of Laplace’s Equation. 1. The next step in 
the solution of Laplace’s equation 


d*V &V cpy 

bx 2 by 2 bz 2 


a 


as outlined in 235 is to transform the equation to the new coordi- 
nates. This is a lengthy process even in the polar coordinates ; 
for the new coordinates \j, X 2 , X 8 , or u 2 , u 8 it is far longer. In 
order to avoid this we will make use of a theorem due to Jacobi : * 


Let be any system of triply orthogonal coordinates in terms 
of which an element of arc is given by 


ds 2 = AdX 2 + Bdg 2 + OdA (2 


Then Laplace s equation 1) becomes in the new coordinates 


where 


b\\A dxrb^B bfij + bv\0 qv) 
D = y/ABC. 


= 0, (3 


2. To illustrate this theorem on a simple case, let us transform 
1) to polar coordinates : 

x = r cos 9 , y = r sin 9 cos </> , z = r sin 0 sin <f>. 

ds 2 = dx* -I- dy 2 + dz 2 = dr 2 + r 2 d9 2 + r 2 sin 2 0dcf> 2 , 

we have on taking ^ n . 

b X = r , ju = a , y = </>, 

A = 1 , B = r 2 , (7=r 2 sin 2 ^ , D = r 2 sin0. 


Thus 3) becomes 

- d -f r m 


br\ br J 


+ 


sin 


1 bf . 

9 d6\ n 


0 bF\ 1 a*T_ 0 

60 J sin 2 0b<f> 2 ’ 


which agrees with 235, 4). 


* For a proof of this theorem the reader may consult: C. Jordan, “Cours 
d’ Analyse,” vol. 3, p.540; H. Weber, 11 Differential-Gleichungen,” vol. 1, p. 94. 
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8. Let us now transform 1) to ellipsoidal coordinates X 3 , X 2 , X 8 , 
By 261, 12), 13), we have, on setting 


2 « — *l(\i — €%) (X a ^ 3 ) •> & — li 2 , 3, 


Hence 


— — z(X 8 — X 2 ) -^ L -* 

A ?2?3 


d fD dV\ = i(\- X 8 ) J_ f ar\ 
dX^A d\J q 2 q d dx^y'dxj 


Thus Laplace’s equation becomes 

+ O 1 -^3^(?s|Q= 0 - O 

3. Let us pass to elliptic coordinates. We have 

J— . J_ = lJ_etc. 
d\ d\ du x q x du x 


Thus 4) becomes 

d 2 V d 2 V d 2 V 

(pu 2 - pu 3 ~) — + (pu s -pu x ') — + ( pu x - pu, ,) — = 0, (5 

12 3 

whose form is extremely simple. 

263. Lamp’s Equation. Having reduced Laplace’s equations to 
the new coordinates, the next step in the solution as outlined in 
235 is to set 

where/, g , h are each functions of one of the variables u v « 2 , u s . 
If we put 1) in the transformed Laplace equation 262, 5), we get 

pu 2 -pu & d?f , pu s -pu, <&g pu y — pu 2 d?h _ Q 
/(«j) du\ g(u 2 ) A(m 3 ) du\ 


(2 
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Suppose/, g, h satisfy the equations, 

££ = (op Ml + b)f(u{), 

~&=(apu 2 + b)g(u 2 ), (3 

2 

( nh 

— =(opw 8 + 6 )A(w. s ). 

3 

Putting these in 2), we see that the left side = 0 identically, how- 
ever a, b are chosen. 

We are thus led to consider differential equations of the type 


0 + h \y 


As in the case of the sphere, we are not looking for the general 
■ solution of 4) for arbitrary a and b ; rather we seek to determine 
a and b so as to get an infinite number of particular solutions 1) 
with which to construct a series which will satisfy the conditions 
imposed on V on the surface of the given ellipsoid 

Let us apply the general method developed in Chapter XIII to 
the equation 4). Its singular points are those of p(x) or the 
points = 0 mod 2 co v 2 a> r 

Let us consider the point x=0. Writing 4) in the normal 
form, 

z?y n + 0 . y 1 - x*\ap(x) + b\y =0, 

we have 

q 0 O) = 1 , ftO) = 0 , ft O) = - a&p(x) - bz\ 


Hence 


?o(0)=l 


?i(0) = 0 , ?2 (0) = -a. 


The indicial equation for x = 0 is therefore 

r 2 — r — a = 0. (5 

This shows that if we take 

a = n(n + 1) , n an integer 

— w, and n + 1 


5) will have 
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as roots. This choice of a gives us especially simple particular 
solutions, infinite in number. Putting this value in 4) it becomes 

g-{«(n+l)X*) + % = 0. (6 

Ihese equations are called LawnS equations) in lionor of Lame, who 
first studied them. 


264. Lam£ Functions. 1. In Lamp’s equation, 263, 6), b is still 
undetermined. Let us see if we cannot choose it so as to get 
particularly simple solutions of the form 


V = 

«■(*> 

cr{x) cr(x) 


(i 


y = X(y?) • p'(x) , p 1 (x) = — . <r «( a 0 . ^aC*) 

<r(x) <r( x) <r(x ) 1 

where L is a polynomial in p — p(£y. Since the sigma quotients 
admit 4 ® x , 4 ® 2 as periods, as noted in 261, 1, the expression 1) 
will admit these as periods also. 

We set then 

y = LM (2 

where M is the product of v = 0, 1, 2 or 3 factors 

«l(*) «*(») OgO) /n 

<r(a:) cr(z) ’ <7(2;) 

and i = a n p”>(x) + a m _ lP ™~\x) + ... + flj. (4 


If then we set 2) in Lame’s equation 

+ + o, (5 

the result should be an identity in 2 . The coefficients of the 
different powers of this result developed about x = 0 will thus all 
be 0. These will then give us a system of equations which if 
consistent will enable us to find the quantities we seek. 
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To set 2) in 5) we need to calculate y ,r , Let iV'be the product 
of the factors 3) which do not enter M, we call it the cofactor of 
M. Since 

we observe that ^ __ 


is a polynomial in p. Also let us note that 


We have now 
But 

Hence 




y ! = LM? + ML'p'(x). 

M ! = Wp'(p) = _ <$WN. 

2 M 

y f = - JV(2 mu + m ') = NQ 


(6 


Thus the first derivative of LM is the product of a polynomial in 
p and the cofactor of M. Hence at once 6) shows that 

y" = MR, 

where R is a polynomial in p and M is the cofactor of N. 

Thus setting 2) in 5), its left side becomes 

y"- { n(n + l)p + l)LM= [R- n(n + V)p(x) + bL\M= $M, (7 

where $ is a polynomial in p. 

As 7) must=0 identically and as M=£ 0 we see $ must = 0 
identically. 

Now y has a pole of order 2 m + v at x = 0, hence the left side 
of 7) has a pole of order 2 m + v 4- 2. Hence has a pole of order 
2 (m -f 1). Thus $ considered as a polynomial in p is of degree 
m 4- 1, or 

? = *m+iP m+1 + <* m p m + • • • + « 0 . (8 

As $ is to vanish identically, all the a’s = 0, and conversely if 
the as = 0, $ = 0 identically. 

2. Suppose then we develop 7) about x = 0. Equating the 
first m 4- 2 coefficients of the development to 0 will give us a 
system of relations between the a’s and the a’s. These we shall 
see are linear in these letters. If now we set the as = 0, we have 
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a set of equations to determine the cC s in 4). Let us now carry 
out this scheme. We have 


where a r v a r 2 


Hence 


£ = -% + 




are linear and homogeneous in the a’s. Also 

0 * 0 ) = 1-^X 2 + — 

<T k (x) 1 . , 

k ; ' =-+ w + — 

<t(x) X 

K--.+ -£i+- 


X v X 


y = LM= + a ' + ... 

* rj^m+v x 2m+ V -2 ^ 


where a", a\ are linear and homogeneous in the <£ s. Hence 


r = 


_ (2 ra 4 ^)(2 wi 4 v +1 ) 


2j2m+i/+2 


+ gam*. + 


where A v A 2 ... are linear and homogeneous in the <z 0 , a x 

AlSO , X i , 

» C » + D J >» + Jl. + - 


where the 
Finally 


A 2 are linear and homogeneous in a 0 , ••• 


bLM= 


ba m 

x 2m+ v 


4 


K 
— 2 


These set in the left side of 7) give 

x -( 2 m+v+ 2 ) I (2 wi + v)(2 wi + v + l)a m — n(n+ l)a m j 

+ \A 1 -A! 1 -ba m \ + x~ (2m+v ~ 2) { A 2 - A' 2 - ba ’{ } (9 

+ x~ itm+v ~ i) \A a — A' z — ba'l j + — 

We turn now to the right side of 7). We have 

SR = *Wl 4. JfL 4. “2 ... 


(10 
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where a[, <4 ••• are linear and homogeneous in a 0 , Oj ••• Hence 


$af- 


<4 . 

g2m+2+v ' Q»hn+ v ' ^^- 2 + ' 


(11 


where a'/, a' 2 ' ••• are linear and homogeneous in a 0 , ••• 

We now equate the coefficients of like powers of x in 9), 11), 
getting 

«m+i = j(2m+v)(2?n +*' + l)-<w + 1 )\a m (12 

and the system 


< = — AJ - ba m , ■ 

a m+l = ^m+l ^4+ 1 ^4* 


(S 


As the cc’s are to be all 0, set cv+i = 0 , then 12) gives a relation 
between m, w, and v, viz. : 


or 

Hence 


( 2 m + ^) (2 — J— z/ — f— 1) — n(n -I- 1) = 0, 

(2 m + v) 2 + (2 m 4- z/) = w(w 4- 1). 
2m-f- v—n^ or — (n + 1). 


As ra and j; are not negative, this gives 

2 m v — n. (13 

Consider now the system S). Since a*", a 2 ' ••• are linear and 
homogeneous in a 0 , ocj — « m+ i, they all vanish when the a 0 , cq ••• 
vanish. Hence S) goes over into the system of m 4- 1 equations: 

A t — A[ — la m = 0, 

A 2 -A 2 '-K = 0, (S' 


These equations are linear and homogeneous in the unknowns 
a 0 , a x • •• a m . In order that the system S') has a solution different 
from a 0 = 0, dq = 0 ... it is necessary that its determinant 

A (6) = 0. 


(14 
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Thus 5 satisfies an equation of degree m + 1. Let us put a root 
of 14) in S'). This system of equations allows us now to deter- 
mine the ratios 

a 0 : a \ : a 2 


Suppose the a’s are determined thus. Then 4) and S) show 


that 


a 2’ 1 — 0* 


From this follows that ... * — 0 

ttj, a 2 , ••• — V. 


For the development 11) shows that a}' contains besides a m at 
most a m+1 ; that Og contains besides at most a m , a m+1 , etc. 
Thus 

a 2 = b ^TW+l)? 

a 3 = a m— b a 7w+)li 


where the <£’s are homogeneous functions. Now a{' and cc m+1 
being = 0, the first relation in S") shows that a m = 0, as ^ is 
homogeneous. Putting this in the second equation of S"), we see 
that (V-x = 0, and so on. Thus $ = 0 identically. 

3. Let us see in how many ways we can satisfy the relations 
12) and S). There are two cases. 

Case 1 . n = 2 s. Then 13) gives 

2 m + v = 2 8 (15 

and v is even. Hence , t A 0 


For v = 0, m = 8. For each of the m + 1 = s + 1 roots of 
A(5) = 0, the system S') gives us a set of coefficients for the poly- 
nomial L in 2). We thus get s + 1 polynomials L which satisfy 
Lame’s equation 5). 

For v = 2 we get, from 15), m=* s— 1. Each of the m + 1 = s 
roots of A(6) gives us a polynomial L of degree « — 1. As here 


v = 2, 


_£«■«(>) ® b (>0 
<7 (a:) o-(a:) 


= .Mf. 


(16 
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Thus we can take the factor M in three ways corresponding to the 
indices 1, 2 ; 1, 8 ; 2, 3. 


Each of these determinations gives us a new system of equations 
S) and hence a new equation A(5) = 0. Hence v being = 2, there 
are 3 s values of 6, each of which leads to a solution 16). 

We thus get in all 

8 ~f"l-j-3a = 4s-4"l = 2yt-f"l 
solutions of the desired type. 

Ca8e 2. n = 2s + l. Reasoning in exactly the same way, we 
see that also in this case there are 2 w + 1 solutions. As it can be 
shown that these solutions are distinct we may state the funda- 
mental theorem due to Lam6 : 


The constant b in 

^ = {n(w+ 1 )K*) + h \y > 

may be determined in 2 n + 1 different ways such that this equation 
admits a solution of the type 


L(f) , Vp-e a ._k , Vp-e^p-e^-L , 

'/(.P-eiKp-e^ip-es) ‘ L. (17 
Moreover the b's belonging to different n's are also different 
The functions 17) are called LamS functions or polynomials . 


265. Integral Properties. 1. In order to develop an arbitrary 
function /(0, (j > ) in terms of Laplace’s functions we made use of 
certain integral relations established in 238. We wish to establish 
analogous relations for Lame’s functions. 

We saw in 264 that for a given n, the constant b can be taken in 
2 n + 1 ways, 




^, 271 + 1 ’ 


so that 


y" = \n(n + Y)p(u) + b n<k \y 


(1 

(2 


admits a Lame function, denote it by L nk (u ), as solution. We 
saw in 261, l, that if has the value u° x lying in U* = (0, ©j) such 


that 


pu\ — Aq, 
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and if ranges in U 3 = (g> 3 — a> v a> 3 + o>j ) and u s in U 8 ■« ( <w, — 2 
+ 2 a> 2 ), then the point?} ?j? 8 corresponding to u 8 doscrilwH 
just once the ellipsoid ffi on which the boundary values are given. 
For brevity let us set 

U ass 0) 2 — 2 G)j , A sa + 2 ^ a* ODj — 2 0> a , (/ a ^ -f- 2^. 

Thus the interval (/*, b) is twice as long as while the interval 
U, d) is the same as U 8 . Obviously if u % ranges over («,/*) and 
u H over («r, d)< the point z x ? 8 corresponding to uj, ^ u 8 will 
now describe the ellipsoid (£ twice. 

We wish now to prove : 

( b / *tl 

d^*X I /4j )( )*?U 8 «■ { J$ 

t /i r 


when 

For, let us sot 




^ ■*" j ^»h ( ^ 'i«( dii^ 

n !it 

/M 

/ hj ftlr ( U^) lj m |( #/«j ) Itys 

t fr 

l*h 

( — I b mr ( Uq ) //m,( )dtt,p 

• fit 

? J mr( 


* t it v 

J** AD ~ BC. 

Now 2) gives, w being either or a 8 , 

<PIj mr (u) __ . , ...... 




= \m(m -f I )pn + h mr \ L mr ( H ), 
= )*<« + 1 )/n/ + A„( u). 


Let us multiply the tirst equation by L n , and the second by K 
and subtract. We get. on the left side 

I'nal'm* = , ! ^nu^mr D mr lJ n ^\ / Fill), 
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l the right side we get 

. L m Jj m \m(rn+\)-n(n+l)\ +L mr L n ,(b mr -b n ,) = G(u)+HQu). 
ms we have 

(6 

t here u = w 2 and integrate over (a, b). We get 

F(u 2 ) = j m(m + 1)- n(n + 1);A + (6 mr - 6 M )<7. 

_ ~ a 

i F(u 2 ) admits the period ia> v the left side = 0. Thus 

\m(m + 1)- n(n + 1)}A +(5 mr - b nt )0= 0. (7 

milarly integrating with respect to u s over (a, d) gives 

]m(m + 1)- n(n + 1)}JS +(6 mr - J M )Z> = 0. (8 

ippose now mj=n. We multiply 7) by D and 8) by 0 . , then 
btract. We get 

J\m(m + 1)— n(n + l)j =0. 

ence J= 0. 

Suppose r#«. We multiply 2) by B and 3) by A and sub- 
act, getting (K _ K)J= Q _ 

ence again J= 0. 

2. We next wish to calculate 

K = j , yu 2 J d Ll T (u 2 )I4 s (u s ) (pu 2 - pu s ) du s’ ( 9 

hich is what J becomes for m = n. Let us set 
P =J b Llriu^pu^dUi 


f ci 

Lir(u s )pu z du 3 , 

J r*b 

I Ll r (u 2 )du 2 

S = J*Li r (u 2 )du & . 


(10 
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• Liien K = PS — QR. (11 

We begin by observing that 

V=Ll r (u)p(u) , W= Ll r (u), (12 

admit 2 <o v 2 <o 2 as periods. They are even functions and have 
but a single pole in the parallelogram of periods XI constructed on 
2 o) v 2 6 > 2 - Thus XI is a primitive parallelogram. 

Thus by 168, 

V(u) = v 0 4- ViP(u) + v 2 p"(u) 4- v s p ly (u) 4- ••• (13 

W(u ) = w 0 4- w x p(u) 4- w 2 p n (u) 4- w%p w (u) 4- ••• (14 


Here we have used the fact that V, W, being even functions of 
u , cannot contain derivatives of even order of t>(u) ; also that 
g(u) = —p(u), $ n (u ) = — p n (u ), etc. 

We have now 

X b /*b f*b 

V(u)du = v 0 I du -h v x I p(u)du , 

Ja Ja 


the other terms dropping out since they admit the period 4 eo v 
Thus 

P = 2 Q) X + ta 2 - (® 2 - 2 Wl ) f - v x \ f(2 £U X + 0 ) 2 ) - f(a> 2 — 2 o^) } . 

Now 

f(w + 2 ®j) = f(«) + 2 r) x , f(w ~ 2 wj) = ?(w) — 2 

P = 4 v 0 a> x - 4 d i5?1 . 

<? = 4 v 0 w 2 - 4 
It — 4 WqQJj — 4 u\Tjy 
£=4 w 0 « 2 — 4 Wjijg. 

-2 = le (Vi ~ ~ “l^a) 

= 8 - DjW» 0 ) , by 171, 8). 

dw 2 ^ P^ r (w 2 )P^ s ('Z^g') (pw 2 — 8 7n(vpv x — (15 

where v 0 , w 0 , v v w x are given by the developments 13), 14). 


Thus 

Similarly 

Thus 

Hence finally 

r*b Pd 
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266. Solution of A V — 0 for an Ellipsoid. We are now in a posi- 
tion to obtain a solution V of Laplace’s equation 

2 3 

which will take on assigned values /(w 2 , %) on the surface of a 
given ellipsoid ® « x% & 

1 -| -„2 | H __ J 

\ “ e l \ ~ e 2 \ “ e 8 

For let -Z^OO, m = 1, 2, 3 be Lame polynomials satisfying 

J^ = K« + l)Ft m + Uy. 

Then by 263, the product L ns (u^ L^(u^) is a solution of 

1), and hence the series, 

<\> (u v u v u z ) = 22 aJhCrd L ns(u 2 ) L n8 (u B \ (2 

n s 


if convergent, will satisfy 1). 

For the boundary values to be satisfied it is necessary for 2) to 
take on the value /(w 2 ,w 8 ) for u x = u\. If we set 

^na^7w( W ] ) = 


the boundary condition is satisfied if 

f = 2 AyuLnsiu^) LnsQu#). (4 

n, ,f 

To determine the unknown coefficients a mr , or what is the same, 
A mr , we multiply 4) by i mr (w 2 ) L mr (u^){pu^ -pu z ) and integrate. 
Granting that termwise integration is allowed, we get 


f i r*a 

dn I f(u,v ) L mr (u ) L mr (v) ( pu - pv ) 

•/ f 


/»j> /»<] 

= A mr I du I 

*J a %/ c 


Lir(%) Llr(v) (pu - pv) dv, (5 


since all the other terms = 0 by 265, 3) . 

Let tfnr(u)p(u) = «0 + «iPU + «2j»"(«) + •• 

L m r (w) = /3 0 + ft x pu + /9 2 p"(m) + 


Then by 5) and 265, 15) 

1 C b /'f 

A mr = _ . / 1 /(m, v)L mT (u)L mr (v) (pu -pv) dv. (6 

Thus the coefficients # mr in 2) are given by 3) and 6). 
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Dirichlet’s problem, 532 
Domain of a point, 188 
of definition, 130 

e notation, 32 

Ellipsoidal coordinates, 502 
Elliptic coordinates, 504 
integrals, 385, 444, 446 
integrals complete, 394 
modular functions, 432 
Essentially singular point, 244 
Euler’s formula, 106 
summation formula, 318 

Flux, 512 
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hyperbolic, 118 
integral rational, 87, 249 
inverse, 178 
inverse circular, 125 
Lam6, 575 
logarithmic, 62 
odd, 115 
periodic, 334 
double, 387 
rational, 88, 251 
regular, 234 
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Paradox of Caucliy, 62 
Parallelogram of periods, 337 
primitive, 337 

Parameter of elliptic integrals, 385 
Period, 334 
primitive, 336 
pair, 337 
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Regular point of function, 117 
of differential equations, 474 
Residue, 238, 256 
Rodrigue's formula, 502 

Scale, logarithmic, 46 
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inversion of, 251) 
normal, 277 
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Taylor’s development, 218 
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div, 509 
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A (u), 508 
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flux, 512 
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The symbol = is used throughout the book and means converges to , or has as limit. 



